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INTRODUCTION 


Aims 

The  aim  of  this  book  is  to  furnish  to  the 
teacher  and  supervisor  a  working  outline  in 
detail  of  class  work  in  common  fractions  in 
accordance  with  development  ideals  and  sug- 
gestions in  denominate  numbers. 

Development  is  the  gradual  unfolding  of  the 
subject  of  instruction  by  a  process  of  natural, 
logical  growth.  It  is  an  evolution,  a  building 
up  process.  It  has  to  do  with  a  teaching  plan 
under  which  the  subject  to  be  taught  is  an- 
alyzed into  its  teaching  units  and  these  are  so 
arranged  that  each  in  its  place  has  definite 
relations  with  the  product  of  previous  steps 
and  is  necessary  at  that  point  in  the  sequence 
to  the  continuation  of  the  building  up  process 
in  that  subject.  It  is  a  plan  of  work  under 
which  the  aims  to  be  realized  are  orderly 
mental  habits,  reasoning  power,  and  clear 
imagery. 

To  know  what  the  steps  are  in  the  teaching 
of  a  subject  and  to  order  these  steps  so  that  the 
teaching  product  shall  be  a  body  of  organized 
knowledge  instead  of  a  series  of  disconnected 
items  challenges  the  highest  skill  and  demands 

xix 
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long  and  open-minded  experience  in  direct 
working  contact  with  children  of  the  age  of 
those  to  whom  the  subject  is  to  be  taught. 

The  purpose  of  this  book  is  to  give  the 
teacher  outlines  in  detail  of  the  subjects 
treated,  the  sequence  of  the  teaching  steps,  the 
form  of  the  objective  work  that  is  necessary 
for  the  establishment  of  clear  and  full  imagery, 
and  suggestions  as  to  the  method  by  which 
she  may  approach  each  successive  step  in  each 
subject  so  as  to  afford  the  pupil  the  fullest 
opportunity  to  discover  truth  by  inferences 
from  previous  experiences. 

The  details  of  sequence  of  teaching  steps  are 
not  the  only  difficulties  with  which  the  teacher 
has  to  deal.  There  are  details  of  suggestion 
for  each  step,  methods  of  drawing  pupils' 
attention  to  the  line  of  development  thought 
and  of  holding  it  there  for  a  properly  sustained 
consideration  of  the  unit  of  truth  involved. 
A  teacher  may  have  a  perfectly  organized  plan 
of  instruction  in  a  given  subject  and  yet  be  so 
unfortunate  in  her  plan  for  leading  up  to  the 
successive  units  that  she  gives  to  the  pupils 
the  facts  or  conclusions  that  they  should  and 
would  discover  for  themselves  by  inferences. 
It  is  on  this  account  that  with  the  details  of 
sequence  those  of  suggestion  have  been  in- 
cluded in  order  that  the  teacher  working  under 
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plans  new  to  her  and  slightly  at  variance  with 
those  with  which  she  has  been  accustomed, 
may  not  be  at  loss  to  know  how  to  proceed  in 
an  emergency. 

The  General  Plan 

The  general  plan  of  the  work  follows  closely 
that  used  for  introductory  number  in  Volume 
I.  This  would  necessarily  be  the  case  because 
number  expressions  and  number  operations 
do  not  change  in  meaning  when  passing  from 
a  quantity  in  which  the  measuring  unit  is  a 
whole  to  a  quantity  in  which  it  is  one  of  the 
equal  parts  of  a  whole.  The  character  of  6, 
for  illustration,  is  the  same  whether  we  apply 
it  as  6  or  f  or  .6.  It  is  a  group  of  six  units 
considered  together  as  one. 

If  the  plan  for  introductory  work  in  number 
develops  imagery  that  is  true,  that  same  plan 
must  of  necessity  be  used  for  all  forms  of 
number  or  number  operations,  otherwise  the 
imagery  would  become  confused  or  be  lost. 

The  Work  Objective 

In  the  development  of  the  plans  of  work 
here  outlined  the  aim  from  the  beginning  has 
been  to  put  the  operations  in  each  subject,  so 
far  as  the  subject  would  admit  of  objective 
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representation,  into  objective  form — to  give 
the  child  the  opportunity  to  construct  them, 
to  see  the  changes  in  quantity  that  they 
express. 

Both  of  these  subjects  are  fully  objective. 
Decimal  fractions,  however,  in  Volume  III 
will  have  no  special  objective  work  because 
they  do  not  differ  from  common  fractions  in 
ways  that   constitute  objective  variations. 

The  author  desires  to  thank  the  many  loyal, 
intelligent,  progressive  teachers  who  have  con- 
tributed to  these  outlines  by  experiment  and 
suggestion.  But  for  their  assistance  it  would 
have  taken  many  more  years  to  complete  them 
in  the  form  in  which  they  are  here  represented. 
His  thanks  are  particularly  due  to  Miss  Mamie 
T.  Leary,  Principal  of  our  Sheridan  School, 
for  many  very  valuable  suggestions  in  the 
work  in  common  fractions — critical  experi- 
ments in  the  objective  work,  practical  contri- 
butions to  the  oral  work,  and  strong  work  in 
parallels  in  denominate  numbers  and  general 
applied  problems. 
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PART  I 


PRINCIPLES  APPLICABLE  IN  NUMBER 
TEACHING 

A.  Principles  in  Development  Theory 

I.  System  in  Teaching 

That  there  is  a  right  order  and  a  wrong 
order  of  teaching  steps  in  every  subject  is  a 
matter  that  should  require  no  discussion.  It 
is  true  in  every  line  of  constructive  work.  If 
the  machinist  or  the  blacksmith  desires  to 
make  a  piece  of  steel  into  a  fixture  or  tool  or 
other  article  for  a  special  use,  economy  in 
material  and  time  demands  that  the  various 
operations  in  the  process  of  bringing  that 
piece  of  steel  to  the  desired  form  be  so  ordered 
that  work  done  upon  the  material  in  one  opera- 
tion need  not  be  undone  or  interfered  with  in 
the  operations  which  follow.  His  ability  to 
put  system  into  his  constructions  is  one  of  the 
tests  of  a  mechanic's  skill.  In  a  larger  way, 
the  organization  of  a  shop  with  reference  to 
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sequences  of  all  kinds  in  the  manufacturing 
work — sequences  in  machines,  in  operations 
of  finishing,  etc. — is  one  of  its  important  prob- 
lems of  economical  and  efficient  management. 

Order  and  system  are  no  less  necessary  in 
educational  work.  The  very  term  develop- 
ment, unfolding,  carries  with  it  the  presump- 
tion that  there  is  a  law  of  progress  and  growth ; 
a  logical  first  step  and  second  step  and  succeed- 
ing steps;  a  plan  that  is  consistently  main- 
tained; a  single,  unbroken  line  of  progress 
from  the  beginning  to  the  realization  of  the 
development  aim. 

The  demand  in  the  industries  is  for  produc- 
tion— a  higher  and  higher  production  for  a 
given  expenditure  of  labor.  There  is  a  similar 
demand  upon  the  schools — a  reasonable  and 
healthful  demand  for  a  higher  educational 
product  without  an  increase  in  child-hour  cost. 
System  and  order  are  obviously,  therefore, 
conditions  no  less  fundamental  in  the  organiza- 
tion of  school  work  under  present  day  ideals 
in  education  than  in  the  organization  of  the 
shop. 

2.  The  Training  Value  of  Detailed  Outlines 

a.  The  Two  Views  as  to  Outlining 

The  question  is  sometimes  asked  in  this 
matter  of  outlines   of  methods   of  teaching 
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special  subjects — written  language,  spelling, 
writing,  but  particularly  number  or  objective 
number — whether  an  outline  should  go  into 
details  of  presentation  or  give  to  the  teacher 
only  the  general  principles  upon  which  the 
work  should  be  based  and  leave  to  her  the 
working  out  of  these  details — the  units  of 
instruction  in  each  subdivision  of  the  subject, 
the  sequence  of  these  elements,  and  the  method 
in  each  case  of  presenting  them.  The  whole 
matter  turns  on  the  question,  Do  the  general 
interests  of  education  demand  that  the  teacher 
be  unhampered  as  to  the  details  of  methods? 

Some  hold  that  a  detailed  system  in  any 
subject  stifles;  puts  the  teacher  in  a  strait - 
jacket,  as  it  were;  tends  to  make  the  teacher's 
work  formal  and  mechanical;  and  hinders 
progress  in  education  by  limiting  the  oppor- 
tunities for  originality  in  methods  and  for  the 
contributions  that  freedom  might  stimulate. 

Others  take  the  view  that  practical  school- 
room experience  in  the  execution  of  detailed 
methods  that  are  properly  organized — or- 
ganized on  definite,  logical  plans — is  a  part 
of  the  necessary  regular  training  of  every 
teacher  and  that  such  training  is  essential  to 
the  exercise  later  of  intelligent  originality  in 
methods  of  instruction.  They  believe  that  the 
teacher  who  has  not  had  large  experience  in 
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detailed  work  properly  arranged  cannot  appre- 
ciate the  need  and  the  effect  of  separating  a 
subject  into  its  elements  and  arranging  them 
in  logical  order  preliminary  to  teaching  it,  and 
has  not  acquired,  therefore,  the  point  of  view 
in  teaching  to  make  her  an  independent  worker 
much  less  a  contributor  to  her  profession.  Last 
of  all  is  the  conviction  that  the  development  of 
skill  and  power  are  in  no  way  necessarily 
dependent  upon  the  opportunities  for  and  the 
exercise  of  originality. 

b.  Detailed  Outlines  Essential 

There  is  a  principle  that  is  regarded  as  fun- 
damental and  is  very  strongly  emphasized  in 
training  for  school  work,  that  the  teacher  who 
enters  upon  the  teaching  of  a  subject  or  sub- 
division of  a  subject  without  preparing  in 
advance  a  most  carefully  detailed  outline  of 
the  teaching  steps  and  the  method  of  approach 
for  each  step  will  waste  in  a  greater  or  less 
degree  her  own  and  the  pupils'  time,  to  say 
nothing  of  the  habits  of  inattention  and  loose 
thinking  that  her  work  will  develop.  It  urges 
that  every  subject,  every  presentation,  must 
have  its  instruction  details  prepared  before- 
hand and  entered  in  the  general  and  the  daily 
plan-book  as  the  teacher's  guide  in  the  class 
work  that  is  to  follow. 
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c.  Ordinary  Outlines  Products  of 
Experience,  not  Creations 

When  a  teacher  prepares  for  the  work  of  a 
term  and  later  the  subdivisions  of  her  subjects 
for  daily  work,  she  organizes  rather  than  cre- 
ates. If  she  is  without  schoolroom  experience, 
a  beginner,  an  outline  in  any  given  subject 
would  manifestly  be  constructed  from  what 
she  remembers  of  her  experience  as  a  pupil 
and  from  what  she  may  be  able  to  apply  of 
her  training  experiences.    She  creates  nothing. 

If  she  has  had  schoolroom  experience,  sub- 
ject plans  and  those  for  daily  work  are  prac- 
tically from  the  same  source.  They  represent 
training  experiences  and  those  acquired  through 
professional  literature,  conferences,  and  gen- 
eral contacts  with  other  teachers.  They 
embody  new  creations  only  as  now  and  then  a 
minor  change  in  arrangement  or  method  of 
approach  is  incorporated  (or  reincorporated, 
if  the  change  is  a  revision  of  a  conception  that 
has  advanced  one  or  more  stages)  as  an  experi- 
ment which  she  has  had  in  contemplation  or 
has  been  working  upon  from  term  to  term 
shaping  details  so  that  she  may  succeed  in 
making  sound  theory  square  with  child  apti- 
tudes and  tendencies. 

Plans,  therefore,  whether  general  or  daily 
are  in  this  way  practically  organizations  of 
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existing  material.  They  may  be  enriched  and 
broadened  by  wise  and  thoughtful  experiments 
here  and  there,  as  has  been  suggested — experi- 
ments made  in  the  hope  of  a  higher  quality  of 
product — but  changes  of  this  kind,  although 
in  the  nature  of  simple  modifications,  may 
require  months  and  even  years  to  mature. 

d.  Professional  Growth  from  Work  not 
Original 

it  has  now  been  shown  that  the  teacher's 
working  plans  are  mainly  organizations  of  old 
material — experiences  acquired  from  those 
under  whom  she  trained  or  that  have  come  to 
her  from  other  sources  than  original  experi- 
mentation— and  that  originality  enters  very 
gradually  into  a  teacher's  work,  developing  by 
now  one  now  another  well  conceived  experi- 
ment that  may  have  matured  only  after 
repeated  revisions  or  modifications,  each, 
perhaps,  requiring  a  fresh  group  of  pupils. 

This  brings  us  to  the  question  (of  very  great 
importance  in  giving  the  teacher  a  proper 
estimate  of  the  training  value  of  following 
plans  that  she  does  not  devise  or  originate) 
whether  professional  growth — growth  in  skill, 
in  ideals  with  respect  to  methods,  and  in  logical 
habits  of  mind — is  possible  in  work  in  which 
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there  is  little  or  no  opportunity  for  originality. 
Would  such  work  afford  a  measure  of  a  teacher's 
power  or  possibilities? 

e.  Growth  in  Skill 

There  is  a  very  strong  parallel  between  the 
development  of  the  machinist  and  that  of  the 
teacher.  The  apprentice  learns  his  trade  by 
repeating  the  experiences  of  the  men  who  guide 
his  training.  Later,  when  he  becomes  a  regular 
workman  in  the  toolroom,  the  acquirements 
which  as  an  apprentice  he  aspired  to  and  which 
the  employer  is  anxious  to  make  use  of  and 
willing  to  pay  for  are  skill  and  accuracy  in  the 
construction  of  that  which  is  outlined  for  him 
in  detail  on  the  blueprint.  Now  these  quali- 
ties are  the  results  of  a  regular  but  imper- 
ceptible growth.  They  are  developments  from 
training  and  toolroom  work  in  whose  concep- 
tion or  outlining  he  had  no  part.  So  with  the 
teacher.  What  we  admire  and  value  in  her 
work  is  skill  in  execution.  We  forget  to  ask, 
we  care  little,  whether  she  or  some  one  else 
prepared  the  subject  or  the  lesson  blueprint. 
We  think  only  of  the  finish  and  the  logic  of 
her  presentations  step  by  step  and  the  quality 
of  the  completed  product.  It  is  the  power  that 
she  displays  in  this  work  that  brings  her  her 
recognition  and  reputation. 
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Skill  in  the  schoolroom,  as  in  the  machine 
shop,  is  a  development  entirely  from  the  proper 
execution  of  the  work.  The  conditions  and 
the  only  conditions  of  this  growth  are  that  the 
work  follow  logical  principles  and  that  it  be 
properly  organized.  It  is  through  the  display 
of  power  to  follow  outlines  not  of  her  own 
preparation  that  we  measure  her  skill.  The 
teacher  who  is  able  to  take  up  intelligently  a 
detailed  outline  of  work  in  which  there  is  a 
more  or  less  radical  departure  from  the  plans 
and  methods  with  which  her  experience  has 
had  to  do,  give  it  its  proper  form,  and  bring 
out  all  the  value  that  there  is  in  it,  displays 
skill  of  the  highest  order. 

/.  Ideals  and  Mental  Habits 

Ideals  of  orderly  arrangement  of  teaching 
steps  and  orderly  habits  of  thinking  in  matters 
relating  to  sequence  and  methods  of  presenta- 
tion, are  developed  under  the  same  conditions. 

The  teacher  whose  training  and  subsequent 
experience  have  been  under  definite  plans  in 
the  application  of  definite  principles  which 
she  has  kept  constantly  in  view,  will  develop 
habits  of  mind  accordingly.  She  will  feel  a 
need  for  a  proper  arrangement  of  any  original 
work  that  she  may  from  time  to  time  under- 
take.    She  will  naturally  attempt  to  find  in 
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such  work  the  elementary  teaching  steps, 
their  proper  order,  and  the  methods  of  pre- 
sentation which  will  accord  with  the  general 
plan  upon  which  the  work  is  based.  She  would 
naturally,  in  taking  up  a  line  of  work  in  which 
she  is  not  wholly  familiar  examine  it  at  once 
with  reference  to  the  lines  of  order  running 
through  it  and  note  whether  this  order  has 
been  consistently  lived  up  to. 

These  habits  of  mind  and  these  ideals  of 
system  and  order  are  at  the  foundation  of 
successful  teaching  and  they  can  be  acquired 
only  by  working  in  an  atmosphere  of  this  kind. 
The  work  itself  affords  the  training  in  following 
outline  work;  the  influences  connected  with 
the  work  develop  the  habits  and  the  ideals. 

j.   What  Development  Means 

Development  is  that  form  of  teaching  under 
which  each  step  in  the  process  is  a  simple 
natural  broadening  of  the  child's  experiences 
in  the  direction  of  the  subject  with  which  at 
any  stage  the  training  has  to  do.  Evolution 
applied  to  animal  life  relates  to  the  progressive 
advancement  under  which,  according  to  that 
theory,  each  step  produces  an  animal  of  a 
higher  type  until  the  evolutionary  process 
reaches  its  climax.  Development  is  the  evolu- 
tion of  the  subject  of  instruction. 
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The  theory  in  animal  evolution  is  that  there 
was  in  the  development  of  each  type  a  neces- 
sary sequence  of  environment  conditions  and 
that  this  sequence  determined  the  direction, 
rapidity,  and  regularity  of  the  development 
and  the  perfection  of  the  product. 

So  in  the  development  plan  in  the  teaching 
of  a  given  subject.  The  theory  under  which 
the  term  is  used  is  that  there  is  a  sequence  of 
teaching  steps  which  if  discovered  will  lead 
directly  and  logically  to  its  practical  mastery. 
This  sequence  changed,  and  the  development 
ceases  or  is  deflected  from  the  desired  direction, 
or  the  product  becomes  an  indistinct  or  imper- 
fect image  of  the  subject. 

Development  ideals  in  teaching  or  develop- 
ment forms  of  work  are  not  new.  That  the 
class  work  upon  any  given  subject  should  be 
very  carefully  and  thoughtfully  planned  by 
the  teacher  in  advance  is  universally  recog- 
nized and  emphasized  in  the  training  of 
teachers.  The  principle  insisted  upon  as 
underlying  all  plans  is  that  teaching  steps 
should  be  arranged  in  order  with  a  view  to  the 
evolution,  the  systematic  unfolding  of  the  sub- 
ject. It  is  under  the  influence  of  these  ideals 
that  development  has  become  the  aim  more 
or  less  definitely  in  view  in  every  seriously  and 
intelligently  considered  analysis  and  organiza- 
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tion  of  teaching  units.  The  formulation,  how- 
ever, of  a  working  outline  under  which  develop- 
ment will  be  realized  in  the  subjects  outlined 
is  the  great  problem  in  practical  school  work. 
The  fact  of  a  carefully  prepared  plan  is  not 
presumptive  of  a  development  product.  The 
question  is  always  in  order.  Is  this  a  develop- 
ment? or,  Is  this  an  approach  to  that  form  of 
instruction? 

4.   The  Development  Process 

Development,  as  has  been  stated,  is  the 
consistent,  progressive  unfolding  of  the  subject 
to  be  taught.  In  view  of  the  universal  prin- 
ciple of  the  need  of  system  and  order  in  the 
organization  of  constructive  work,  it  has  to  do 
very  largely  with  sequences  of  unit  operations 
— sequences  of  teaching  steps. 

Every  subject  from  the  teaching  standpoint 
consists  of  a  series  of  instruction  elements,  each 
representing  a  teaching  unit.  It  is  a  funda- 
mental principle  in  school  work  that  in  any 
new  step  in  the  teaching  of  a  subject  there  may 
be  but  one  unknown  factor  and  this  an  element. 
It  is  in  view  of  this  law  that  development 
requirements  involve  the  analysis  of  the 
subject  to  be  taught  into  its  elements  in 
order  that  the  separate  teaching  units  may  be 
known. 
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The  teacher's  working  plan  must  involve 
the  arrangement  of  these  teaching  steps,  these 
elements,  in  the  order  that  will  contribute  to 
the  development  purpose — the  regular,  un- 
broken growth  of  the  subject  complete  and 
clear.  The  organization  of  the  sequence  in  any- 
subject  is  a  very  difficult  problem,  the  most 
difficult  that  the  teacher  has  to  deal  with. 
An  outline  that  from  the  standpoint  of  the 
mature  mind  seems  faultless  in  its  pedagogy 
may  prove  to  be  utterly  inadequate  and  useless 
when  put  to  the  test  in  the  schoolroom.  The 
teacher  who  undertakes  such  an  outline  must 
have  qualities  of  persistence  and  open-minded 
patience. 

5.  Development  Must  Have  Proper  Foundations 

Every  development,  to  whatever  branch  of 
work  it  may  relate — number,  geography,  sci- 
ence, or  other  subject — is  dependent  upon  some 
form  or  forms  of  previous  experiences  through 
which  the  pupil  may  interpret  the  new  experi- 
ences that  the  development  work  will  involve. 
Some  of  these  are  required  in  the  early  steps 
of  the  development,  others  in  later  stages,  but 
all  must  be  ready  in  advance  in  order  that  the 
development  process  may  be  unbroken  in  its 
continuity.  A  child  of  seven  or  eight  years  of 
age,  for  illustration,  has  had  experiences  ordi- 


DEVELOPMENT  THEORY  13 

narily  that  would  enable  him  to  understand 
the  part  of  introductory  fraction  development 
that  relates  to  the  terms  fraction,  unit,  integral, 
number,  fractional  number,  mixed  number, 
etc. ;  but  if.  he  is  unfamiliar  with  the  number 
processes,  objective  and  written,  the  opera- 
tions of  simple  addition,  subtraction,  multipli- 
cation, partition,  and  division  with  integers, 
he  is  totally  lacking  in  the  experiences  which 
are  indispensable  for  the  interpretation  of  the 
steps  as  they  begin  to  relate  to  these  operations 
with  fractional  numbers.  Without  this  pre- 
vious preparation  the  work  halts  and  the  con- 
tinuity of  progress  is  broken  while  the  child  is 
taken  back  to  the  development  or  review  of 
these  lines  of  experiences  upon  which  fractions 
rest. 

The  teacher  who  enters  upon  a  development 
without  first  a  careful  survey  of  the  situation 
to  assure  herself  that  all  the  experiences,  objec- 
tive and  otherwise,  requisite  for  proper  inter- 
pretation at  all  stages  of  the  work  are  ready 
and  fresh  jeopardizes  the  success  of  her  devel- 
opment plan.  The  suspension  of  work  to 
prepare  the  class  for  that  which  will  be  neces- 
sary for  interpretation  at  any  stage  breaks  the 
continuity  of  the  subject  growth  and  cools  the 
enthusiasm  which  the  connected  series  of  pro- 
gressive experiences  arouses. 
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It  is  not  necessary  that  a  given  development 
process  constitute  the  only  line  of  number 
work  in  a  teacher's  daily  program.  The  taking 
up  of  other  unconnected  lines  to  be  conducted 
as  parallels  to  it  is  not  a  break  in.  the  sense 
that  it  would  interfere  with  the  line  of  thought. 
In  fact  there  should  not  be  just  the  one  line  of 
number  work  during  the  course  of  a  develop- 
ment. Each  subject  (see  B,  6)  should  have 
parallel  work  on  reviews  or  "minor"  subjects. 
It  is  the  deviation  at  a  point  where  thought 
should  be  continuous  to  something  that  is 
practically  a  part  of  the  line  under  develop- 
ment, a  preliminary  to  it,  that  produces  the 
disturbance  and  is  harmful. 

This  matter  of  attention  in  advance  to  the 
preliminary  experiences  necessary  for  an  un- 
broken development  is  of  utmost  importance, 
therefore,  in  the  organization  of  development 
material. 

6.  Classes  of  Development  Subjects 

a.  The  subjects  to  which  the  development 
plan  of  instruction  may  be  applied  may  be 
grouped  under  two  general  classes: — 

(i)  Those  in  which  the  instruction  has  to  do 
with  form — the  form  that  a  natural  growth 
gave,  the  changes  in  form  in  each  case  through 
which  its  evolution  carried  it.     In  these  sub- 
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jects  the  developments  follow  the  lines  along 
which  they  grew  historically. 

(2)  Those  in  which  the  instruction  relates 
less  to  form  and  more  to  definition  or  descrip- 
tion and  to  the  nature  and  the  relations  of  the 
processes.  In  these  subjects  the  historical 
changes  were  slight  or  without  pedagogical 
significance. 

Number  furnishes  in  decimal  fraction  nota- 
tion and  in  common  fractions  throughout  two 
strong  illustrations  of  those  two  classes  of 
subjects. 

Note. — The  only  differences,  practically,  between 
common  and  decimal  fractions  is  in  notation  and  in 
the  fact  that  in  one  the  denominations  are  unlimited 
and  in  the  other  limited.  In  all  other  respects — in 
the  nature  of  the  fractions,  in  the  manner  of  oral  ex- 
pression, in  the  significance  of  the  fundamental  oper- 
ations, and  in  the  principles  involved,  the  two  must 
be  classified  together. 

b.  Subjects  of  the  Second  Class 
Illustrated 

In  the  subject  of  common  fractions  the 
emphasis  points  are  those  which  relate  to  the 
nature  of  fractional  number,  its  relation  to 
integral  numbers  with  which  the  pupil's  pre- 
vious experiences  have  had  to  do,  the  method 
of  expressing  fractions  in  written  form,  and 
constructions  which  bring  out  the  fact  that 
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each  of  the  fundamental  processes  with  frac- 
tions has  the  same  effect  upon  quantity  as  the 
corresponding  process  with  integral  numbers. 
"Form"  as  a  problem  in  common  fraction 
development  is  of  minor  importance.  Common 
fractions  were  not,  in  form  of  written  expres- 
sion, the  result  of  a  natural  growth,  the 
product  of  the  operation  of  a  law.  This 
history  while  interesting  had  no  development 
significance.  They  were  given  their  form 
arbitrarily,  this  arbitrary  establishment  com- 
ing into  general  acceptance  and  use  because 
of  its  simplicity  and  directness.  The  subject 
is  almost  purely,  therefore,  one  in  which  we 
deal  with  definitions  and  relations. 

c.  Subjects  of  the  First  Class 
Illustrated 

Decimal  fraction  notation,  on  the  other 
hand,  is  the  product  of  an  evolutionary  process 
that  began  in  the  childhood  of  the  race  and 
may  be  traced  in  unbroken  course  to  its  cul- 
mination three  centuries  ago  in  our  full  decimal 
system.  The  proper  plan  of  instruction  is 
through  the  study  of  this  history  and  the 
dramatization  of  the  methods  of  expressing 
number  and  of  computations  in  the  successive 
stages  of  its  growth.  The  subject  is  therefore 
one  oiform,  one  in  which  there  is  an  historical 
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order  that  the  instruction  plan  must  closely 
follow. 

7.  Development  Work  and  Orderly  Mental 
Habits 

The  effect  of  this  plan  of  conducting  class 
work  in  each  subject  on  the  basis  of  the  peda- 
gogical sequence  of  the  successive  teaching 
steps,  is  to  bring  each  element  as  the  develop- 
ment proceeds  into  relations  with  all  the  ex- 
periences that  are  needed  for  its  full  and  clear 
interpretation.  It  makes  the  teaching  of  a 
subject  a  building  up  process,  a  construction, 
in  which,  upon  a  foundation  of  previous  experi- 
ences, the  structure  is  made  to  grow  naturally 
and  regularly  toward  a  complete  and  sym- 
metrical whole.  At  every  stage  in  the  teaching 
process  the  new  element  has  in  this  way  a 
logical  connection  with  the  sum  of  previous 
experiences  in  the  subject — a  connection  which 
the  child  learns  to  expect,  to  look  for.  This 
regular  unfolding  of  the  subject  has  a  strong 
influence  upon  mental  tendencies.  It  makes 
for  the  development  of  habits  of  seeking  pos- 
sible relations,  of  thinking  in  an  orderly 
manner. 

The  logical  mind  is  the  mind  that  habitually 
seeks  relations.  This  habit  of  orderly  thinking 
is   a   product   of   school   and   other   training 
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agencies.  If,  running  through  the  work  in 
every  subject  of  instruction,  there  is  a  constant 
natural  succession  of  effects  from  causes,  the 
educational  process  becomes  one  of  tracing 
relations.  The  child's  mind  is  made  to  act  in 
an  orderly  manner,  to  acquire  the  habit  of 
seeking  for  effects  from  causes  and  causes  from 
effects.  In  this  way  the  plan  contributes  to 
the  habits,  the  tendencies,  from  which  reason- 
ing power  springs. 

The  influence  of  development  plans  of  teach- 
ing is  not  limited  to  habits  of  thought  and 
reasoning  power.  Memory  also  profits  in  the 
same  manner  and  to  the  same  degree.  We 
remember  material  in  the  form  in  which  it 
comes  to  us.  If  it  is  acquired  under  a  teaching 
plan  in  which  logical  sequences  are  not  con- 
sidered we  remember  it  in  unrelated  form. 
If  it  is  acquired  through  reasoning  processes, 
it  is  in  related  form  in  memory.  Memory's 
hold  upon  unrelated  knowledge  is  uncertain. 
On  the  other  hand  there  is  a  tendency  for 
memory  to  lay  hold  of  and  to  retain  material 
that  is  acquired  through  the  exercise  of  reason. 
Where  we  give  to  the  student,  therefore, 
material  in  organized  form,  we  give  him  that 
to  which  there  is  a  natural  tendency  of  the 
memory  to  cling.  This  influences  memory 
habits  and  power. 
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Development  plans  of  work,  therefore,  make 
for  orderly  habits  of  thought  and  memory, 
power  to  acquire  truth  by  reasoning  processes, 
and  power  and  a  tendency  to  hold  in  memory 
that  which  has  been  acquired. 

8.  Elements  Classified  as  Fact  and  Corollary 
a.  Classes  Defined 

The  elements  into  which  a  subject  is  sub- 
divided for  teaching  (development)  purposes 
may  be  classified  with  respect  to  their  relations 
to  each  other  as  independent  or  fact  and  de- 
pendent or  corollary  elements.  An  independ- 
ent element  is  one  that  is  in  the  nature  of  an 
arbitrary  fact — a  fact  not  discoverable  by  the 
pupil  by  reasoning.  Such  an  element,  in  the 
teaching  process,  must  be  given  to  the  child — 
given  as  an  item  of  information  that  is  not 
within  his  power  to  acquire  unaided.  A 
dependent  element  is  one  that  in  its  proper 
place  in  the  teaching  order  would  be  a  corollary 
to  a  "fact"  element  or  to  one  or  more  other 
corollaries  and  would  be  discovered  by  the 
pupil  by  inference. 

b.  Elements  that  are  Absolutely 
"Fact" 

This  classification,  however,  is  not  absolute 
in  that  a  given  element  is  either  independent 
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under  all  conditions  or  under  all  conditions 
corollary.  The  position  that  is  given  to  a 
dependent  element  may  entirely  change  its 
character  in  this  respect  and  consequently  its 
classification.  There  are  elements  in  every 
subject  that  are  essentially  independent  in 
character  regardless  of  conditions  of  position 
or  sequence.    As  illustrations,  we  have — 

The  term  fraction ; 

The  form  of  the  written  fraction,  numerator 
above  and  denominator  below  the  line; 

The  cost  as  whole  or  base  in  loss  and  gain; 

The  marked  price  as  whole  in  trade  discount ; 

The  amount  due  at  maturity  as  the  basis  of 
bank  discount;  etc. 

c.  Elements  that  are  Conditionally 
Corollary 

The  classification  of  an  element,  other  than 
one  that  is  necessarily  an  arbitrary  fact,  is 
dependent  upon  the  position  given  it  in  the 
teaching  order.  A  dependent  element,  a  corol- 
lary, is  an  inference  from  an  accepted  truth. 
Logically,  therefore,  its  position  in  a  teaching 
sequence  must  be  immediately  following  the 
truth  out  of  which  it  grows  as  an  inference. 
If  it  should  be  brought  under  consideration  in 
class  work  in  advance  of  its  basal  truth  instead 
of  directly  after  it,  it  would  not  be  inferable. 
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Its  character  instead  of  being  that  of  corollary 
would  be  that  of  an  independent  unit  of 
instructions. 

If,  for  illustration,  x,  y,  and  z  were  three 
elements  of  a  given  subject  in  their  proper 
sequence,  x  an  independent  and  y  and  z  ele- 
ments inferable  from  x,  y  and  z  would  be 
corollaries.  If,  however,  the  instructor  in 
organizing  his  work  should  through  error  in 
judgment  arrange  these  units  in  teaching  order 
so  as  to  make  the  sequence  z  x  y,  z  would 
change  its  character  from  corollary  to  "fact" 
because  preceding  its  basal  truth  and  there 
would  be  in  place  of  the  fact — corollary — corol- 
lary order  (xyz)  a  fact — fact — corollary  suc- 
cession (zxy).  If  he  should  organize  the 
elements  in  zyx  order,  there  would  be  a  succes- 
sion of  three  "facts"  both  of  the  original  (xyz) 
dependent  elements  assuming,  because  of  their 
places  in  the  teaching  order,  the  character  of 
independent  units. 

d.  The  Two  Classes  Compared  as  to  Their 
Products 

It  has  already  been  shown  (see  7,  page  17) 
that  school  work  when  conducted  with  strict 
regard  for  analysis  and  the  sequence  of  teach- 
ing steps  makes  for  the  development  of  orderly 
mental  habits,  reasoning  power,  and  memory. 
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All  subjects  under  development  plans  influence 
each  of  these  qualities  but  not  in  equal  degrees. 

Subjects  differ,  however,  in  the  extent  to 
which  they  influence  these  faculties.  Subjects 
which  we  have  classified  as  "form"  subjects 
contribute  particularly  to  mental  habits;  and 
subjects  which  have  to  do  with  "definition 
and  relations"  contribute  more  to  reason  and 
memory. 

This  difference  in  training  product  is  easily 
accounted  for  by  the  fact  that  the  two  classes 
of  subjects  differ  in  the  proportions  of  their 
units  that  are  strictly  "  dependent."  Histori- 
cal subjects  like  the  subject  of  decimal  frac- 
tions have  strong  sequences  but  there  is  a 
comparative  poverty  of  corollary  elements. 
"  Definition  and  relation"  subjects  have  looser 
sequences  but  are  rich  in  the  proportion  of  the 
elements  in  each  that  are  possible  corollaries. 
It  is  to  this  larger  proportion  of  these  corollary 
elements  that  their  higher  training  value  in 
reasoning  power  is  due. 

e.  How  This  Classification  Affects 
Organization 

What  the  school  work  does  for  the  pupil  in 
the  way  of  the  development  of  proper  mental 
habits  and  power  to  remember  and  to  apply 
may  be  fairly  judged  by  the  extent  to  which 
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the  instruction  preserves  the  nature  of  corol- 
lary units  in  each  subject. 

The  value  of  a  teaching  plan  must  be  meas- 
ured, therefore,  by  the  discrimination  with 
which  possible  dependent  elements,  through 
giving  them  their  proper  place  in  the  teaching 
order,  are  made  to  retain  their  corollary  char- 
acter. Every  dependent  element  that  is  made 
independent  by  position  lowers  this  value  in 
that,  its  corollary  nature  being  lost,  it  compels 
the  teacher  to  give  to  the  pupil  a  truth  that  the 
latter  should  discover  for  himself  through  the 
exercise  of  his  reason. 

The  importance  of  this  classification  of  the 
elements  in  a  subject,  therefore,  lies  in  its 
ultimate  effect  upon  the  development  process. 
An  error  in  the  classification  results  in  an 
error  in  the  organization  of  the  class  work  and 
a  consequent  lowering  of  the  quality  of  the 
development  product.  To  judge  of  the  value 
of  a  development  plan  one  must  examine  it 
with  reference  to  the  discrimination  that  has 
been  exercised — 

( 1 )  In  this  classification  of  the  elements ;  and, 

(2)  In  determining  the  order  of  the  teaching 

steps. 
If  the  classification  of  the  elements  is  defec- 
tive, the  plan  is  defective.    Under  such  condi- 
tions the  teaching  order  must  be  defective.    If 
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the  classification  is  good,  there  will  be  elements 
of  strength,  at  least,  in  the  teaching  order. 
The  power  to  classify  elements  carries  with  it  a 
degree  of  power  to  arrange  them  in  proper  order. 

Q.  Importance  of  the  Sequence  Order 
The  aim  in  all  working  plans  for  class  work 
in  subjects  to  be  taught  in  our  modern  educa- 
tion is  to  conduct  the  work  in  a  way  to  give 
the  child  the  power  and  every  possible  oppor- 
tunity to  discover  the  truth  involved  in  a 
development  element,  when  he  is  brought  face 
to  face  with  it,  by  the  exercise  of  his  reason — 
by  inferences  from  his  own  experiences. 

The  extent  to  which  inferential  reasoning 
may  be  used  in  the  development  of  a  subject 
depends  almost  entirely,  as  we  have  seen,  upon 
the  teacher's  arrangement  of  the  material. 
Every  error  in  judgment  in  this  organization 
work  lowers  the  teaching  value  of  a  plan. 
This  order  of  steps  is  therefore  of  utmost  im- 
portance that  no  possible  corollary  element  be 
relegated  to  the  "independent"  class  and  an 
opportunity  for  the  child  to  discover  truth  by 
his  own  reasoning  be  lost. 

B.  Principles  in  Teaching  Practice 

j.  Major  and  Minor  Subjects  in  Number 
The  various  subjects  in  arithmetic  may  be 
divided  as  to  the  need  of  using  them  for  regular 
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or  for  incidental  instruction  into  two  classes 
which  may  be  described  as  major  subjects  and 
minor  subjects. 

a.  Major  Subjects 

A  major  subject  is  one  that  is  more  or  less 
complex  and  whose  development  on  this 
account  must  be  given  for  a  considerable  period 
of  time — several  weeks  or  several  months — 
the  important  place  in  the  daily  number 
program.  It  is  a  subject  that  has  a  variety  of 
forms  and  processes.  These  make  necessary 
the  development  of  special  imagery  and  special 
language,  work  upon  which  must  be  continu- 
ous as  well  as  systematic.  Among  these  sub- 
jects are  common  fractions,  decimal  fractions, 
percentage,  etc.  In  each  of  them  there  is  a 
logical  connection  of  parts  which  the  teaching 
process  must  recognize.  Each  is  rich  in  corol- 
lary elements.  Without  regular,  continuous 
development  the  logical  connections  do  not 
manifest  themselves,  corollaries  which  the 
child  should  discover  become  facts  which  he 
must  memorize,  and  the  whole  purpose  of  the 
development  is  defeated. 

b.  Minor  Subjects 

A  minor  subject  is  distinguished  from  a 
major,  in  general,  by  the  way  it  lends  itself,  on 
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account  of  the  nature  and  relations  of  its  ele- 
ments, to  the  development  plan  of  instruction. 

In  the  major  subjects  there  are  elements 
that  are  logically  interconnected.  Some  of 
these  are  independent  and  others  corollary, 
thus  lending  themselves  to  a  development 
plan.  The  minor  subject  has  little  and  in  some 
cases  nothing  that  admits  of  development. 

In  the  major  subject  the  operations  are  vari- 
ous and  closely  interrelated.  In  the  minor 
(excepting  in  the  case  of  denominate  numbers, 
as  we  shall  see)  they  are  limited  to  a  single 
process. 

Unlike  the  major  subject,  there  is  in  the 
minor  no  series  of  parts  or  elements  which  the 
teacher  for  instruction  purposes  must  arrange 
in  pedagogical  order  and  therefore  no  corol- 
laries for  the  pupil  to  discover  and  work  out. 
There  are,  however,  teaching  steps  that  must 
have  their  proper  order,  but  such  order  is 
based  upon  degrees  of  difficulty  and  not  upon 
logical  sequences. 

Among  the  minor  subjects  are  long  division 
and  the  other  fundamental  operations  with 
integers,  denominate  numbers  (exclusive  of 
surface  and  cubic  measures) ,  and  simple  inter- 
est. These  are  subjects  in  which  there  are  no 
elements  or  principles  or  operations  that  are 
outgrowths  of  others.     In  the  terms  or  other 
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facts  which  the  child  should  learn  in  any  of 
these  subjects,  there  is  no  necessary  order  of 
approach,  no  logical  order  in  which  they  must 
be  taken.  The  measuring  units  in  denominate 
numbers,  for  illustration,  were  established 
arbitrarily.  The  quantitative  value  of  any 
one  of  the  units  in  a  given  table  has  no  con- 
nection with  the  value  of  the  higher  or  the 
lower  unit  in  the  same  table.  There  is  no 
logical  significance  in  the  fact  that  there  are 
three  and  not  four  feet  in  a  yard,  in  the  fact 
that  the  number  of  pints  in  a  quart  is  two,  in 
the  fact  that  the  gallon  has  four  quarts,  or  in 
the  fact  that  an  avoirdupois  pound  is  sub- 
divided into  sixteen  definite  units. 

There  is  no  loss  in  the  way  of  continuity  or 
opportunity  for  inferential  reasoning  in  teach- 
ing during  one  school  year  parts  of  certain 
tables;  during  another  year,  other  parts  of 
these  tables;  and  later  still,  other  parts.  There 
is  no  reason  in  pedagogy  why  the  pupil  who 
has  learned  ounces,  that  there  are  16  ounces  in 
a  pound,  should  or  should  not  be  given  as  the 
next  item  of  instruction  that  a  ton  of  coal 
weighs  2000  pounds.  There  would  be  no 
illogic,  no  violation  of  sequence,  in  the  reverse 
order — in  teaching  2000  pounds  in  a  ton  of 
coal  or  hay  before  the  pupil  has  become 
familiar  with  ounces  and   knows  that  there 
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are  16  ounces  in  a  pound.  The  term  ton  is  a 
familiar  word.  It  is  as  common  as  ounce,  per- 
haps it  means  more  in  the  child's  experience. 

2.  The  Operations  Compared  as  to  Corollary 
Elements 

In  the  major  subjects  the  operations  are  in 
a  greater  or  less  degree  complex  and  inter- 
connected. They  must  be  taught,  unfolded, 
step  by  step.  It  is  with  these  operations, 
largely,  that  the  development  plans  in  such 
subjects  have  to  do.  There  are  operation 
elements  that  must  be  discovered  and  arranged 
in  teaching  order.  The  major  subjects  are 
major  because  of  these  constituent  elements 
and  their  interconnection  and  because  of  the 
need  of  the  adoption  of  a  plan  of  work  with 
respect  to  the  operations  that  will  give  unity 
to  the  teaching  product. 

In  the  minor  subjects,  on  the  other  hand,  the 
operations  are  simple,  there  are  no  elements 
to  be  arranged.  In  long  division,  for  illustra- 
tion, there  is  no  variety,  it  has  no  sequences. 
The  pupil  who  knows  well  the  so-called  "facts 
of  number"  and  has  learned  the  form  that  the 
operation  should  take  (and  this  applies  in  each 
of  the  other  fundamental  operations  with 
integers)  has  acquired  all  that  the  subject  has 
for  him  in  the  way  of  information.    What  he 
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needs  further  is  practice — practice  for  accuracy 
and  rapidity. 

The  same  may  be  said  of  simple  interest. 
The  pupil  who  has  found  the  interest  on  $4 
for  3  years  at  2  per  cent,  (and  such  solutions 
are  very  elementary,  requiring  no  instruction 
or  even  guidance  except  as  to  the  proper 
arrangement  of  the  written  work)  has  the  only 
operation  that  simple  interest  solutions  require. 
There  are  teaching  steps  in  the  subject — find- 
ing interest  for  years  as  in  this  example;  very 
much  later  (months  later)  finding  interest  for 
years  and  months;  and  months  or  years  later, 
finding  interest  for  periods  which  involve  days 
— but  these  steps  are  arranged  in  an  order  that 
is  based  on  the  difficulty  of  the  operations  and 
not  on  considerations  of  logical  sequences. 
Here  too  the  child's  problem  is  practice — 
practice  for  accurate  and  rapid  computation. 

The  operations  in  denominate  numbers 
(excepting  surface  and  cubic  measures)  are 
also  simple  and  single.  The  child  in  the  pri- 
mary grade  who  has  reasoned  out  the  reduction 
of  gallons  to  pints  has  used  the  only  process 
that  there  is  in  reduction  descending;  and 
when  he  has  reasoned  out  the  change  of  feet 
to  yards  or  of  pints  to  gallons,  he  has  used  the 
only  reduction  ascending  process  that  any 
solution  will  require.    Here,  too,  in  each  of  the 
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two  forms  of  reductions  there  must  be  an 
arrangement  of  the  teaching  steps  on  the  basis 
of  the  difficulty  or  complexity  of  the  operations, 
but  the  character  or  form  of  the  operation  does 
not  change.  Here,  too,  except  for  the  denomi- 
nate number  facts  that  he  must  learn  to  make 
use  of  in  a  practical  way  and  must  memorize, 
the  child's  problem  is  practice — practice  for 
accurate  and  rapid  work. 

j.  Definitions  and  Oral  Statements  of  Processes 
(Rules) 

A  very  important  part  of  the  class  work  in 
any  subject  in  arithmetic  is  that  in  which  the 
pupil  is  required  to  give  orally  or  in  written 
language  statements  of  how  he  made  this  or 
that  construction,  what  a  given  process  con- 
sists of,  and  definitions  of  the  terms  that  he 
has  learned  to  use.  Work  of  this  kind  is 
absolutely  essential  to  clear  and  complete 
imagery  in  subjects  that  have  been  developed, 
no  matter  how  carefully  the  work  has  been 
planned  and  conducted.  It  is  the  only  means 
of  clearing  up  the  points  of  emphasis  in  terms 
and  processes — points  that  the  pupil  has  not 
observed  closely  enough  to  leave  an  impression 
on  the  image.  The  statement  of  a  process,  to 
describe  it  completely  and  in  good  English, 
requires  the  full  concentration  of  the  attention 
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upon  the  process.  The  pupil  may  be  able  to 
make  a  construction,  to  perform  an  operation, 
or  to  recognize  the  meaning  of  a  term;  but 
when  he  is  asked  for  the  first  time  to  describe 
the  construction  act,  to  define  the  term,  or  to 
state  the  nature  of  the  process,  the  incomplete- 
ness of  his  description  will  show  that  there  are 
important  features  of  the  process  or  of  the 
term  that  his  mind  has  not  been  centered  upon, 
that  are  practically  not  a  part  of  his  image. 

He  may  be  able  to  make  a  half  or  a  fourth 
or  a  third,  for  illustration,  and  to  recognize  it 
when  he  has  properly  tested  its  value;  but 
there  will  be  points  of  careless  observation, 
failure  to  note  all  of  the  essentials  of  the  con- 
struction, until  statements  of  the  construction 
process  forces  it  upon  his  attention.  It  is  a 
matter  of  almost  unbroken  experience  that  the 
child's  reply  to  the  question,  How  do  we  make 
halves?  is,  We  tear  the  whole  into  two  parts. 
The  essential,  the  emphatic  feature  of  the  con- 
struction, that  the  parts  must  be  equal,  is  not 
in  his  statement  and,  of  course,  not  strongly 
in  his  conception  of  half.  This,  the  oral  state- 
ment after  it  has  been  developed  clears  up. 
It  puts  the  fact  of  the  equality  of  the  parts  into 
the  center  of  the  image  where  it  should  be. 

Not  only  does  this  oral  work,  the  defining  of 
terms  and  the  stating  of  processes,  make  for 
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clearer  imagery  but  it  is  a  distinct  aid  to  mem- 
ory. Such  a  result  would  be  inevitable.  An 
image  that  is  clear  is  naturally  more  enduring 
than  one  that  is  dull  or  imperfect. 

The  stating  of  a  process  in  oral  or  written 
language  makes  the  pupil  more  sure  of  himself, 
more  confident  in  its  use.  He  may,  for  illus- 
tration, be  able  to  find  the  area  of  a  triangle 
without  having  ever  stated  the  process;  but 
he  will  remember  it  very  much  longer  and  be 
far  more  confident  in  computing  such  areas  if 
he  should  be  required  to  put  the  operation  into 
spoken  language — Multiply  the  base  by  the 
altitude  and  take  half  of  the  product.  The 
old  rule  for  the  circle  committed  to  memory 
and  recited  time  and  time  again,  Multiply  the 
square  of  the  radius  by  3. 141 6  or  Multiply  the 
square  of  the  diameter  by  .7854  or  Multiply 
the  circumference  by  the  radius  and  take  half 
of  the  product,  has  been  the  sole,  confident 
reliance  of  many  a  man  in  circle  measurements 
— a  process  that  he  would  long  ago  have  for- 
gotten but  for  this  rule  that  lingered  in  his 
memory. 

It  is  a  part  of  our  common  experience  that 
we  know  best  and  remember  longest  that 
which  we  have  many  times  stated  and  restated 
orally  or  in  writing.  The  individual  who  has 
formulated  and  many  times  repeated  a  rule  for 
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taking  the  square  root  of  numbers  knows 
square  root  better  and  will  remember  it  longer 
than  another  person  of  equal  or  even  greater 
experience  in  square  root  solutions  who  has 
not  had  the  opportunity  to  recite  orally  or  in 
writing  upon  the  process.  If  we  wish  a  child 
to  have  clear  imagery  and  to  have  a  given  fact 
or  principle  or  process  deeply  impressed  upon 
him,  we  must  give  him  the  opportunity  to  recite 
upon  it  frequently  in  oral  and  in  written  form. 
The  strength  of  the  arithmetic  of  a  generation 
ago  was,  in  part,  its  insistence  upon  oral  defi- 
nitions and  statements  of  processes  (rules). 
The  arithmetic  of  to-day  makes  its  appeal  to 
reason,  and  to  memory  based  on  reason,  but 
the  full  advantage  of  this  plan  of  teaching  can 
be  realized  only  by  the  retention  of  the  oral 
features  that  characterized  the  old. 

4.  Rest  Exercises  and  Concentration  of  Thought 

A  change  in  work  is  one  of  the  ways  of  rest- 
ing and  refreshment  in  mental  as  well  as  in 
physical  work.  A  long  succession  of  exercises 
at  one  time  on  one  subject — operations,  for 
illustration,  under  the  fundamental  processes 
with  integers,  under  common  fractions,  under 
interest,  or  under  other  subject — very  soon 
reaches  the  point  where  it  becomes  drudgery. 
The  effect,  under  such  conditions,  is  that  the 
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rate  at  which  the  individual  works  tends  to 
slow  down  and  accuracy  suffers  because  of 
diminished  power  to  hold  the  attention  upon 
the  computations. 

If,  instead  of  this  uniformity  in  the  opera- 
tions, two  or  three  of  the  exercises  should  be 
replaced  by  as  many  review  exercises  in  other 
subjects — one  in  common  fractions,  perhaps; 
one  in  denominate  numbers ;  and  one  in  simple 
interest — the  changes  would  mean  relief  from 
the  monotony  of  the  regular  work;  rest;  new 
thought  associations;  and  the  full  concentra- 
tion of  thought  that  is  necessary  and  possible 
when  the  mind  turns  to  a  new  line  of  computa- 
tions with  which  it  is  familiar.  If  the  regular 
work  thus  broken  into  for  the  two  or  three 
rest-review  exercises  is  decimal  fractions,  it 
would  make  it  necessary  for  the  pupil  to  drop 
the  decimal  fraction  line  upon  which  his  mind 
had  been  running  and  make  a  new  concentra- 
tion— this  time  upon  common  fractions.  This 
concentration  would  then  be  dismissed  and 
that  upon  the  units  and  operations  and 
written  forms  in  denominate  numbers  might 
take  its  place.  A  simple  interest  exercise 
following  this  would  center  the  mind  upon  that 
subject.  The  changes  make  full  concentra- 
tions necessary  and  natural,  to  say  nothing  of 
the   fact   that   the   concentrations   are   upon 
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subjects  which  must  be  kept  fresh  by  constant 
reviews. 

The  child  after  this  digression  comes  back  to 
the  remainder  of  the  regular  exercises,  fresh 
and,  under  the  stimulus  that  the  changes  in 
his  work  have  effected,  able  to  .work  more 
rapidly  and  to  concentrate  more  fully.  The 
loss  in  the  number  of  exercises  in  the  regular 
subject  by  the  substitution  of  the  exercises  in 
the  other  subjects  is  more  than  made  up 
through  the  gain  in  the  power  to  concentrate — 
that  for  which,  in  large  measure,  exercises  in 
computations  are  given. 

The  tendency  of  such  organized  variety  in 
the  number  written  work,  therefore,  is  to  keep 
the  pupil's  mind  fresh  and  alert  during  a 
working  period  and  in  condition  to  center  his 
full  attention  upon  his  computations.  It 
affords  the  opportunity  for  reviews,  furnishes 
conditions  of  work  that  develop  power  of 
concentration,  and  makes  for  accuracy. 

5.  Reviews 

All  teachers  realize  in  a  practical  way  the 
need  of  reviewing  the  work  of  the  term  or  the 
year  in  every  subject  in  which  they  have  given 
instruction;  but  the  extent  to  which  general 
reviews  should  enter  into  the  program  of  the 
elementary  school — reviews  of  subjects  that 
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other  grades  have  given — and  the  responsi- 
bility of  the  teacher  in  the  matter  of  such 
reviews,  are  not  sufficiently  recognized. 

There  is  no  time  in  the  child's  school  life 
where  reviews  of  previous  work  can  be  dis- 
continued without  there  being  losses  from 
forgetting  the  old  to  offset  partially,  at  least, 
the  gains  from  the  study  of  the  new.  A  sub- 
ject that  is  permitted  to  fall  into  disuse  is  soon 
to  a  great  extent  forgotten.  This  is  true  in  the 
cases  of  children  in  school,  it  is  true  of  people 
in  the  ordinary  affairs  of  life,  it  is  true  of 
teachers.  The  principle  applies  in  arithmetic 
work,  in  geography,  in  history,  in  algebra — 
in  all  subjects.  We  remember  the  geography 
of  a  given  part  of  the  world  if  our  reading  or 
our  special  interests  in  any  form  lead  us  to  use 
the  map  of  that  region.  If  we  cease  to  use 
geography,  we  forget  it.  If  we  are  readers  of 
history  constantly,  or  if  special  interests  keep 
it  before  us,  we  retain  what  the  school  gave. 
If  not,  whether  in  this  subject  we  are  laymen 
or  teachers  or  students,  our  history  acquire- 
ments shrink  to  a  shadow  of  what  they  were 
at  the  close  of  the  school  course  in  the  subject. 
We  have  no  more  reason  to  expect  a  pupil  who 
has  learned  common  fractions,  even  under  the 
most  approved  plan  of  instruction,  to  remem- 
ber their  processes  indefinitely  when  he  is 
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given  no  occasion  to  make  use  of  them  than  to 
expect  us  older  persons  to  remember  our 
square  root  or  cube  root  or  bank  discount  or 
the  linear  or  square  or  cubic  tables  of  the  metric 
system  after  a  year  or  two  of  non-use  of  them. 

The  purpose  in  teaching  number  is  to  give 
the  pupil  the  tools  for  measurements.  The 
subjects  which  form  the  indispensable  tools 
for  almost  all  forms  of  activity  in  which 
measurements  are  necessary  even  to  the 
simplest  forms  of  business  are  the  "number 
facts,"  the  fundamental  operations  with  inte- 
gers, common  fractions,  denominate  numbers, 
and  decimal  fractions.  It  is  hard  to  conceive 
of  a  form  of  activity,  above  the  level  of  the 
commonest  labor,  in  which  these  subjects  are 
not  a  part  of  the  workman's  necessary  equip- 
ment. The  tool  is  of  value  to  the  individual 
as  long  as  he  is  able  to  use  it.  If  at  any  time 
for  any  reason  he  loses  the  power  to  use  it,  he 
has  lost  the  tool.  The  pupil,  for  illustration, 
may  learn  to  compute  with  common  fractions. 
He  has  the  common  fraction  tool.  Afterwards 
through  having  no  occasion  to  use  them,  he 
forgets  all  but  the  shadow  of  what  he  learned 
in  the  subject.    The  tool  is  lost. 

Applying  this  principle  to  schoolroom  work, 
let  us  take  the  case  of  the  teacher  whose 
"major"  subject  in  number  for  the  term  or  the 
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year  is  decimal  fractions.  Her  assigned  task 
is  to  add  this  to  the  child's  available  tools 
in  the  subject.  If,  when  this  task  has  been 
accomplished,  the  child  is  found  to  have  lost 
the  power  to  compute  with  common  fractions, 
the  decimal  fraction  teacher  has  added  nothing 
to  his  tools  in  number.  She  has  merely  sub- 
stituted the  decimal  fraction  tool  in  place  of 
the  common  fraction  tool.  The  child  is  little 
richer.  There  is  little  to  the  teacher's  credit, 
as  the  result  of  the  term's  work,  in  the  way  of 
added  number  power  in  the  child. 

The  teacher's  responsibility  for  reviews, 
therefore,  does  not  begin  and  end  with  the 
subject  or  subjects  which  she  is  called  upon  to 
develop.  Her  responsibility  is  cumulative.  If 
the  major  subject  is  common  fractions,  she 
cannot  avoid  being  accountable  for  "number 
facts,"  for  work  toward  accuracy  in  funda- 
mental operations  with  whole  numbers,  and 
for  such  parts  of  denominate  numbers  as  have 
in  previous  years  or  grades  been  introduced. 
If  her  major  subject  is  decimal  fractions,  she 
is  responsible  for  the  "number  facts";  for 
exercises  for  the  development  of  accuracy  in 
the  fundamental  processes;  for  parts,  at  least, 
of  denominate  numbers;  and  for  operations 
with  common  fractions. 

The  organization  of  regular  and  discriminat- 
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ing  reviews  of  the  essentials  of  work  done,  in 
order  that  the  results  be  not  lost  through  non- 
use,  is  as  necessary  to  school  efficiency  as  the 
organization  of  the  advance  work;  and  the 
recognition  of  the  need  of  such  work  and  of 
her  own  responsibility  in  providing  for  or 
executing  it  is  an  important  product  of  the 
teacher's  training.  If  all  of  the  elementary 
school  work  for  the  children  of  a  community 
is  in  charge  of  a  single  teacher,  she  is  the  organ- 
izing, the  responsible  agent.  If  the  work  is  in 
the  care  of  a  group  of  teachers,  the  organization 
is  the  work  of  the  supervising  authority.  With- 
out such  regular  system  in  reviews  the  school 
organization  is  lax,  time  and  energy  are  wasted, 
and  the  product  is  retarded  number  growth. 

6.  Parallel  Lines  of  Work 

a.  Their  Nature  and  Use 

By  a  parallel  in  number  we  mean  a  subject 
that  is  under  development  or  under  review  in 
connection  with  the  development  of  some 
"major"  subject.  We  have  seen  that  in  the 
interests  of  the  development  of  power  to  hold 
the  full  attention  upon  the  operations  in  seat 
written  exercises  every  major  subject  must 
have  with  it  one  or  more  other  subjects  con- 
ducted as  parallels,  sharing  with  it  the  time 
allotted  to  number  on  the  daily  program.    This 
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parallel  or  these  parallels  (there  may  be  one 
or  more  in  use  at  one  time)  are  the  subject  or 
subjects  represented  by  the  problems  that  are 
given  for  rest  and  change — problems  that 
afford  relief  from  the  monotony  of  repeated 
exercises  on  one  subject  or  rest  from  fatigue 
that  application  to  unchanging  work  induces. 
Computations  in  number,  especially  those 
given  when  accuracy  is  the  special  aim,  must, 
as  we  have  seen,  have  the  variety,  the  change, 
that  parallels  afford.  Fractions,  for  illustra- 
tion, is  a  major  subject.  As  such,  it  is  the 
principal  feature  of  the  daily  work  in  number 
during  a  large  part  of  a  year  of  the  elementary 
school  course.  Without  parallel  lines  of  work 
it  would  be  the  sole  computation  subject  in 
the  daily  seat  number  period.  As  such  it 
would  be  without  the  stimulus  that  there  is 
in  some  degree  of  variety,  without  the  change 
in  work  that  induces  concentration.  Parallels, 
because  they  induce  concentration,  shorten  the 
time  that  is  required  to  develop  accuracy  in 
fraction  computations  and  on  that  account 
favor  fraction  achievement.  The  pupil  makes 
his  fraction  solutions  under  conditions  of 
closer  attention  and  clearer  mind  and  thus 
gains  rather  than  loses  in  the  subject  notwith- 
standing the  shortening  of  the  time  given  to 
it  because  of  the  introduction  of  the  parallels. 
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b.  Selected  Without  Regard  to  Sequence 
A  parallel  problem — a  problem  from  a  sub- 
ject that  is  essentially  parallel  or  that  is  used 
at  the  time  for  parallel  work — is,  as  we  have 
seen,  one  that  is  incorporated  in  a  series  of  seat 
computation  exercises  on  some  major  subject 
to  give  variety  to  them  and  thereby  make  con- 
centration upon  the  computation  workpossible. 
Only  one  "major"  subject  may  be  on  the 
class  program  at  one  time.  If,  for  illustration, 
the  teacher  is  developing  decimals,  she  could 
not  in  the  same  period  of  time,  conduct,  as  a 
parallel,  a  development  of  cubic  measure  with- 
out halting  the  former.  Such  a  temporary 
suspension  of  the  decimal  fraction  work  would 
be  possible  and  not  at  all  objectionable  pro- 
vided the  suspension  is  made  at  some  climax 
point  in  the  subject — after  that  part  of  the 
development  which  has  to  do  with  reading  and 
writing  decimals,  after  addition,  after  sub- 
traction, or  after  multiplication,  etc.  A  halt 
might  be  made  at  one  of  such  points,  if  thought 
desirable,  for  the  development  of  another  sub- 
ject, provided  it  is  comparatively  short — cubic 
measure ,  for  illustration .  In  that  case ,  the  work 
that  has  been  completed  in  decimals  must  be 
subject  to  constant  reviews  in  the  meantime  as 
a  cubic  measure  parallel.  To  carry  both  of  these 
subjects    as    parallel    developments,   however, 
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would  "slow  down"  the  work  in  each  so  much 
that  interest  could  not  be  maintained  in  either. 
Parallel  problems,  therefore,  can  not  be 
from  a  subject  or  a  part  of  a  subject  that  is 
under  development.  They  must  necessarily 
be  problems  that  we  may  speak  of  as  detached, 
incidental,  not  a  part  of  a  continuous  line.  In 
other  words,  they  can  not  be  problems  that 
must  be  selected  upon  considerations  of  order 
or  development  sequence.  Each  must  be 
regarded  as  an  independent  unit,  a  practice 
problem  complete  in  itself. 

c.  Reviews   and    "Minor"    Subjects   are 
"Parallel"  Material 

Reviews  and  minor  subjects  lend  themselves 
to  uses  as  parallels.  Exercises  in  which  there 
are  no  major  subject  solutions,  are  naturally, 
almost  necessarily,  made  up  of  detached,  inci- 
dental problems. 

Reviews  of  decimal  fractions  may  be  taken 
as  an  illustration.  It  is  recognized  that  such 
work  should  be  incidental.  The  review  is 
stronger  for  using  scattered  exercises — exer- 
cises that  involve,  perhaps,  first  a  division 
solution,  then  one  in  addition,  then  one  in 
multiplication,  then  one  in  writing  fractional 
numbers,  etc.  As  a  general  rule  the  less  there 
is  of  logical  interconnection  in  the  series  of 
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problems  that  make  up  a  review  exercise  the 
more  valuable  it  is  as  a  review. 

"Minor"  subjects  are  by  definition  subjects 
in  which  a  logical  interconnection  of  the  teach- 
ing elements  is  lacking.  The  computations  in 
these  subjects  represent  single,  simple  opera- 
tions. There  are  differences  in  computation 
difficulties,  however,  due  to  the  quantities 
involved.  In  some,  the  solutions  may  be  made 
mentally  because  the  numbers  involved  are 
small.  Others  are  more  difficult  because  of  the 
use  of  larger  integral  numbers  or  fractions  or 
because  of  conditions  which  make  fractions 
necessary,  as  in  interest  for  years  and  months 
or  for  years,  months,  and  days.  In  the  selec- 
tions of  practice  or  applied  problems  in  minor 
subjects,  therefore,  there  must  be  considera- 
tions of  grade  (the  grade  of  the  problems  rising 
as  the  pupils  gain  in  power  to  operate  with 
higher  numbers  and  with  fractions)  but  not 
considerations  of  sequence.  The  problems  in 
"minor  "subjects, therefore — denominate  num- 
bers (excepting  square  and  cubic  measures), 
long  division  and  the  other  fundamental  opera- 
tions with  integers,  and  interest — are  inci- 
dental, out  of  logical  relations  with  other 
problems  in  the  same  subject.  They  may  be 
used  in  class  work  (whether  as  parallels  or  as 
complete  exercises)  in  unrelated  units— a  solu- 
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tion  at  one  time  in  a  long  measure  reduction, 
at  another  time  in  an  ascending  reduction  in 
liquid  measure,  at  another  time  in  an  exercise 
involving  long  division,  at  another  time  in 
ascending  or  descending  avoirdupois  weight, 
at  another  time  in  interest.  In  fact,  in  which- 
ever use  they  occur  they  are  from  their  nature 
individual,  a  series  of  detached  exercises.  It  is 
impossible  to  change  their  character  in  this 
respect.  They  are  therefore  naturally  and 
always  proper  parallel  material. 

d.  Reviews  and  Minor  Subjects  Entirely 
Through  Parallel  Uses 

There  are  two  ways  in  which  instruction  or 
training  (under  whatever  name  we  describe  it) 
in  minor  subjects  and  regular  reviews  of  sub- 
jects that  have  been  developed  may  be  con- 
ducted : — 

(i)  As  independent  instruction  subjects,  a 
regular  portion  of  each  year  or  term  being  set 
aside  for  each;  or, 

(2)  As  parallels  to  major  subjects,  no  sep- 
arate periods  of  time  being  allotted  to  them. 

Under  either  plan  the  classwork  aims  are 
realized  entirely  through  computation  exer- 
cises. As  to  instruction  in  computations,  none 
is  necessary.  It  has  been  shown  that  minor 
subjects  in  the  simple  forms  of  their  operations 
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require  none.  The  pupil  is  independent  of  it 
because  it  involves  in  each  subject  a  line  of 
reasoning  and  an  operation  with  which  he  is 
familiar  through  the  ordinary  mental  applied 
problem  work  that  in  every  properly  organized 
course  of  study  parallels  work  in  "number 
facts."  In  the  very  simple  forms  of  solutions, 
the  pupil's  knowledge  of  the  significance  of  the 
fundamental  operations — the  effect  of  each 
upon  quantity — is  sufficient  for  the  operations. 
Neither  in  these  nor  in  those  of  the  higher 
grades  of  difficulty — higher  because  of  higher 
integral  numbers  or  fractions — will  the  pupil 
require  instruction  or  assistance  if  his  work  is 
properly  directed.  He  will  make  the  computa- 
tions of  each  succeeding  grade  independently 
of  assistance,  excepting  as  to  arrangement  of 
written  work,  provided  the  work  is  so  organ- 
ized for  him  that  it  carries  him  regularly  from 
solutions  of  one  grade  of  difficulty  to  those  of  a 
next  higher.  Under  either  plan  the  teaching 
problem  would  be  one  of  directed  practice. 
The  product  would  be  the  same  whichever  plan 
is  followed :  the  development  subjects  kept  fresh 
by  reviews  and  the  minor  subjects  acquired. 
The  choice  between  these  two  plans  is  a 
matter  of  very  great  importance  in  the  organ- 
ization of  number  teaching  because  they  differ 
materially  in  cost — in  teacher-hour  and  child- 
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hour  cost.  Under  the  former,  the  work  of 
reviews  and  minor  subjects  would  require  that 
time  be  specially  allotted  to  them — time  to  be 
used  for  instruction  and  for  computations. 
Under  the  latter,  such  work  conducted  as 
parallels  would  be  done  in  time  allotted  to  the 
major  subject. 

It  has  been  shown  that  parallels  stimulate 
and  expedite  the  work  (see  6  a,  page  39)  in  the 
major  subjects,  that  they  hasten  the  develop- 
ment of  power  of  sustained  attention,  one  of 
the  important  aims  in  number  training.  Under 
such  conditions  the  gain  to  the  major  subject — 
the  real  gain  not  only  in  quality  of  product  but 
in  actual  time  would  more  than  make  up  for 
the  part  of  each  computation  period  given  to 
the  parallels. 

e.  The  Time  Element  in  Parallels — Time 
for  Power  to  Develop 

The  element  of  time — time  for  the  pupil  to 
develop  power  to  take  hold  of  the  successive 
grades  of  the  work  in  a  minor  subject  from  the 
first  simple  computations  to  those  of  the  more 
difficult  grades — should  be  understood  by  the 
teacher.  The  actual  time  that  must  elapse — 
time  measured  in  months  and  perhaps  years 
between  the  first  mental  computation  in  a 
subject  and  its  completion  according  to  ele- 
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mentary  school  standards — is  by  no  means 
short.  Denominate  number  work,  for  illustra- 
tion, must  be  extended  over  years  of  the  ele- 
mentary school  course.  There  are  forms  of 
measuring  that  enter  into  the  practical  life 
of  the  youngest  pupils  and  the  school  should 
give  them  opportunity  to  become  familiar  with 
the  units  and  to  make  use  of  them  in  measure- 
ments. It  is  one  of  the  ways  in  which  educa- 
tional work  should  touch  the  child's  e very-day 
experiences  and  make  use  of  them.  The  reduc- 
tion (oral)  of  quarts  to  pints  and  of  pints  to 
quarts  or  gallons  is  a  part  of  early  primary 
number  training.  Such  work  goes  with  the 
training  in  the  "number  facts"  as  practical 
applications.  Reductions  oral  and  written 
under  dry  measure,  under  long  measure,  under 
some  parts  of  time  measure,  under  avoirdupois 
weight,  and  under  some  of  the  miscellaneous 
measures  should  be  parts  of  the  early  number 
training — should  all  find  places  as  parallels  to 
the  regular  development  subjects  of  that  early 
period. 

The  same  principle  applies  in  simple  inter- 
est, another  minor  subject.  It  should  be  intro- 
duced at  the  age  when,  in  the  opinion  of  those 
in  charge  of  the  course  of  study,  the  pupil  may 
profitably  take  up  the  work  under  common 
fraction  development.     It  should  be  used  as 
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one  of  the  parallels  of  common  fractions,  of 
surface  measure,  of  cubic  measure,  of  decimal 
fractions,  of  percentage.  From  the  time  when 
it  is  first  introduced  it  should  be  in  regular  use 
in  the  lower,  then  in  a  higher,  and  again  in  a 
still  higher  grade  of  operations  until  it  is  com- 
pleted years  later  in  the  grammar  school  period. 

f.  Consistency  and  Uniformity  in 
Arrangement  of  Solutions 

It  has  been  shown  that  in  the  minor  subjects 
no  teaching*  is  necessary  except  as  to  the 
form  in  which  the  written  work  should  be 
arranged. 

This  matter  of  the  arrangement  of  the  writ- 
ten work  in  minor  subjects,  in  denominate 
numbers,  and  in  simple  interest  especially, 
should  have  careful  attention.  Each  should 
have  an  order  in  which  its  analytical  state- 
ments should  be  arranged.  This  form  or  order 
of  arrangement  should  be  simple  and  not 
changeable.  There  should  be,  for  illustration, 
but  one  form  of  arranging  the  statements  in 


*This  must  be  understood  to  refer  to  the  opera- 
tions only.  Instruction  is  necessary  in  the  denominate 
number  tables,  in  the  character  of  the  measuring 
units  in  each,  and  in  the  method  of  applying  these 
units  in  practical  life.  Such  instruction  should  be 
most  carefully  planned  and  given. 
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reduction  descending  operations  in  all  of  the 
denominate  number  subjects — the  form  that 
gives  each  statement  in  the  analysis  the  place 
with  reference  to  the  other  statements  that 
orderly  thinking  requires.  This  is  entirely 
practicable  because  logical  order  is  the  same 
under  reductions  of  one  kind  of  denominate 
numbers  as  under  those  of  another  kind.  There 
is  every  reason,  in  the  interest  of  training  to 
orderly  thinking,  why  there  should  be  this 
uniformity  of  arrangement.  There  is  no  reason 
why  a  definite  order  should  not  be  insisted 
upon  in  the  computations.  It  is  a  part  of  the 
child's  training  in  logic. 

7.  Acceleration  in  Number 

The  broadening  of  the  elementary  school 
curriculum  without  lengthening  the  working 
day  or  the  year  places  upon  the  schools  a 
problem  similar  to  that  which  industrial  com- 
petition has  been  forcing  upon  the  shop,  that 
of  a  higher  product  per  workman-hour. 

For  the  schools  it  is  a  problem  of  wise  and 
safe  acceleration.  They  must  give  to  the  child 
greater  reading  power  in  his  first  year  in  school 
and  in  each  succeeding  year — greater  power  to 
understand  the  written  page  and  greater  power 
to  read  expressively.  They  must  give  him  a 
broader    and    more    practical    knowledge    of 


50  NUMBER  BY  DEVELOPMENT 

geography;  more  power  in  oral  expression; 
greater  power  to  put  thought  into  written 
expression,  so  that  what  the  child  writes 
expresses  that  thought  fully  and  clearly. 
These  with  music,  drawing,  history,  and  civics, 
hygiene,  spelling,  writing,  handwork,  the 
science  of  common  things,  etc.,  compel  the 
most  careful  use  of  school  time  and  wise  ex- 
penditure of  school  energies. 

When  we  use  the  term  acceleration  we  must 
use  it  as  applying  to  the  hastening  of  work  in 
general.  Applied  to  an  individual  subject  it 
is  a  dangerous  word.  We  may,  for  illustration, 
hasten  general  progress  in  arithmetic,  but  the 
hastening  of  work  in  common  fractions  or 
decimals  or  long  division  or  percentage  has 
possibilities  of  imperfect  digestion  and  assimi- 
lation. To  "speed  up"  any  subject  beyond 
the  pupil's  power  to  grasp  and  assimilate  it  is 
not  acceleration  in  any  proper  sense  of  the 
term.  Such  work  would  be  wasteful.  It  would 
retard  instead  of  hasten.  This  must  not  be 
taken  to  mean  that  assimilation  may  not  be 
expedited.  Such  is  not  the  case.  It  is  a  matter 
that  does  not  admit  of  discussion  that  one 
method  of  teaching  a  subject  may  make  as- 
similation more  rapid  as  well  as  more  perfect 
than  another  but  that  under  a  given  method 
applied  in  a  way  to  give  it  its  best  results 
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acceleration  might  prove  to  be  destructive. 
There  is  no  way  in  which  judgment  and  con- 
servatism is  more  necessary  than  in  this 
matter  of  rate  of  progress  in  number  subjects. 

Acceleration  in  the  shop  is  not  attempted  by 
making  the  tool  cut  the  steel  faster  or  by 
increasing  the  rate  at  which  the  great  wheel  in 
the  engine  room  revolves.  It  is  secured  in  the 
plans  and  tools  of  manufacture  so  that  one 
machine  will  do  the  work  formerly  requiring 
two;  by  placing  and  adjusting  machines  and 
tools  to  provide  against  delays  in  successive 
operations  upon  a  given  article  by  one  machine 
or  tool  and  then  another;  and  by  other  forms 
of  organization  to  save  time  that  would  be 
lost  through  steps  and  motions  that  count  for 
nothing  in  the  actual  manufacturing  process — 
organizations  that  have  for  their  aim  to  put,  so 
far  as  possible,  full  sixty  minutes  of  productive 
work  into  every  hour  of  the  workman's  time. 

This  is  the  form  of  acceleration  that  should 
apply  in  number — the  form  that  reduces  waste 
in  time  by  every  legitimate  means. 

We  have  seen  that  there  are  subjects  in 
number  that  may  be  used  as  parallels,  that 
these  subjects  under  parallel  uses  save  the 
time  that  would  be  given  to  instruction  in 
them  were  they  used  independently,  and  that 
parallels  improve  and  hasten  the  work  in  the 
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development  subjects  with  which  they  are 
connected.  It  has  been  shown  that  denomi- 
nate numbers  (excepting  surface  and  cubic 
measures)  are  natural  parallel  material  and 
may  be  taught  wholly  as  parallels  to  other 
subjects  if  the  work  is  begun,  as  it  should  be, 
in  the  early  number  period  and  continued 
through  the  elementary  school;  that  when  so 
used  they  save  entirely  the  time  that  must 
otherwise  be  given  to  them ;  and  that,  in  addi- 
tion to  this,  their  use  expedites  and  improves 
the  quality  of  the  work  in  the  subject  or  sub- 
jects which  they  parallel. 

It  has  been  shown  that  simple  interest  is 
another  parallel  subject;  that  it  may  be  used 
in  the  same  way  as  an  exercise  for  rest  and 
change  that  when  introduced  early  in  the 
course  in  number  and  used  as  a  parallel,  it  may 
receive  its  full  development  thus  incidentally 
in  connection  with  work  in  major  subjects ;  and 
that  such  use  not  only  requires  no  special  time 
to  be  allotted  it  but  shortens  the  development 
time  in  the  subjects  with  which  it  is  used. 

Here  is  the  real  field  for  conservation — con- 
servation through  organization  of  the  work. 
It  suggests  to  the  teacher  how  one  subject,  a 
development  subject,  through  its  need  of 
parallel  exercises  for  rest  and  change,  may  be 
made  to  carry  entirely  the  burden  of  a  strong 
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minor  subject  without  loss  in  quantity  or 
quality  of  product  and  thus  in  terms  of  the 
shop  make  one  machine  do  the  work  and  give 
the  product  that  under  other  conditions  would 
require  two.  This  is  constructive  acceleration. 
It  not  only  materially  shortens  the  time  that 
is  required  to  complete  the  course  in  number 
but  preserves  and  improves  the  quality  of  the 
work.  It  has  been  shown  that  reviews  also 
are  natural  parallel  material.  Through  their 
regular,  systematic  use  as  such  they  contribute 
in  this  same  indirect  way  to  practical  accelera- 
tion in  that  they  keep  fresh  the  teaching  prod- 
uct in  every  subject  that  has  been  developed  so 
that  no  work  that  has  been  completed  during 
the  term  or  year  or  in  previous  years  is  per- 
mitted to  become  dimmed  or  lost  through 
disuse. 

8.  Rapidity  in  Computation 

Rapidity  in  the  fundamental  operations  is 
relative.  Individuals  differ  in  the  rates  of 
their  mental  processes  and  therefore  in  the 
rates  at  which  they  can  compute,  just  as  they 
differ  in  this  respect  in  their  physical  motions. 
The  fact,  however,  that  one  child  thinks  or 
expresses  thought  or  solves  a  problem  more 
slowly  than  hisneighbor  affords  no  presumption 
that  his  mental  power  is  of  a  lower  order.  The 
reverse  may  be  found  to  be  the  case  forty  years 
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later  after  the  two  have  taken  their  places  in 
the  practical  affairs  of  life. 

Each  pupil  has  his  degree  of  rapidity  with 
which  he  is  able  to  work  in  arithmetical  oper- 
ations. Some  would  be  rated  as  slow,  others 
as  rapid.  This  rate  of  work  may  be  increased 
by  wise  stimulation.  It  is  delicate  ground, 
however,  upon  which  to  tread.  It  should  be 
attempted,  but  attempted  with  great  care 
because  of  the  danger  of  over-stimulation. 
When  we  secure  rapidity  at  the  expense  of 
accurate  results  the  product  is,  to  say  the  least, 
of  doubtful  value.  The  employer  desires  ra- 
pidity in  computation.  He  is  willing  to  pay  for 
it.  When,  however,  rapidity  is  secured  at  the 
expense  of  dependable  results  its  value  is  lost. 

g.  Accuracy  in  Computation 
When  the  service  involves  computation,  the 
employer  must  have  results  upon  which  he 
can  rely.  Without  it,  service  has  absolutely  no 
value.  He  will  pay  for  accuracy,  however,  even 
if  computations  are  made  slowly.  For  rapidity 
with  doubtful  accuracy,  there  is  no  market. 

Accuracy  in  any  line  of  operations  is  a 
quality  that  is  dependent  upon  power  to  con- 
centrate the  thought  closely  and  steadily  upon 
the  work.  This  power  is  a  development.  It 
is  a  quality  that  the  individual  acquires  grad- 
ually through  the  regular,   systematic,   con- 
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tinued  practice  in  computation  under  condi- 
tions of  full  concentration  of  thought  upon  the 
operation.  Practice  in  which  the  mind  is  thus 
fully  concentrated  makes  for  the  development 
of  the  power  to  concentrate  steadily  and  of 
accuracy.  Practice  in  which  the  attention  is 
intermittent  defeats  its  own  purpose.  Prac- 
tice in  long  division,  for  illustration,  in  which 
the  thought  is  fully  absorbed  in  the  process 
makes  for  the  development  of  this  power  and 
for  uniform  accuracy  of  long  division  results. 
Computation,  however,  in  which  the  thought 
is  wavering  counts  for  nothing  toward  power 
of  sustained  attention  or  of  computing  with 
dependable  results. 

Concentration  upon  the  operation  therefore, 
is  a  prerequisite  to  accuracy.  For  the  indi- 
vidual who  knows  well  the  "number  facts" 
(there  can  be  no  accuracy,  otherwise)  the  test 
of  this  power  of  sustained  attention  in  compu- 
tations that  are  practically  only  fundamental 
operations  is  uniform  accuracy  of  results. 

The  organization,  therefore,  of  our  work  in 
number  instruction  which  as  we  have  seen 
effects  the  acceleration  of  general  work  in  that 
branch  and  the  development  of  power  to  con- 
centrate fully  upon  our  computations  gives  us 
as  a  by-product  the  very  necessary  power  of 
dependable  results. 
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10.  Some  of  the  Qualities  Essential  to  Skill  in 
Teaching 

Skill  may  be  described  as  a  combination  of 
those  qualities  which  make  for  successful 
leadership  in  the  schoolroom — the  teacher  be- 
ing the  leader  under  whom  class  activities  are 
conducted.  Some  of  the  qualities  should  be 
noted  here,  especially  those  which  have  a  par- 
ticular bearing  upon  development  work. 

a.  The  teacher  who  knows  the  value  of 
reviews  in  construction  and  oral  work  and  uses 
them  wisely  to  hold  on  to  that  which  has  been 
developed  so  that  nothing  is  lost  has  one  of  the 
qualities  included  under  this  term.  Failure  to 
keep  alive  the  essential  features  of  a  step  that 
has  been  developed  so  that  it  is  ready  for  use 
at  any  time  without  the  necessity  of  even  a 
partial  re-development  shows  a  lack  in  this 
regard.  The  rule  must  be  regarded  as  abso- 
lute that,  if  a  step  in  a  line  of  sequence  is 
worth  while  as  a  step,  it  is  worth  preserving 
by  reviews. 

b.  The  teacher  who  knows  when  she  may 
safely  take  up  a  next  step  in  a  development 
so  that  mental  digestion  will  proceed  without 
interruption,  has  another  of  these  necessary 
qualities.  To  state  this  matter  negatively, 
failure  to  note  the  point  when  a  new  step  may 
be  introduced  with  safety  evidences  a  lack  of 
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that  which  is  essential  to  skillful  leadership. 
Progress  may  be  too  slow  for  interest  and  the 
development  of  proper  mental  activity  or  it 
may  be  too  rapid  for  assimilation.  There  is 
the  middle,  the  safe  rate  of  progress  in  each 
subject,  the  determination  of  which  requires 
skill  of  a  high  order.  This  rate  of  progress  in 
any  development  is  a  matter  of  judgment 
with  each  class.  Progress  cannot  be  gauged 
by  the  calendar  or  the  clock. 

c.  The  teacher  who  fails  to  put  energy  and 
vitality  into  her  schoolroom  leadership  can- 
not hope  for  a  high  rating  in  skill.  The  best 
arrangement  of  teaching  steps  with  the  best 
outline  of  presentation  details  is  hopeless  in 
such  hands.  These  may  be  classed  as  quali- 
ties of  skill  because  they  affect  the  teaching 
product  so  radically. 

d.  The  teacher  who  is  regular  and  discrimin- 
ating in  her  use  of  parallels  so  that  minor  sub- 
jects and  reviews  are  made  use  of  to  best 
advantage  to  develop  full  concentration  upon 
computations  and  consequent  accuracy  in 
them  and  to  give  ample  training  in  the  former 
gives  evidence  that  she  has  a  form  of  power 
that  makes  for  skill — power  to  approach  a 
solution  of  the  problems  of  accuracy  and 
practical  acceleration. 


PART  II 
COMMON  FRACTIONS 

CHAPTER  I 
INTRODUCTION 

A.  Objective  Work  in  Fractions 

I.  The  Essential  Features 
Objective  work  in  number  has  for  its  aim  to 
give  the  pupil  the  opportunity  to  learn  number 
language  in  connection  with  its  use  in  acts  of 
measuring.  It  is  to  give  him  experiences  in 
constructions  that  associate  number  terms 
with  the  measuring  acts  which  they  signify. 
It  is  to  provide  beyond  question  that  when  the 
language  has  found  its  place  in  the  child's  work- 
ing vocabulary  it  will  be  vivid  and  full  of 
meaning  so  that  he  will  be  able  to  use  it  intel- 
ligently and  confidently. 

The  test  of  the  value  of  any  number  method, 
therefore,  is  the  character  of  the  mental  prod- 
ucts of  its  constructions.  Are  the  concepts 
which  they  develop  true  to  number?  Are  they 
complete  and  clear?  Concepts  contain  no 
qualities  that  are  not  in  every  percept.  If  the 
latter  are  false  or  incomplete  or  not  perfectly 
clear-cut,  the  concepts  will  have  the  same  de- 
fects.    When,   for  illustration,   the  pupil  is 
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required  to  construct  4,  if  all  of  the  qualities 
that  are  essential  to  the  concept  4  are  not 
brought  out  in  the  construction,  the  objective 
work  is  defective  and  fails  of  its  proper  purpose. 

When  we  speak  of  the  language  of  number 
and  complete  and  distinct  imagery,  we  must 
regard  the  term  as  including  fractional  as  well 
as  integral  number.  We  must  have  in  mind 
number  not  alone  in  its  use  as  expressing  quan- 
tity but  in  its  use  as  signifying  processes. 
Arithmetical  operations — operations  in  addi- 
tion, subtraction,  multiplication,  division,  and 
partition — to  be  used  intelligently,  must  be 
understood.  The  pupil  must  know  from  ex- 
perience in  measuring  operations  how  each 
affects  quantity.  There  are  percepts  and  con- 
cepts of  number  processes  and  these  too  must 
be  developed  by  constructions — constructions 
which  develop  mental  pictures  that  are  true 
to  the  nature  of  the  processes  as  well  as  to  that 
of  the  numbers  involved. 

It  is  to  this  test  as  to  the  character  of  the 
concepts  that  grow  out  of  it  that  a  method — 
any  method — of  objective  work,  whether  it 
relates  to  integral  or  to  fractional  number 
must  measure  up.  It  is  method's  standard  of 
valuation,  its  yardstick.  If  a  plan  of  number 
instruction  meets  this  measure,  it  is  safe.  If 
it  fails  to  meet  it,  it  is  defective. 
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2.  Its  Relation  to  That  in  "Number  Facts" 

In  developing  a  fraction  method  one  must 
determine  whether  there  is  anything  in  the 
fraction  nature  that  requires  special  forms  of 
concrete  work.  In  other  words,  will  the  con- 
struction forms  that  the  child  used  in  the  days 
when  he  was  learning  the  "facts"  of  number, 
the  number  and  the  process  forms,  be  of  any 
use  to  him  now? 

The  nature  of  a  number  is  the  same  whether 
we  apply  it  to  integral  or  to  fractional  quanti- 
ties. To  illustrate :  in  the  two  numbers  three 
(3)  and  three  fourths  (?4),  three  (3)  means  a 
group  of  three  integral  units — a  three;  three 
fourths  ($4)  means  a  group  of  three  fractional 
units — also  a  three.  The  former  expressed  con- 
cretely is  y         ,  the  latter  is  concretely  H  J_  . 


The  two  numbers  differ  only  in  the  quantita- 
tive value  of  their  measuring  units.  In  the 
same  manner,  six  (6)  and  six-thirds  (f).     The 


former  is 


0 


the  latter  4. 


— a  purely 


quantitative  difference. 

The   significance  of  measuring  operations 
also  is  preserved  in  fractions. 
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Three  and  four  (3  -+-4)  ex- 
pressed concretely  is 


Three  eights  and  four  eights  [fn1 
(t+i)is H|I 


L  8 


Seven  less  five  (7  —5)  is 


D 


Four   halves   less  two  halves 

(l-f)is 

Four    times 


-CM 


three  (4  X3)  is    4.  4J 


Four  times  three 
fourths  (4x2^)  is.  . 


Pi  Pi  Pi  Pi 

M.4      H.4      4  a     44 


Eight    divided  by    |rT=t 
three  (8  -4-3)  is H 

Eight  fifths  divided  by 
three  fifths  (f-hf) 


o 


4  5 


L  5 


Three  fifths  of  fifteen  (f  of  15)  is 


Three  fifths  of  fifteen  sevenths  (f  of  ^)  is 


]]    m  mi 
7    47    4.7 
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All  this  goes  to  show  that  as  we  pass  from 
integral  to  fractional  and  from  fractional  to 
integral  expressions  neither  the  nature  nor 
the  significance  of  the  measuring  operation 
changes.  Since,  therefore,  number  expressions 
integral  and  fractional  are  inherently  identical 
in  all  respects  excepting  the  character  of  the 
units,  it  follows  that  true  number  concepts 
can  not  be  developed  except  as  the  objective 
forms  and  the  language  of  the  work  in  "num- 
ber facts"  is  extended  unchanged  to  fractions. 

j.  The  Aim  of  Fraction  Method 

In  the  development  of  "number  facts "  there 
were  three  aims : 

(i)  The  establishment  of  the  group-unit 
nature  of  number. 

(2)  The  spoken  and  written  language  of 
number  operations  (counting)  in  "and"  (+), 
"times"  (X),  "take  away"  (-),  "has  how 
many"  (-*•),  and  partition  ("of"),  and  the 
significance  of  "  =  "  under  these  various  meas- 
uring processes. 

(3)  The  memory  of  the  "facts"  from  long 
continued  seat  exercises  in  constructions. 

These  having  been  developed  for  integers 
are  not  development  aims  in  fractions;  because, 
as  we  have  seen  in  2,  the  nature  of  numbers, 
the  significance  of  the  operations,  and  the 


INTRODUCTION  63 

"number  facts"  are  the  same  for  fractional 
numbers  as  for  integers.  The  aims  in  fraction 
work,  therefore,  are  necessarily  confined  to — 

(1)  The  nature  of  the  fraction — its  relation 
to  the  interger. 

(2)  The  fraction  terms. 

(3)  Fraction  constructions  and  operations. 

B.  The  Meaning  of  the  Term  Fraction 

There  are  two  classes  of  units — integral  and 
fractional.  Corresponding  to  these  there  are 
two  classes  of  numbers,  one  made  up  of  units 
that  are  wholes,  the  other  made  up  of  units 
that  are  smaller  than  a  whole.  Numbers  made 
up  of  wholes  we  call  integers.  A  number 
smaller  than  a  whole  we  call  a  fraction.  When 
we  say  whole  number  we  mean  a  number  made 
up  of  units  that  are  wholes.  When  we  say 
that  a  number  is  a  fraction  we  indicate  the 
kind  of  units  that  it  contains,  but  nothing  as 
to  the  quantity  that  it  expresses.  Quantita- 
tively it  may  be  very  large  or  very  small. 
When  also  we  speak  of  a  number  smaller  than 
a  whole,  we  simply  indicate  the  comparative 
value  of  its  component  units — units  smaller 
than  wholes. 

It  has  been  proven  by  experience  that  in 
this  matter  of  objective  fraction  work  many 
teachers  before  taking  it  up  must  have  their 
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attention  called  to  this  fact  that  the  term  frac- 
tion relates  to  the  form  of  component  units 
and  not  to  considerations  of  comparative 
quantity;  that  ^  and  ^  are  fractions,  not 
because  of  the  quantities  that  they  express, 
but  from  the  fact  that  the  measuring  unit  in 
each  {%)  is  a  fraction.  This  is  easily  ac- 
counted for  when  we  consider  that  in  the 
ordinary  computations  of  practical  life  im- 
proper fractions  rarely  occur.  We  are  con- 
tinually making  use  of  such  forms  as  £,  f ,  f , 
■f,  etc.,  but  seldom  of  the  improper  fraction 
forms  f ,  f ,  ^,  etc.  The  consequence  is  that 
many  persons  get  into  a  state  of  mind  in  which 
their  conception  of  "fraction"  is  that  of  a 
quantity  smaller  than  a  whole.  As  time  goes 
on  and  no  occasion  arises  with  them  for  sub- 
mitting it  to  the  test  of  reason,  association 
causes  this  impression  gradually  to  deepen  and 
to  become  sometimes  tenacious,  so  much  so 
that  their  special  attention  must  be  called 
strongly  to  the  facts  in  order  to  convince  them 
of  their  error. 

A  number  is  an  integer  or  a  fraction  accord- 
ing to  its  make-up.  In  $6,  for  illustration,  the 
measuring  unit  is  $i,  an  integer.  In  $^-,  the 
measuring  unit  is  $J,  a  fraction.  These  two 
numbers  are  equivalents.  The  one,  however, 
is  an  integer  and  the  other  a  fraction  entirely 
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because  of  the  difference  in  their  make-up — 
the  form  of  their  measuring  units,  f,  f ,  and 
-3-{P  are  fractions  wholly  because  in  each  the 
measuring  unit  is  a  fraction.  The  form  of  this 
unit,  therefore,  and  not  the  quantity  expressed 
is  the  determining  factor. 

This  is  a  simple  matter  upon  which  discus- 
sion would  seem  to  be  superfluous  were  it  not 
for  the  fact  that  any  form  of  construction 
work  for  the  proper  development  of  fraction 
imagery  and  language  must  bring  it  immedi- 
ately into  the  foreground.  More  than  this, 
the  plan  of  introductory  work  in  this  subject 
that  does  not  have  for  one  of  its  definite  aims 
the  establishment  of  the  "improper"  as  well  as 
the  "proper"  form  in  the  child's  first  "fraction" 
picture,  will  result  in  a  narrow,  imperfect  con- 
ception of  the  term. 

The  teacher  must,  therefore,  give  serious 
consideration,  in  her  plans  for  fraction  devel- 
opment work,  to  the  fact  that  while  "  fraction  " 
etymologically  signifies  a  part  of  a  whole,  a 
fragment,  a  number  smaller  than  a  whole,  it 
has  come  to  have  a  derived  meaning  under 
which  it  may  refer  to  any  number  that  is 
fractional  in  form,  regardless  of  the  compara- 
tive quantity  that  it  may  express,  and  that 
this  inclusive  meaning  must  stand  out  clearly 
as  a  construction  feature.  In  outlining  her 
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number  language  plans,  she  should  understand 
that  this  inclusiveness  of  meaning  that  has 
been  given  to  "fraction"  may  be  extended 
with  perfect  propriety  to  its  simple  parallel 
term  "number  smaller  than  a  whole,"  which 
is  so  necessary  as  the  introductory  term  in  the 
development,  and  that  this  term  may  also 
refer  to  form — may  be  made  to  include,  like 
fraction,  any  number  whose  measuring  unit 
is  smaller  than  a  whole.  In  this  use  of  the 
expression,  §  or  f  or  ^  would  be  a  number 
smaller  than  a  whole  in  the  same  sense  that 
it  is  a  fraction. 

It  is  to  establish  this  interpretation  of  frac- 
tion that  the  teacher  at  the  very  beginning  of 
fraction  construction  asks  for  "a  number 
smaller  than  a  whole"  and  then  for  a  different 
number  smaller  than  a  whole.  The  responses 
to  these  questions  as  shown  in  the  development 
outline  (see  Chapter  III,  A)  indicate  that 
the  pupil  will  easily  make  the  inference  which 
these  successive  questions  invite — that  the 
expression  is  to  be  taken  broadly,  the  reference 
being  entirely  to  the  form  of  its  measuring  unit. 
Thus  is  established  at  once  the  proper  inter- 
pretation of  this  preliminary  expression,  num- 
ber smaller  than  a  whole- — an  interpretation 
that  the  term  fraction  will,  when  introduced, 
inherit. 
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C.  Objects 

I.  Must  be  Prepared  by  the  Pupil 

The  development  of  fraction  imagery  begins 
with  the  construction  of  the  fractional  units 
from  wholes.  The  child  that  does  not  have 
practical  experience  in  preparing  in  this  way 
his  own  objects  loses  a  very  important  part 
of  fraction  training.  The  meaning  of  half, 
third,  or  fourth,  is  not  clear  and  full  except  to 
the  child  that  has  constructed  the  objects  and 
proved  that  they  reasonably  meet  the  tests  of 
accuracy — tests  that  he  himself  understands 
and  can  apply.  The  work  of  construction 
concentrates  the  thought  upon  the  conditions 
which  determine  the  fractional  nature  and 
name  of  the  object  and  makes  these  conditions 
a  part  of  the  imagery. 

The  rule  in  the  preparation  of  the  objects 
should  be  that  each  child  prepare  his  own 
supply.  An  exception,  however,  to  this  rule 
is  the  final  working  objects  of  a  child  who  may 
be  so  clumsy  with  his  hands  that  those  of  his 
own  making  do  not  satisfy  the  tests  of  equality. 
The  constant  use  of  such  objects  would  make 
for  faulty  imagery  and  habits  of  careless 
thinking.  Such  children  should  have  their  real 
working  objects  made  for  them  by  other  pupils 
or  by  the  teacher.  They  should,  however, 
have  much  experience  in  trying  to  make  frac- 
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tions  of  all  kinds.  This  experience,  because 
they  are  trying  to  make  parts  that  are  equal  to 
each  other  and  because  of  the  concentration 
of  mind  at  the  same  time  upon  this  necessary- 
equality,  will  serve  all  practical  purposes  in 
the  development.  The  fractions  that  they 
make,  the  imperfect  ones,  will  find  their  way 
into  the  waste-basket  to  be  replaced  for  their 
regular  fraction  construction  work  by  objects 
that  are  reasonably  perfect. 

2.  Material  for  Objects 

When  we  accept  the  principle  that  the  child 
must  make  the  fractions  to  be  used  in  his  con- 
struction work,  we  practically  limit  ourselves 
to  object  material  that  may  be  folded  and  torn 
into  equal  parts.  To  construct  halves,  thirds, 
fourths,  fifths,  sixths,  sevenths,  etc.  from 
io-inch  or  6-inch  or  other  splints  or  kinder- 
garten sticks  or  from  pasteboard  or  other  stiff 
material  that  will  not  fold  or  crease  without 
breaking  is  manifestly  beyond  most  children 
of  the  fraction  age.  To  say  that  he  might 
mark  off  on  such  objects  with  the  aid  of  the 
foot-rule  the  lines  along  which  to  cut  them  for 
making  the  fractional  parts  would  assume  that 
the  pupil  has  had  fraction  experiences  which 
this  object  work  is  designed  to  develop.  Such 
use  of  a  foot-rule  would  require  a  fair  knowl- 
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edge  of  fractions.  Again,  the  difficulty  of 
marking  the  objects  so  that  one  could  know 
quickly  which  pieces  are  from  the  10-inch  and 
which  from  the  6-inch  or  other  stick,  and  what 
the  fraction  value  of  each  object  without 
tedious  and  unprofitable  delays  for  comparison 
and  measurements  would  eliminate  from  con- 
sideration, except  for  limited  supplemental  use, 
the  splint,  the  kindergarten  stick,  and  other 
similar  objects  even  if  the  problem  of  measur- 
ing off  the  fractional  parts  were  solved. 

It  is  very  desirable,  however,  that  each  child 
have  a  small  supply  of  a  few  fractional  units — 
halves,  thirds,  fourths,  sixths,  and  eighths, 
possibly,  from  one  kind  of  splint  and  one  kind 
of  other  object  (a  kindergarten  stick,  perhaps) 
to  break  the  monotony  of  paper  objects.  In 
one  of  these  classes  of  objects  the  child  might 
have  halves,  thirds,  and  sixths;  in  the  other, 
halves,  fourths  and  eighths.  Their  use  would, 
of  course,  be  limited  but  their  occasional  use 
would  put  variety  into  the  percepts  and  there- 
by contribute  to  the  development  of  better 
concepts.  This  is  what  is  meant  by  "limited 
supplemental  use"  to  which  reference  was 
made  above. 

j.   Variety  of  Objects 

General  fraction  imagery  can  not  be  devel- 
oped through  objective  work  with  one  class  of 
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units.  With  a  single  unit — oblong  paper 
wholes,  paper  circles,  square  paper  wholes, 
io-inch  splints,  or  6-inch  kindergarten  sticks — 
the  child's  imagery  of  halves  or  fourths  or 
thirds  or  other  fractions  would  be  a  paper  or 
a  splint  or  a  stick  of  a  certain  size  and  shape. 
He  would  not  have  the  general  notion  half, 
third,  or  fourth,  the  fraction  development  work 
should  secure. 

On  the  other  hand,  if  we  use  a  variety  of 
wholes — oblong  papers  of  different  sizes  as 
6"X7>£"  and  4"x6";  paper  circles;  io-inch 
(or  1 2-inch)  splints;  and  6-inch  or  other  kinder- 
garten sticks — with  several  halves,  several 
thirds,  several  fourths,  etc.  from  each  of  these 
classes  of  objects,  there  will  be  no  opportunity 
for  the  child's  notion  of  half  or  third  or  fourth 
to  grow  out  of  objects  of  any  given  size  or 
shape  or  material.  He  will  have  in  this  varied 
assortment  of  halves,  thirds,  fourths,  etc., 
proper  material  for  the  development  of  frac- 
tion concepts. 

4.  Quantitative  Equality  of  Objects 

The  objects  used  in  the  construction  of  any 
given  integral  expression — 3  X4,  2+5,  6—4  = 
9  -^  5  = ,  or  §  of  12=  — must  be  quantitatively 
equal.  (See  Vol.  I,  pp.  33-37.)  It  should  not 
be  necessary  to  say  that  the  same  principle 
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applies  to  fractional  expressions.  In  f +£, 
the  fractional  units  must  be  from  equal  wholes. 
In  4  Xf  the  measuring  units  are  thirds  of 
equal  wholes. 

The  child,  as  has  been  shown,  should  be 
supplied  with  a  variety  of  objects  but  the  indi- 
viduals of  each  of  these  classes  of  objects  must 
be  equal,  else  the  fourths  or  sixths  or  halves 
made  from  them  would  be  unequal  and  not 
proper  construction  material  for  the  develop- 
ment of  accurate  mathematical  imagery.  If 
two  or  more  kinds  of  paper  circles  are  used, 
the  individuals  of  each  kind  must  be  equal  in 
diameter  and  thickness. 

5.  Marking  the  Objects 

With  an  assortment  of  rectangular  paper 
wholes  which  differ  but  little  in  size  (5"  X7", 
6"X7^",  4"  X6"),  the  child  would  have  his 
objects  in  confusion  and  be  unable  to  distin- 
guish the  pieces  as  to  fraction  values  without 
measuring.  This  would  lead  to  errors  and  loss 
of  time  in  construction  work  with  no  compen- 
sating advantage. 

To  avoid  this,  pupils  should  mark  all  wholes 
of  one  kind  A,  all  those  of  another  kind  B,  all 
those  of  another  kind  C,  etc.  Thereafter 
papers  would  be  distinguished  by  their  letters 
— A  papers,  B  papers,  C  papers,  etc.    When 
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fractions  are  made  from  A  papers,  the  child 
should  at  once  mark  each  piece  with  its  proper 
letter  and  fraction  name — as  A  -J,  A  ^,  A  -fa, 
etc.  He  should  in  the  same  manner  mark 
fractions  from  his  B,  C,  and  other  papers  that 
he  may  have.  If  two  kinds  of  circles  or  splints 
are  used  they  should  be  marked  in  the  same 
way.  All  fractions  should  be  marked  with 
their  fraction  names.  If  only  one  kind  of 
splint  or  paper  circle  is  in  use,  each  fractional 
unit  should  be  marked  with  its  proper  mark — 
•§■,  -§-,  -J,  etc.  This  will  contribute  to  more 
rapid  construction  work. 

6.  Economy  in  Objects. 

It  has  been  shown  that  the  essential  feature 
of  the  various  fractions  from  each  kind  of 
whole  is  equality.  If  halves  or  fourths  or 
other  fractions  from  a  given  whole  are  not 
equal  they  are  not  proper  for  use. 

It  is  not  difficult  or  expensive  to  secure  rec- 
tangular paper  objects.  This  is  the  ordinary 
shape  of  school  papers  of  all  kinds.  Circles, 
however,  are  not  obtainable  without  liberal 
payment  for  the  ' '  circular ' '  and  the ' '  equality ' ' 
features.  Circular  objects  are  not  necessary. 
There  may  be  a  sufficient  variety  of  objects 
without  this  kind. 
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7.  Receptacles  for  Pupils'  Objects 
Objective  work  in  fractions  involves  the  use 
of  objects  that  are  not  as  easy  to  take  care  of 
as  pegs  and  inch-sticks  of  the  primary  grades 
because  of  their  size — length  and  width. 
Added  to  this  is  the  fact  that  there  are  sev- 
eral denominations  of  objects  (halves,  thirds, 
fourths,  fifths,  etc.)  and  several  kinds  of  each 
of  these  denominations;  for  example,  A,  B, 
and  C  halves;  A,  B,  and  C  thirds;  A,  B,  and 
C  fourths. 

The  problem  before  the  teacher,  therefore, 
is  a  means  of  caring  for  the  objects — of  keeping 
the  denominations  separate.  No  best  method 
can  be  suggested.  Some  teachers  bind  each 
denomination  (the  A,  the  B,  and  the  C  halves; 
or  the  A,  the  B,  and  the  C  thirds,  etc.)  in  one 
bundle  held  together  with  a  small  rubber  band, 
— thus  putting  all  the  halves  together,  all  the 
thirds  together,  all  the  fourths  together,  etc. 
These  bundles  while  in  use  lie  on  one  end  of 
the  pupil's  desk ;  when  not  in  use  they  are  put 
into  large  envelopes  furnished  for  the  purpose. 
Others  have  pasteboard  boxes  made  7"xi2", 
2"  deep.  These  are  divided  by  pasteboard 
partitions  into  15  sections,  each  section  ap- 
proximately y±"  X7".  Some  of  these  sections 
are  left  full  size ;  others  are  separated  into  two 
sections,  each  Y^"  X3>£".     Others  are  made 
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into  three  sections.  Each  denomination  of 
fraction  objects  is  assigned  its  special  section — 
halves  in  the  first,  thirds  in  the  next  section, 
etc.  If  no  fractions  are  used  of  the  denomina- 
tions nths,  I3ths,  I7ths,  19/ths,  23MS,  26ths, 
29ths,  3ists,  34-ths,  37ths,  38ths,  and  4ists,  the 
sections  provide  places  for  all  other  denomina- 
tions to  42nds.  These  are  all  the  fractions 
required  for  all  practical  development  work. 
The  following  is  a  diagram  of  such  a  box : 


-TOP  VIE 


-SIDE  VI El 


Another  device  is  a  io//Xi2//  cardboard 
with  cloth  pockets  like  apron  pockets,  the 
several  bundles  of  fractions  bound  with  rubber 
bands  being  kept  each  in  its  assigned  pocket. 
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8.  Mixing   Fractions  of  the  Same   Fractional 
Value 

The  child  has  made  and  marked  a  dozen  or 
more  fractions  of  each  denomination — halves, 
thirds,  fourths,  fifths,  etc.,  from  each  kind  of 
wholes.  He  has  all  fractions  up  to  i6ths  or 
20ths  (excepting  nths,  I3ths,  I7ths,  and  I9ths) 
from  his  A,  his  B,  and  his  C  papers,  and  from 
his  other  wholes  if  he  has  any.  All  these 
halves  should  be  put  together  into  the  "half" 
section  or  pocket  of  the  object  receptacle — all 
the  thirds  into  the  "thirds"  section  or  pocket, 
all  the  fourths  into  the  "fourths"  section  or 
pocket,  etc. 

This  mixing  of  the  fractions  of  each  denomi- 
nation is  necessary  in  order  to  train  the  child 
to  recognize  that  he  must  select  for  each  num- 
ber or  expression  measuring  units  from  the 
same  kind  of  whole.  To  construct  -f ,  he  must 
choose  all  A  8ths  or  all  B  8ths  or  all  C  8ths  or 
all  Sths  from  some  other  class  of  wholes — 
splints  or  kindergarten  sticks,  for  instance. 
The  same  rule  must  apply  to  an  expression  like 
l+l — the  expression  must  involve  5ths  of 
one  class  of  integral  units.  In  making  f +f 
he  will  choose  the  thirds  and  the  halves  from 
his  A  fractions  or  from  his  B  fractions  or  from 
his  C  fractions  or  from  some  other  class  in  the 
same  way.     It  is  the  objective  method   of 
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teaching  the  child  that  in  any  arithmetical 
expression  in  +,  — ,  X,  -?-,  or  "of,"  there 
should  be  but  one  kind  of  measuring  unit. 

In  the  oral  work  in  connection  with  it  the 
teacher  asks,  "How  did  you  make  the  expres- 
sion?" ("I  made  it  with  A  papers"  or  "I 
made  it  with  splints"  or  "I  made  it  with  C 
papers.")  "What  is  the  rule?"  ("The  rule  is 
that  I  must  make  an  expression  with  one  kind 
of  objects — all  A  papers  or  all  B  papers 
or  all  C  papers  or  all  some  other  kind  of 
objects.") 

g.  Fractional  Units  that  are  not  Necessary 

The  aims  of  fraction  development  work  are 
to  give  the  child  experience  in  fraction  con- 
struction, in  the  expression  of  fractions,  in  the 
changing  of  fractions  from  one  form  or  name 
to  another,  and  in  fraction  measuring  processes. 
To  know  how  to  construct  fraction  expres- 
sions— |,  A,  J,  &,  f,  A.  TT>  etc.— it  is  not 
necessary  that  the  pupil  shall  have  actually 
made  every  one  of  these  kinds  of  fractional 
units.  If  he  has  repeatedly  made  and  used 
halves,  thirds,  fourths,  fifths,  sixths,  sevenths, 
eighths,  ninths,  tenths,  and  twelfths,  he  will 
know  just  as  clearly  what  is  meant  by  I7ths, 
I3ths,  25ths,  29ths,  and  23rds  as  if  he  had 
made  and  used  them.    The  same  is  true  of  the 
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statements  and  processes.  If  the  child  knows 
from  experiences  with  the  fractional  units  to 
I2ths  what  is  and  what  is  not  a  mixed  number, 
what  the  nature  of  the  measuring  processes 
of  +,  — ,  X,  -T-,  and  "of,"  he  will  know  as 
clearly  what  other  mixed  numbers  are  and  the 
measuring  processes  which  these  signs  indicate 
when  applied  to  fractional  units  smaller  than 
I2ths,  as  if  he  had  had  actual  concrete  work 
with  every  fractional  unit  to  iooths.  Objec- 
tive work  is  for  the  purpose  of  learning  prin- 
ciples; and  these,  mastered  with  reference  to 
fractional  units  to  I2ths,  are  mastered  with 
reference  to  all  fractions. 

If  this  is  true,  the  teacher  may  safely  confine 
her  fraction  construction  and  her  measuring 
work  to  expressions  which  offer  the  least  diffi- 
culties. The  fractional  units  to  I2ths  are  not 
difficult  to  make  and  all  of  them  except  per- 
haps nths  should  be  used.  Of  the  fractional 
units  smaller  than  I2ths,  the  following  need 
not  be  used  in  the  development  work:  I3ths, 
I7ths,  I9ths,  22nds,  23rds,  26ths,  3ists,  33rds, 
37ths,  39/ths,  4ists,  etc.  Fraction  imagery  will 
not  be  incomplete  through  such  omission.  Of 
the  fractional  units  smaller  than  40ths,  few,  if 
any,  need  be  used  in  the  concrete  work.  There 
may  be  occasional  use  in  constructions  for 
42nds,  45ths,  and  48ths,  but  the  dictations 
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should  be  given  so  as  to  avoid  them  as  much  as 
possible  and  to  avoid  entirely  the  use  of  smaller 
objects  than  48ths.  Later,  when  dictations  are 
given  for  work  without  objects,  it  will  not  be 
necessary  to  consider  construction  difficulties, 
and  fractional  units  smaller  than  48ths  will  be 
brought  into  occasional  use. 

10.  Grouping  Fractional  Units 

The  examination  of  the  concrete  work  of  a 
class  of  children  may  be  very  much  simplified 
by  requiring  a  proper  arrangement  of  the 
objects  in  the  groups. 


f  should  be  expressed 


A 
M  4 


§  arranged  in  proper  concrete  form  is 

~c~ 


i£  in  proper  concrete  form  is    Ire 


2J 


B 
M  3 


This  plan  of  grouping  so  that  the  several 
units  of  the  group  project  a  half  inch  or  an  inch 
at  the  top  enables  the  teacher  to  choose  one  or 
two  positions  in  a  room  from  which  she  may 
see  the  number  of  objects  in  such  group  on 
every  desk.  The  work  of  inspecting  a  construc- 
tion may  thus  be  done  in  a  few  seconds. 


INTRODUCTION  79 

II.  "Making"  and  "Exchanging"  in  Fraction 
Constructions 

It  will  readily  be  seen  that  if  the  child  should 
make  new  fractional  units  for  each  exercise  in 
the  series  work  under  Chapters  XIII-XV  there 
would  be  a  very  large  consumption  of  paper. 
There  would  be  an  accumulation  of  halves, 
thirds,  fourths,  etc.  beyond  any  possible  need 
for  his  later  work. 

Now,  there  is  no  advantage,  from  any  stand- 
point, in  this  actual  construction  of  new  units 
each  time.  If  a  child,  instead  of  tearing  the 
half,  exchanges  it  for  two  fourths,  he  loses 
nothing  in  imagery.  There  is  no  special  peda- 
gogical value  in  the  fourths  that  are  made  that 
is  not  in  the  fourths  taken  from  the  supply  box 
to  replace  the  half.  In  the  one  case  the  half 
makes  two  fourths,  in  the  other  it  is  equivalent 
to  two  fourths.  Either  view  satisfies  the  aim 
of  the  object  work. 

In  the  interest,  therefore,  of  economy  of 
material,  the  "making"  should  not  continue 
beyond  the  time  when  the  child  has  enough 
fractional  units  of  each  kind  for  his  ordinary 
construction  needs.  After  that  the  child  "ex- 
changes" for  his  constructions  and  adapts  his 
oral  language  to  acts  of  exchanging. 

"  I  take  a  half  and  exchange  it  for  two  fourths, 
I  take  another  half  and  exchange  it  for  three 
sixths,  etc." 


CHAPTER  II 

PRELIMINARY   VOCABULARY 

Topics: — Number  and  numbers.     Unit  and  units.     Whole. 
Whole  numbers. 

The  development  of  fractions  properly  be- 
gins with  the  following  number  terms :  number 
and  numbers,  unit  and  units,  whole,  whole 
numbers. 

A.  Number,  Numbers 

Aim. — The  child  has  used  these  terms  in  his 
number  work  from  the  very  beginning  in  a 
general  way.  Before  using  them  in  the  frac- 
tion development  steps  here  outlined,  they 
must  be  renewed  and  made  definite.  This  first 
step,  therefore,  is  to  give  them  the  vitality 
that  they  must  have  to  lead  the  child  to  apply 
them  unhesitatingly  when  the  development 
brings  him  for  the  first  time  to  constructions 
with  units  which  he  afterwards  learns  to  call 
fractions. 

METHODS   OF   PRESENTATION 

(i)  Objects  in  the  child's  hands. 

The  work  follows  in  general  the  simple 
group-unit  plan  outlined  (Vol.  I,  pp.  56-62) 

for  Grade  I  except  that  there  the  aim  was  the 
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development  of  the  group-unit*  nature  of  num- 
ber, here  the  aim  is  the  development  of  the 
terms  number  and  numbers,  the  group-unit 
being  an  incidental  aim. 

"Show  me  a  number."  (Most  pupils  will 
hold  up  i.) 

"What  is  your  number?"  "Yours?" 
"Yours?"  etc. 

"Show  me  another  number."  (Other  num- 
bers than  one  will  now  appear.) 

"What  is  your  number?"  "Yours?" 
"Yours? "  etc.  (The  pupils  called  upon  in  this 
case  should  be  those  who  are  "showing"  a 
number  other  than  one — 2,  3,  or  4.  The  pur- 
pose of  this  is  to  lead  the  children  away  from 
a  notion  that  some  of  them  may  have,  that  1 
is  the  only  "number."    The  quiet  recognition 

*  The  group-unit  nature  of  2,  3,  4,  5,  etc.  is  of 
utmost  importance  and  must  be  insisted  upon  abso- 
lutely in  all  constructions.  (See  Vol.  I,  p.  46  (a),  (b), 
(c).)  If  a  child  in  response  to  "Show  me  2  "  holds  up 
two  objects  with  a  finger  between  them,  he  is  showing 
1  and  1,  not  2.  If  a  child  holds  up  three  units  in  contact 
with  each  other,  it  is  a  group,  3.  If  a  finger  intervenes 
it  is  not  a  single  group.  It  is  two  groups  2  and  1,  or 
1  and  2.  Accurate  number  imagery  requires  insistence 
upon  groupings  that  are  true  to  number — the  constitu- 
ent units  of  a  group  being  in  actual  complete  contact. 
Neglect  or  carelessness  in  this  will  defeat  development 
steps  later  on. 
6 
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of  4,  2,  3,  etc.,  as  numbers,  establishes  at  once 
that  i,  8,  4,  6,  2,  etc.  are  all  "numbers"  in 
the  meaning  of  the  term.) 

"Show  me  a  different  number"  (different 
from  what  each  has  shown)  ? 

"What  is  your  number?"  "Yours?" 
"Yours?"  etc.  " 

"Show  me  two  numbers." 

"What  are  your  numbers?"*  "Yours?" 
"Yours?" 

"  Show  me  a  number  as  large  as  both  of  the 
numbers  you  have  just  shown  me." 

"What  is  your  number?"  "Yours?" 
"Yours?" 

(The  above  suggestions  indicate  the  form  of 
the  class  work.  It  will  be  necessary  to  give 
but  a  very  few  minutes  to  this  step.) 

(2)  Objects  in  the  teacher's  hands. 

This  is  the  reverse  of  (1) — the  teacher  mak- 


*It  is  important  that  the  teacher  should  require 
a  pupil  to  read  such  constructions  from  his  left  to 
his  right.  If  a  child  holding  up  2  in  his  left  and 
3  in  his  right  hand  should  speak  of  them  as  3  and  2 
his  reading  is  wrong.  He  needs  instruction  in  the  direc- 
tion in  which  concrete  number  is  read.  When  the 
teacher  facing  the  class  holds  up  two  groups —  two 
numbers — she  must  see  that  the  child  reads  them  from 
his  left  to  his  right.  The  teacher  must  read  them  from 
the  child's  left  to  right  in  the  same  way. 
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ing  the  constructions  before  the  class,  the 
pupils  applying  the  terms  number  and  num- 
bers. The  pupil's  answer  to  a  construction 
should  be,  "You  are  showing  me  a  number"; 
or,  "You  are  showing  me  two  numbers";  or, 
"You  are  showing  me  three  numbers";  etc. 
The  teacher  should  ask  after  every  such  reply 
("You  are  showing  me  a  number"  or  "You 
are  showing  me  two  numbers"),  "What  is  the 
number?"  or  "What  are  the  numbers?"* 
After  a  few  constructions  the  pupils  should 

respond  in  full,  "You  are  showing  me  

numbers.    The  numbers  are and  ." 

This  full  response  should  be  given  without  the 
question  by  the  teacher,  "What  are  the 
numbers?" 

B.  Unit,  Units 

Aim. — To  review  these  words  (already  in  the 
child's  vocabulary)  in  order  to  make  them 
available,  when,  in  the  development  plan  later, 
we  tempt  the  child  to  apply  them  to  fractional 
objects.  The  words  are  familiar  to  the  child 
through  previous  number  experiences  but  must 
be  freshened  up  for  ready  use  in  the  emergency 
of  a  development  step  later  on. 


*  The  teacher  must  be  consistent  in  requiring  pupils 
to  read  her  constructions  from  their  left  to  their  right. 
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METHODS   OF   PRESENTATION 

(i)  Objects  in  the  pupils'  hands. 

"Show  me  a  unit."  (The  response  to  this 
must  be  one  object,  not  a  group  unit.)  No 
explanation  will  be  necessary.  Without  doubt 
each  child  will  respond  with  one.  It  can  hardly 
be  conceived  that  any  child  will  respond  with 
a  group. 

"Show  me  a  number  having  three  units." 
(The  child's  response  to  this  must  be  three 
units  in  a  group  as  in  "Number"  and  "Num- 
bers" above.) 

"What  is  your  number?"  "Yours?" 
"Yours?" 

"Show  me  two  numbers,*  one  having  two 
units,  the  other  three  units." 

*The  teacher  must  note  the  form  of  the  ques- 
tions. She  does  not  ask  for  two  units  or  three  units, 
but  for  numbers  having  two  units  or  three  units,  etc. 
If  the  dictation  were  in  form  "  Show  me  two  units, "  the 
child's  response  would  properly  be  i  and  i,  not  a  group  2. 
She  will  note  also  that  immediately  upon  the  intro- 
duction of  "unit,"  the  terms  "number"  and  "numbers" 
are  brought  into  use  in  connection  with  it.  Unit  and 
number  are  now  to  be  kept  in  constant  use.  She  will 
bear  in  mind  also  that  responses — the  constructions — 
to  such  dictations  should  be  accurate,  the  groups  held 
up  or  arranged  on  the  desk  so  that  when  read  from  the 
pupil's  left  to  his  right  they  will  conform  to  the  dicta- 
tions.    A  construction  arranged  otherwise  must    be 
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"What  are  your  numbers?"  ("Two  and 
three.")    "Yours?"    "Yours?" 

The  above  suggestions  indicate  the  form  of 
the  presentation.  Five  or  six  additional  dicta- 
tions are  all  that  will  be  necessary  for  its  com- 
pletion. This  section  requires  in  all  not  more 
than  three  minutes  of  time. 

(2)  Objects  in  the  teacher's  hands. 

The  teacher  constructs,  the  pupils  state  of 
each  construction  whether  it  has  one,  two,  or 
three  numbers,  and  how  many  units  each  of 
the  numbers  has: 

("You  are  showing  me  two  numbers,  one 

having  units,  the  other  units;  or, 

"This  is  two  numbers,  one  having units, 

the  other units" ;  or,  " This  is  three  num- 
bers, one  having units,  another units 

and  the  other units.") 

C.  Whole 

Aim. — To  introduce  the  word  briefly  before 
we  take  up  whole  number.  This  work  in  connec- 
tion with  "number"  and  "unit"  must  be 
brought  into  use  with  objects  very  briefly,  pre- 
paratory to  the  introduction  of  whole  number. 


declared  to  be  wrong.  A  dictation,  "  Show  me  two  num- 
bers, one  having  four  units,  the  other  five  units,"  must 
not  be  accepted  when  the  response  is  a  five  and  a  jour 
when  read  from  left  to  right. 
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It  would  not  be  proper  to  throw  whole  number 
into  use  without  first  giving  one  moment  to 
whole. 

METHOD   OF   PRESENTATION 

"Show  me  a  whole."  (The  pupil's  response 
to  this  must  be  one  object  not  a  group.) 

"Show  me  a  number  having  two  wholes." 
"What  is  your  number?"     "Yours?" 

"Show  me  two  numbers  one  having  three 
wholes  the  other  two  wholes." 

Note. — Not  more  than  one  or  two  minutes  need  be 
given  to  this  step.  The  teacher  after  two  or  three 
dictations  as  above  passes  to  whole  number. 

The  teacher  passes  at  once  without  pause 
from  the  last  dictation  here  to  the  first  dicta- 
tion under  whole  number  below.  The  more 
abrupt  the  passage  to  that  dictation  the  clearer 
and  better  the  development. 

D.  Whole  Number 

METHOD   OF   PRESENTATION 

(i)  Objects  in  the  pupils'  hands. 

There  should  be  no  formal  introduction  of 
the  term.  It  should  be  thrown  into  use — dic- 
tated abruptly  as  if  it  were  a  term  with  which 
all  are  familiar.  Following  closely  upon  the 
last  dictation  under  "whole"  above — 

"Show  me  two  whole  numbers  each  having 
three  units."     (The  pupils  will  show  2  3's.) 
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"What  are  your  numbers?"  "Yours?" 
"Yours?" 

"Show  me  two  whole  numbers,  one  having 
four  units,  the  other  two  units." 

"What  are  your  numbers?"     "Yours?" 

Other  dictations  of  the  same  kind  follow. 
There  are  no  explanations.  The  child  readily 
infers  that  3  is  a  whole  number,  that  4  is  a 
whole  number,  thus  continuing  the  group -unit 
imagery  of  his  previous  training. 

(2)  Objects  in  the  teacher's  hands. 

The  teacher  makes  the  constructions,  the 
pupils  stating  in  response  what  each  construc- 
tion is* — two  whole  numbers,  three  whole 
numbers,  or  one  whole  number  as  the  case 
may  be — and  how  many  units  in  each. 


The  teacher  holds  up 


n 


("This  is  two  whole  numbers,  one  having 
three  units,  the  other  four  units; "  or  "You  are 
showing  me  two  whole  numbers,  one  having 
three  units  the  other  four  units.") 

We  have  now  introduced  all  the  terms  that 
are  needed  in  connection  with  the  development 
of  the  fraction  idea.    The  terms  number,  unit, 

*The  teacher,  as  has  been  suggested,  must  be  insist- 
ent upon  proper  left  to  right  reading  in  these  exercises. 
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whole,  and  whole  number  have  been  renewed 
in  the  vocabulary.  With  this  equipment  of 
number  terms  and  imagery,  "numbers smaller 
than  wholes"  then  "fraction"  are  next  in  the 
sequence  of  development  steps. 

Summary. 

i  .  Exercises  to  revive  the  terms  number  and 
numbers.    (A.) 
The  group -unit  nature  of  numbers  must 
not   be   overlooked   in   constructions. 
{Note  i.) 

2.  Exercises  to  bring  unit  and  units  into  use 

in  objective  work.     (B.) 

3.  Exercises  to  introduce  whole  and  whole 

numbers.    (C  and  D.) 

4.  The  need  of  constant  use  of  the  terms. 

(D,  Note  2.) 

Time  required  for  the  work  of  this  chapter  three  days. 

Note. — The  teacher  must  bear  in  mind  that  while 
the  terms  "number,"  "unit,"  etc.  are  fresh  in  the 
vocabulary  they  will  not  necessarily  remain  there  in  an 
active  state  unless  they  are  frequently  brought  into  use 
by  exercises  like  those  which  have  just  been  given — 

"Show  me  a  number  having units";  or,  "Show 

me  two  whole  numbers,  one  having units,   the 

other units."  There  is  a  fundamental  rule  in  edu- 
cation applicable  here  that  no  teacher  should  lose  sight 
of:  that,  in  the  teaching  of  any  subject,  nothing  that 
has  been  development  should  be  permitted  to  fall  into 
disuse  even  for  a  short  time. 


CHAPTER  III 

THE    TERM    FRACTION 

Topic: — The  construction  conditions  for  a  number  smaller  than 
a  whole — a  fraction.    Fractional  number. 

A.  Number  (and  Numbers)  Smaller  than  a  Whole 

Aim. — (i)  To  develop  that  the  parts  of  a 
whole,  in  order  that  they  may  come  within  the 
meaning  of  the  term  "number  smaller  than 
a  whole,"  must  be  equal  to  each  other.  The 
center  of  attention  is  to  be  held  upon  the 
equality  feature. 

(ii)  To  count  "numbers  smaller  than  a 
whole" — one,  two,  three,  etc. — and  to  apply 
to  them  the  terms  "unit"  and  "number"  as 
in  the  exercises  in  Chapter  II. 

METHOD    OF    PRESENTATION. 

(i)  Objects  in  the  hands  of  the  pupils. 

There  is  no  formal  introduction.  The  step 
follows  work  like  that  in  "Whole  Number" 
directly,  abruptly— without  explanation  or 
other  intervening  work. 

After  a  few  exercises  in  Chapter  II,  D  (2) 
the  teacher  goes  back  to  D  (1)  and  gives  two 
or  three  dictations  actively  and  with  vigor  in 
order  that  the  pupils'  minds  may  be  brought 
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into  the  line  of  thought  that  we  wish  them  to 
follow  through  the  development.  The  follow- 
ing dictations  indicate  the  form  and  sequence 
of  these  dictations.  The  teacher  will  observe 
that  the  dictation  below  immediately  before 
that  for  "number  smaller  than  a  whole"  is  one 
that  involves  a  one,  I  whole. 

"Show  me  a  number  having  3  units." 
"Papers  down." 

"Show  me  a  number  having  4  wholes." 
"Papers  down." 

"Show  me  a  number  having  2  wholes." 
"Papers  down." 

"Show  me  a  number  having  1  whole." 
"Papers  down." 

"Show  me  a  number  smaller  than  a  whole." 

To  this  all  the  pupils  will  respond  with 
parts  of  a  whole.  Practically  all  will  tear  the 
paper  into  two  parts.  Some  will  tear  into 
equal  pieces,  others  into  two  parts  carelessly. 
Those  who  tear  into  equal  pieces  will  do  so  not 
because  they  know  or  think  that  the  parts 
must  be  equal  but  because  of  habits  acquired 
in  school  or  at  home  of  doing  things  neatly. 
Nearly  all  will  "show"  one  of  the  parts. 
Whether  the  pupil  shows  one  or  both  of  the 
pieces  is  immaterial. 

This  is  the  teacher's  opportunity  to 
drive  home  the  lesson  of  equality  of  the  parts. 
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This  is  driven  home  best  by  indirect  teaching. 
To  impress  it  indirectly,  the  teacher  notes  two 
or  three  pupils  whose  parts  are  unequal  and 
two  or  three  who  seem  to  have  made  their 
parts  equal.  She  goes  first  to  a  pupil  whose 
parts  are  unequal  and  asks,  "What  is  your 
number?"  The  pupil  will  answer  "one"  or 
"two"  according  to  what  he  is  "showing." 
The  teacher  says,  "I  will  see  whether  yours  is 
a  number  smaller  than  a  whole."  She  takes 
the  piece  or  pieces  of  paper  held  up  and  with 
it  or  them  the  other  piece  of  the  whole,  if  any, 
and  in  full  view  of  the  class  begins  carefully  to 
put  the  pieces  together  corner  to  corner  and 
edge  to  edge.  She  holds  them  so  that  the  in- 
equality may  be  seen,  points  to  the  inequality, 
and  merely  says,  "No,  these  are  not  num- 
bers." Then  she  goes  to  another  child  that  has 
unequal  parts.  "What  is  your  number?" 
(The  child  states  the  number.)  The  teacher 
then  takes  the  piece  or  pieces  "shown"  also 
the  other  part  or  parts  of  the  whole,  if  any, 
puts  them  together,  corner  to  corner  and  edge 
to  edge  as  before,  and  repeats,  "No,  these  are 
not  alike,  these  are  not  numbers  smaller  than  a 
whole."  Then  she  goes  to  a  child  whose  pieces 
she  feels  sure  are  equal  and  asks,  "What  is  your 
number? ' '  as  before.  She  then  takes  the  pieces 
in  her  hands  and  compares  them  by  placing 
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them  corner  to  corner  and  edge  to  edge  as 
before.  Then  she  holds  them  so  that  everyone 
may  see  that  they  agree  in  size  and  says,  "Yes, 
these  are  right."  "You  showed  me  a  number 
smaller  than  a  whole."  Then  she  goes  to 
another  who  has  equal  pieces  and  asks,  "What 
is  your  number?  "  and  takes  the  pieces  as  before 
and  compares  them  placed  corner  to  corner  and 
edge  to  edge.  "Yes,  yours  are  all  alike.  You 
showed  me  a  number  smaller  than  a  whole." 

Note  i. — By  this  time  the  lesson  will  be  thoroughly 
forced  home  and  pupils  all  over  the  room  will  be  seen 
comparing  their  own  pieces,  placing  them  corner  to 
corner  and  edge  to  edge  to  see  if  they  are  equal,  and 
approving  or  condemning  their  own  constructions 
according  as  they  find  that  their  pieces  are  equal  or 
unequal.  Those  who  find  that  their  constructions  are 
unequal  will  be  seen  either  laying  aside  their  pieces  and 
making  new  ones  or  trimming  up  the  old  ones  by  tearing 
off  a  part  of  the  larger  piece  or  pieces  to  make  them 
equal. 

The  teacher  goes  from  one  to  another  with 
questions  and  demands  for  proofs — "What  is 
your  number?"  (The  child  replies.)  "Are 
you  sure  that  yours  is  a  number  smaller  than  a 
whole?"  ("Yes,  my  pieces  are  equal.") 
"Prove  it  to  me."  (The  child  puts  his  pieces 
very  carefully  together  corner  to  corner  and 
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edge  to  edge  to  make  this  proof.)  "Yes,  you 
showed  me  a  number  smaller  than  a  whole." 

Note  2. — The  teacher  must  be  somewhat  exacting 
about  the  equality  of  the  pieces  which  are  made  from 
the  wholes. 

(a)  Assisting  the  Clumsy  Child. 

If  in  tearing  the  whole  the  tearing  line  should  be 
jagged,  the  parts  are  not  equal  and  the  paper  should  be 
laid  aside  and  not  used  in  constructions.  The  child 
must  take  a  new  paper  and  construct  again.  Some 
pupils  (a  few  who  are  clumsy  with  their  hands)  will  not 
be  able  to  make  equal  pieces.  These  children  should 
try  to  make  them,  even  at  the  loss  of  several  pieces  of 
paper  during  a  lesson.  Trying  to  make  equal  pieces 
establishes  the  equality  imagery.  As  to  the  objects  that 
he  keeps  for  regular  use,  he  must  have  help  in  making 
them  so  that  he  will  have  pieces  that  are  not  unequal. 
The  pieces  that  are  accepted  for  class  use  as  "numbers 
smaller  than  a  whole"  should  be  as  nearly  perfect,  as 
to  equality  of  the  parts  of  any  single  whole,  as  careful 
folding  and  tearing  can  make  them.  All  this  for  the 
sake  of  emphasis  on  the  equality  of  the  parts. 

(b)  Trimming  off  the  larger  to  make  the  parts 
equal. 

There  is  a  feature  of  the  construction  work  to  which 
the  teacher  must  give  attention.  The  development  has 
brought  out  that  the  parts  of  a  given  whole  are  not 
"numbers"  unless  they  are  equal.  Now,  there  are  two 
ways  of  securing  equality,  as  the  teacher  will  discover 
at  the  outset  —  (i)  by  tearing  into  equal  pieces  and  (ii) 
by  trimming  down  the  larger  of  the  unequal  pieces. 
Children  will  be  seen  attempting  to  secure  equality  in 
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that  way.  The  teacher  should  go  to  some  pupil  whom 
she  has  seen  making  equal  pieces  by  trimming— 

"What  is  your  number?"     (The  pupil  replies.) 

"Are  you  sure  that  yours  is  a  number  smaller  than 
a  whole?"    ("Yes,  my  pieces  are  equal.") 

"Prove  it."  (The  child  compares  the  pieces  and 
shows  them  to  be  equal.) 

The  teacher  now  takes  the  pieces  and  applies  them 
to  a  whole  of  the  same  kind  and  finds  that  the  pieces  do 
not  cover  the  whole,  they  are  too  small. 

"Is  all  the  paper  here?" 

"Did  you  trim  off  any  of  it?" 

"Did  you  throw  away  some  of  the  paper?" 

These  questions  will  bring  out  an  admission  that  the 
pieces  were  trimmed  up  to  make  them  alike. 

"You  mustn't  tear  off  a  bit  of  the  paper." 

"The  pieces  must  have  all  the  paper  in  them." 

"You  would  better  put  the  pieces  in  the  waste- 
basket  and  try  again." 

"You  must  not  trim  the  papers." 

Another  child  who  has  trimmed  up  his  pieces  must 
be  approached  in  the  same  way  until  it  is  fully  impressed 
upon  the  class  that  papers  that  are  not  right  without 
trimming  must  be  laid  aside  and  the  construction  made 
with  a  fresh  paper.  The  teacher  must  be  sharply  on 
the  lookout  for  papers  that  have  been  "adapted"  in 
this  way.  It  is  a  common  practice  at  first  to  make 
parts  equal  in  this  way.  It  is  the  opportunity  to  teach 
objectively  not  only  that  the  parts  of  a  whole  must  be 
equal  but  that  they  together  are  equivalent  to  the  whole. 

"Show  me  another  number  smaller  than  a 
whole, ' '    (Some  who  before  ' '  showed ' '  one  will 
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show  two  now,  others  who  showed  two  will 
now  show  one.  Others  may  tear  another  paper 
and  show  perhaps  three  or  four  pieces.) 

"What  is  your  number?"  "Yours?" 
"Yours?" 

"Are  you  sure  that  yours  is  a  number 
smaller  than  a  whole?" 

"Prove  it  to  me." 

"Is  your  paper  all  there?"  "Have  you 
trimmed  off  any  of  your  pieces?" 

"Show  me  a  number  smaller  than  a  whole 
having  3  units." 

"What  is  your  number?"  (The  child  will 
answer,  "Three.") 

"Prove  that  yours  is  a  number  smaller  than 
a  whole." 

"Show  me  two  numbers  smaller  than  a 
whole, — one  having  2  units,  the  other  3  units." 

"What  are  your  numbers?"  "Yours?" 
"Yours?" 

"Show  me  two  numbers  smaller  than  a 
whole, — one  having  4  units,  the  other  one  unit." 

"What  are  your  numbers?"  "Yours?" 
"Yours?" 

"Show  me  two  whole  numbers, — one  having 
2  units,  the  other  4  units." 

"What  are  your  numbers?" 

Note  3. — Other  dictations  should  be  given,  now  in 
whole  numbers,  and  again  in  numbers  smaller  than  a 
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whole.  If  in  responding  to  dictations  for  two  or  more 
numbers  smaller  than  a  whole  the  child  should  "show' ' 
in  one  of  the  groups  pieces  of  a  certain  size  and  in  the 
other  (or  one  of  the  others,  if  there  are  three)  pieces  of 
a  different  size,  the  construction  must  be  accepted. 
If,  for  illustration,  one  of  the  groups  in  a  group  con- 
struction should  have  three  of  the  four  equal  parts  of  a 
whole  and  the  other  two  of  the  six  equal  parts  of  a  whole, 
the  child  would  properly  answer  in  reply  to  the  question 
as  to  what  his  numbers  are,  "Three  and  two."  This  is 
right.  We  asked  for  a  count  of  the  units  in  each  group 
and  that  count  was  correct.  We  are  not  using  the  names 
of  the  fractions  now — thirds,  sixths,  fourths,  etc.  These 
names  come  later.  The  only  construction  that  can  be 
objected  to  is  a  group  made  up  of  units  of  two  or  more 
sizes.  If  such  construction  should  be  discovered  the 
teacher  should  change  the  construction  for  the  child 
without  comment  or  suggestion.  An  explanation,  sug- 
gestion, or  reproof  might  embarrass  the  teacher  in  the 
development  of  mixed  numbers  later. 

(2)  Objects  in  the  hands  of  the  teacher. 

The   teacher   constructs,    the   pupils    state 
orally  what  the  constructions  are. 


The  teacher  holds  up 


("You  are  showing  me  a  number  smaller 
than  a  whole  having  two  units.") 


The  teacher  constructs 


00 
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("You  are  showing  me  two  numbers  smaller 
than  a  whole,  one  having  three  units  the  other 
two  units.") 

This  shows  the  form  of  the  exercise.  It  is 
merely  the  reverse  of  (1). 

B.  Fraction 

Aim. — To  introduce  "fraction"  as  the 
proper  word  to  apply  to  a  "number  smaller 
than  a  whole." 

METHOD   OF   PRESENTATION 

(1)  Objects  in  the  hands  of  the  pupils. 

"I  am  going  to  give  you  a  new  word.  It 
means  a  number  smaller  than  a  whole." 

"The  word  is  fraction." 

The  teacher  writes  fraction  on  the  black- 
board. 

"  Hereafter  we  are  going  to  say  fraction  when 
we  wish  to  speak  of  a  number  smaller  than  a 
whole." 

"Show  me  a  fraction  having  three  units." 

"Show  me  two  fractions — one  having  two 
units,  the  other  four  units." 

Note  i. — The  dictations  for  constructions  in  the 
form  as  suggested  in  A(i)  should  be  given  here  except- 
ing that  the  term  "fraction"  should  be  used  in  the 
exercises  instead  of  "number  smaller  than  a  whole." 
7 
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The  teacher,  however,  must  not  ask  the  question,  "What 
is  your  number?"  or,  in  the  form  that  it  would  naturally 
and  almost  necessarily  take  in  this  section,  "What  is 
your  fraction? ' '  When  we  ask  for  ' '  fraction ' ' — ' '  What 
is  your  fraction?" — the  child's  response  must  include 
not  alone  the  number  (the  numerator)  but  the  name  of 
the  fraction,  the  denominator.  We  have  not  yet  devel- 
oped fraction  names — denominators — and  of  course 
must  not  (cannot)  use  the  term.  Hence  this  suggestion 
that  the  question  be  avoided.  The  work  here  is  con- 
fined to  the  "show  me"  form. 

"  Show  me  two  whole  numbers, — one  having 
one  unit,  the  other  four  units." 

"Show  me  two  numbers, — one  a  fraction 
having  four  units,  the  other  a  whole  number 
having  two  units.  " 

"  Show  me  three  fractions, — one  having  four 
units,  another  three  units,  the  other  two  units. 

"  Show  me  two  numbers, — one  a  whole  num- 
ber with  three  units,  the  other  a  fraction  with 
five  units. 

Note  2. — A  very  few  such  dictations  are  sufficient. 
Only  a  few  minutes  need  be  given  it. 

(2)  Objects  in  the  hands  of  the  teacher. 

The  teacher  constructs,  the  pupils  state 
what  the  construction  is. 


w 
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("You  are  showing  me  a  fraction  having 
four  units.") 


on 


("You  are  showing  me  two  fractions, — one 
with  two  units,  the  other  with  one  unit.") 


Ol 


("You  are  showing  me  two  numbers,  one  a 
whole  number  having  three  units,  the  other  a 
fraction  having  three  units.") 

Note  3. — The  teacher  must  be  insistent  in  all  this 
work  upon  the  pupil  reading  concrete  expressions  from 
his  left  to  his  right. 

C.  Fractional  Number 

Aim. — To  lead  the  pupil  to  use  this  term 
interchangeably  with  ' '  fraction . ' ' 

METHOD   OF    PRESENTATION 

(1)  Objects  in  the  hands  of  the  pupils. 

No  explanation  is  necessary.  The  plan  of 
presentation  is  to  give  two  or  three  dictations 
like  those  in  B  (1)  above  as  a  preliminary,  and 
then  to  put  it  into  use  at  once  abruptly — 
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"Show  me  a  fraction  having  two  units." 

"Show  me  two  fractions, — one  having  four 
units  the  other  one  unit." 

"Show  me  a  fractional  number  having  five 
units." 

"Show  me  two  numbers, — one  a  whole  num- 
ber with  three  units,  the  other  a  fractional 
number  with  three  units." 

"Show  me  a  fractional  number  with  four 
units  and  a  whole  number  with  one  unit." 

This  shows  the  manner  of  introduction.  It 
will  not  be  necessary  to  give  more  than  eight 
or  ten  dictations  of  this  kind  before  passing 
on  to  (2). 

(2)  Objects  in  the  hands  of  the  teacher. 

The  teacher  constructs  for  the  pupils  to  state 
what  the  constructions  are. 


0 


("You  are  showing  me  a  fractional  number 
having  three  units.") 


Ofh 


("You  are  showing  me  two  fractional  num- 
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bers, — one  having  two  units,  the  other  four 
units.") 


DR 


("  You  are  showing  me  two  numbers, — one  a 
fractional  number  with  one  unit,  the  other  a 
whole  number  with  three  units.") 


mjh  o 


("You  are  showing  me  a  whole  number  with 
five  units  and  a  fractional  number  with  two 
units.") 

Only  a  very  few  such  dictations  are  neces- 
sary. 

Summary. 

i.  Exercises  in  construction  of  "a  number 
smaller  than  a  whole,"  the  proper 
introductory  descriptive  term  for 
fraction. 

(a)  Constructions  to  bring  out  that  such 

parts  of  a  whole  must  be  equal  to 
each  other  (A,  (i).) 

(b)  Proper  assistance   in  preparing  the 

objects.    (A,  Note  2  (a).) 
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(c)  Trimming  ' '  parts ' '  to  secure  equality. 

(A,  Note  2  (b).) 

(d)  What  may  constitute  two  numbers  in 

this  development  step.  (A ,  Note  3.) 

2.  The  term  fraction  introduced — without 

fraction  names.     (B.) 

3.  The  term  fractional  number  introduced 

as  fraction  synonym.     (C) 

Time  required  for  the  work  of  this  chapter,  three  days. 
This  includes  the  time  for  review  of  Chapter  II. 


CHAPTER  IV 

THE  TERMS   INTEGER,    INTEGRAL   NUMBER  AND 
MIXED   NUMBER 

Topic: — The  introduction  and  definition  of  these  terms. 

A.  Integer 

a.  Aim. — To  put  the  term  into  the  child's 
vocabulary.  (It  is  almost  necessary  that  this 
word  come  into  daily  use.  The  child  is  using 
"fraction"  and  "fractional"  and  it  will  facili- 
tate expression  very  much  if  he  is  led  to  use 
their  opposites — integer  and  integral.) 

b.  Presentation. 

(i)  Objects  in  the  pupils'  hands. 

"I  am  going  to  give  you  a  new  word,  and 
I  want  you  to  learn  to  use  it.  The  word  is 
integer."  (The  teacher  writes  "integer"  on 
the  board.) 

"Integer  means  whole  number.  Instead  of 
saying  whole  number  I  want  you  to  say 
integer.'" 

"Show  me  an  integer."  (The  pupil  will 
doubtless  show  one  object.) 

"Yes,  you  are  showing  me  an  integer." 

"Show  me  a  different  integer."    (This  is  to 

invite  the  inference  that  2,  4,  7,  3,  etc.,  are 

integers.) 

103 
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The  teacher  should  make  no  explanation  or 
suggestion  other  than  to  go  to  several  who  have 
"shown"  an  integer  greater  than  one  and  ap- 
prove what  they  have  "shown." 

"Yes,  you  are  showing  me  an  integer." 
"Yes,  you  are  showing  me  an  integer." 
"Yes,  you  are  showing  me  an  integer,  etc." 
"Show  me  two  integers — one  having  four 
units,  the  other  two  units." 

"Yes,  you  are  showing  me  two  integers — 
one  having  four  units,  etc." 

"Show  me  three  fractional  numbers." 
"Yes,  you  are  showing  me  three  fractional 
numbers." 

'Show  me  two  numbers — one  an  integer, 
the  other  a  fraction." 

"Yes,  you  are  showing  me,  etc." 
"What  is  an  integer?"     ("An  integer  is  a 
whole  number.") 

(Several  dictations  like  the  above  should  be 
given  and  the  term  "fraction,"  "fractional 
number,"  and  "integer"  used.) 

(2)  Objects  in  the  hands  of  the  teacher. 

(The  teacher  holds  each  construction  before 
the  class.) 
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("You  are  showing  me  an  integer  with  two 
units.") 


m  a 


("You  are  showing  me  two  integers — one 
having  four  units,  the  other  one  unit.") 


Of] 


("You  are  showing  me  two  numbers — one 
an  integer  having  two  units,  the  other  a  frac- 
tion having  three  units.") 

It  will  not  be  necessary  to  give  more  than 
three  or  four  dictations  of  this  kind  before 
passing  to  B. 

B.  Integral  Number 

a.  Aim. — The  introduction  of  the  term. 

b.  Presentation. — The  term  does  not  re- 
quire development  or  explanation.  Its  intro- 
duction should  be  abrupt  after  the  three  or  four 
dictations  in  A,  b  (1). 

(1)  Objects  in  the  pupils'  hands. 
"You  may  take  your  objects." 
"Show  me  an  integral  number  with  three 
units." 
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(The  inference  that  integral  number  is  an- 
other expression  for  integer  is  so  natural  that 
the  pupil  will  respond  without  hesitation.  The 
transition  from  integer  to  integral  number  is  as 
simple  as  that  from  fraction  to  fractional 
number.) 

"Yes,  you  are  showing  me  an  integral  num- 
ber with  three  units." 

"Show  me  an  integral  number  having  five 
units." 

"Yes,  you  are  showing  me,  etc." 

"Show  me  two  numbers — one  a  fractional 
number  having  three  units,  the  other  an  inte- 
gral number  having  two  units." 

"Yes,  you  are  showing  me,  etc." 

"  Show  me  two  numbers — one  a  whole  num- 
ber, the  other  a  fraction." 

"How  many  units  in  your  whole  num- 
ber?" 

"How  many  units  in  your  fraction?" 

"Show  me  two  numbers — one  fractional,  the 
other  integral." 

"How  many  units  in  the  fractional  num- 
ber?"    How  many  in  the  integral  number?" 

(2)  Objects  in  the  hands  of  the  teacher. 

The  teacher  constructs  the  expressions  and 
holds  the  constructions  before  the  class. 
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IP 


("You  are  showing  me  an  integral  number 
having  four  units.") 


fi 


("You  are  showing  me  two  fractional  num- 
bers each  having  three  units.") 


("You  are  showing  me  two  numbers — one 
an  integral  number  with  two  units,  the  other  a 
fractional  number  with  three  units.") 

(The  above  shows  the  form  of  the  work.  A 
few  dictations,  eight  or  ten,  will  suffice  before 
passing  to  C.) 

C.  Mixed  Numbers 

a.  Aim. — To  develop  the  objective  mixed 
number.  The  child  is  to  learn  to  recognize  a 
concrete  expression  as  integral,  fractional,  or 
mixed.  The  written  mixed  number  is,  of  course, 
a  much  later  development. 

b.  Presentation. — (1)  Objects  in  the  pupils' 
hands.     The  child  understands  what  is  meant 
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by  integral  number  and  fractional  number  in 
the  concrete.  Mixed  number  is  the  very  next 
element  in  the  sequence  and  consequently  we 
may  depend  upon  him  to  infer  what  a  mixed 
number  is  and  to  construct  it,  provided  the 
teacher  brings  him  squarely  face  to  face  with  it. 
The  introduction  is  prefaced  by  three  or 
four  dictations  under  Chapter  III,  C  b  (i)  and 
Chapter  IV,  B  b  (i)  following  which  "  mixed 
number"  is  an  easy  inference — 

"Show  me  an  integral  number/' 
"What    is    your    number?"       "Yours?" 
"Yours?" 
"Show  me  a  fractional  number." 
"What    is    your    number?"       "Yours?" 
"Yours?" 

"Show  me  two  integral  numbers." 
"Show  me  two  fractional  numbers." 
"Show  me  an  integral  number." 
"Show  me  a  fractional  number." 
"Show  me  a  mixed  number." 
The  pupils  will  easily  infer  under  this  form 
of  approach  what  is  meant  by  a  "mixed "  num- 
ber and  will  construct  a  group  partly  integral 
and  partly  fractional. 
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(Of  course  there  will  be  almost  as  many 
mixed  numbers  in  the  response  to  this  dicta- 
tion as  there  are  different  pupils  in  the  class. 
This  is  as  it  should  be.) 

"  How  many  integral  units  in  your  number?" 

"How  many  fractional  units?" 

"Show  me  the  same  not  mixed." 


CO 


"How  many  numbers  have  you  now?" 
("I  have  two  numbers — one  integral  having 

three  units,  the  other  fractional  having  two 

units.") 

"  Show  me  another  different  mixed  number." 
"How  many  integral  units  in  this  number? " 
"How  many  fractional  units  in  it?" 
"Show  me  the  same  mixed." 
"How  many  numbers  have  you  now?" 
("I  have  two  numbers — one  fractional  with 

units,  the  other  integral  with units. ") 

"Show  me  two  mixed  numbers." 
"Show  me  two  integral  numbers." 
"Show  me  two  fractional  numbers." 
"Show  me  two  numbers — one  mixed,  the 

other  fractional." 

(These  dictations  illustrate  the  form  of  the 

work.    A  dozen  or  more  dictations  as  varied  as 

possible,  and  the  pupils  are  ready  for  (2).) 
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Note  i. — It  may  occasionally  happen  that  a  child 
will  put  two  kinds  of  fractional  units  into  a  mixed  num- 
ber. For  instance,  if  he  is  constructing  such  a  number 
with  two  integral  and  two  fractional  units  the  latter 
might  not  be  both  halves,  both  thirds,  or  both  fourths, 
etc.  The  teacher  should  be  on  the  watch  constantly 
for  such  constructions  to  prevent  them.  No  warnings 
or  explanations  are  advisable.  The  teacher  simply 
makes  the  change  quietly  in  each  individual  case.  The 
development  of  what  is  not  a  mixed  number  is  taken  up 
in  (c)  below. 

(2)  Objects  in  the  teacher's  hands. 

The  teacher  constructs  and  holds  the  con- 
structions before  the  class,  the  pupils  state 
orally  what  the  constructions  are. 


("You  are  showing  me  a  mixed  number 
having  one  integral  unit  and  two  fractional 
units.") 


IQJ 


("You  are  showing  me  a  mixed  number 
having  three  integral  units  and  one  fractional 
unit.") 
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III 


("You  are  showing  me  two  mixed  numbers 
— one  having  two  integral  units  and  two  frac- 
tional units,  the  other  three  integral  units  and 
three  fractional  units.") 


e 


("You  are  showing  me  two  numbers — one 
a  mixed  number  with  four  integral  units  and 
one  fractional  unit,  the  other  an  integral  num- 
ber with  two  units.") 

(These  show  the  form  of  the  exercises.  Eight 
or  ten  such  dictations  will  be  sufficient  before 
passing  to  (c).) 

(c)  Impossible  Numbers 

(i)  Aim. — To  develop  what  is  not  a  mixed 
number — that  large  fractional  units  and  small 
fractional  units  cannot  be  put  into  one  group 
and  that  such  a  combination  is  not  only  not  a 
mixed  number  but  an  impossible  number.  The 
term  "impossible"  is  to  be  applied  to  groups 
having  mixed  fractional  units.  The  develop- 
ment aims  to  bring  to  the  child's  attention  that 
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while  he  may  "mix"  wholes  and  fractions  the 
"mixture"  must  not  have  two  kinds  of  frac- 
tions. A  large  fraction  with  a  smaller  as  a  half 
with  an  eighth  or  a  third  with  a  fourth  is  not  a 
mixed  number.  The  child's  natural  inference 
is  that  there  would  be  no  limitations  in  the 
"mixing." 

(2).  The  Development. 

The  teacher   constructs  and  questions  as 
follows: 


"Is  this  a  mixed  number?"    ("Yes.") 


9    (These  units  are  both  fractional.) ? 
"Is  this  a  mixed  number?"    ("Yes.") 
"No,  this  is  not  a  mixed  number."   "It 
is  an  impossible  number." 

"People  cannot  put  two  kinds  of  fractions 
into  one  group." 

"You  must  never  let  anyone  catch  you  with 
two  kinds  of  fractional  units  in  one  group — 
never,  never,  never.  You  would  be  laughed  at. 
Such  a  number  is  impossible." 

Note  2. — This  principle  must  be  very  strongly  im- 
pressed upon  the  pupils  because  it  is  fundamental.  We 
reduce  to  a  common  denominator  in  addition  and,  in 
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many  cases,  in  subtraction  for  no  other  reason  than 
here  stated.  This  principle  is  the  basis  of  addition 
development  in  Chapter  XVIII.  The  teacher  must 
bring  it  up  very  frequently  in  the  weeks  to  come — with 
objects  in  her  own  hands  perhaps — until  it  becomes 
established  in  the  child's  mind  and  he  is  quick  to  dis- 
cover its  violation. 

(3)  Definition  of  "Impossible  Numbers" 

(c)  The  pupils  should  now  be  taught  to 
describe  "impossible  numbers. " — An  impos- 
sible number  is  one  having  two  kinds  of  frac- 
tional units. 


51 


oo.» 


"Is  this  a  mixed  number?" 
("Yes.") 


"What  is  this?"  ("It  is  two 
numbers — an  integral  and  a  frac- 
tional number.") 


(This  represents  p„  combination  of  the  group 
of^the  previous  dictation.) 

"What  is  this?"  ("It  isa  mixed 
number — a  number  having  two  in- 
tegral and  two  fractional  units.") 

fjpi     IPl        "What  is  this?"     (It  is  two  frac- 
H| J    MJ   tional  numbers.") 


114         NUMBER  BY  DEVELOPMENT 

(The  combination  of  the  two  groups  of  the 
last  dictation — unequal  fractional  units.) 

' '  What  is  this  ?  "  ("  It  is  nothing. 
It  is  impossible  because  it  is  a  group 
having  more  than  one  kind  of  frac- 
tional units.") 
(These  objects  are  all  fractions.) 

"What   is  this?"      ("It  is  two 
_      [rpb-  groups — one  an  impossible  number 
LTU     l|      i  because  it  has  more  than  one  kind 
U  of  fractional  units,  the  other  a  frac- 

tional number  having  three  units.") 
(These  exercises  illustrate  the  form  that  the 
dictations    should    take.      Many    (fifteen    to 
twenty)    exercises   should   be   given   with   as 
great  variety  in  form  as  possible.) 

D.  Definitions  of  Integer,  Integral  Number,  and  Mixed 
Number 

The  child  should  now  be  given  definitions 
(formal)  of  integer,  integral  number,  and 
mixed  number. 

I.  Integer 

"What  is  an  integer?"  ("An  integer  is  a 
whole  number.") 

"Show  me  an  integer." 

"How  many  units  in  yours ? "  "In  yours ? ' ' 
"In  yours?" 

"May  an  integer  have  one  unit?" 
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"Show  me  such  an  integer." 

"  May  an  integer  have  more  than  one  unit?  " 

"Show  me  such  an  integer." 

"Will  you"  (to  some  child)  "please  tell  me 
now  what  an  integer  may  have?  I  want  you 
to  tell  it  all,  and  I  want  you  to  show  me  with 
objects  while  you  tell  it." 

("An  integer  may  have  one  unit"  [here  the 
pupil  must  hold  up  one];  "or,  it  may  have 
more  than  one."  [Here  the  child,  still  holding 
up  the  one,  holds  up  in  the  other  hand  a  group 
unit — two  or  three  or  other  group.]) 

The  teacher  now  asks  another  pupil  the 
same  question  and  must  require  the  child  to 
hold  up  the  one  and  the  more  than  one  in  the 
same  way — 

("An  integer  may  have  one"  [holding  up  a 
one]  "or  more  than  one'1  [holding  up  a  group  of 
two  or  three]  "unit.") 

Several  other  pupils  are  asked  one  after  an- 
other the  same  question  and  are  required  to 
answer  in  the  same  manner. 

"I  want  you  now"  (to  some  pupil)  "to 
tell  the  whole  story  about  the  integer — - 
telling  me  first  what  it  is,  then  what  it  may 
have" 

("An  integer  is  a  whole  number.  It  may 
have  one  unit  or  more  than  one  unit.") 

(The  teacher  must  insist  now  and  for  many 
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weeks  to  come  that  in  every  oral  statement  of 
this  definition  the  child  shall  show  the  objects 
(the  "one"  and  the  "more  than  one").  He 
must  have  access  to  the  objects  whenever 
called  upon  for  it.  This  object-action  part 
in  the  definition  is  important  for  imagery 
development.) 

The  full  statement  as  above  should  now  be 
given  by  other  pupils. 

This  is  the  child's  definition  of  integer. 

2.  Integral  Number 
"What    is    an    integral    number?"     ("An 

integral  number  is  a  whole  number.") 
"Show  me  an  integral  number." 
"May  an  integral  number  have  one  unit?" 
"May  it  have  more  than  one  unit?" 
"I  want  you  now"  (to  some  pupil)  "to  tell 

me  the  whole  story  of  what  an  integral  number 

may  have." 

("An  integral  number  may  have  one  unit  or 

more  than  one  unit.") 

(It  should  not  be  necessary  to  say  that  in 

giving  this  "whole  story"  the  child  must  hold 

up,  as  before,  the  one  and  the  more  than  one 

as  he  says  "one"  and  "more  than  one.") 
Others  should  now  tell  what  it  "may  have" 

in  the  same  manner. 

"I  want  you  now"  (to  some  pupil)  to  tell 
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me  the  whole  story  about  the  integral  number 
— telling  me  first  what  it  is  and  then  what  it 
may  have. 

("An  integral  number  is  a  whole  number. 
It  may  have  one  unit  or  more  than  one  unity) 

Several  others  in  turn  should  be  called  upon 
to  define  it  in  the  same  way. 

This  is  the  child's  definition  of  integral 
number. 

j.  Mixed  Number 

"Show  me  a  mixed  number." 

"How  many  integral  units  has  yours?" 

"How  many  fractional  units?" 

"May  a  mixed  number  have  one  integral 
unit?" 

"May  it  have  more  than  one  integral  unit? " 

"May  it  have  one  fractional  unit?" 

"May  it  have  more  than  one  fractional 
unit?" 

"I  want  you"  (to  some  pupil)  "to  tell  me 
all  about  what  a  mixed  number  may  have." 

("A  mixed  number  may  have  one  or  more 
than  one  integral  unit  and  one  or  more  than 
one  fractional  unit  of  one  kind.") 

Other  pupils,  one  after  another,  should  be 
asked  to  give  the  statement  of  what  a  mixed 
number  has.  In  stating  what  it  has,  the  child 
should  hold  up  the  objects — first  the  one  and 
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then  the  more  than  one  integral  units,  using 
both  hands,  then  the  one  and  the  more  than 
one  fractional  units,  using  both  hands.  In 
holding  up  the  objects  in  this  way  the  child 
must,  of  course,  lay  aside  the  integral  objects 
and  then  show  the  "one"  and  the  "more  than 
one"  fractional  objects. 

The  formal  definition  of  mixed  number 
should  now  be  formulated  for  the  child  to  state 
and  memorize — 

"A  mixed  number  is  a  number  having  one 
or  more  integral  units  and  one  or  more  frac- 
tional units  of  one  kind." 

These  definitions  should  be  called  for  with 
some  degree  of  regularity — daily  when  pos- 
sible— for  many  weeks. 

E.  Numbers  Classified  as  to  Form 

It  will  be  a  very  simple  matter  at  this  point 
to  draw  out  a  classification  of  numbers.  It  is 
the  work  of  but  one  moment  because  an  easy 
inference  from  a  single  question — ' '  What  lands 
of  numbers  have  we  now  learned?  " 

Nearly  every  child  will  make  the  inference 
at  once  and  reply,  "Integral  numbers,  frac- 
tional numbers,  and  mixed  numbers." 

The  question  should  also  take  the  forms, 
What  are  the  classes  of  numbers?  How  many 
classes  of  numbers  have  we  learned?     The 
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questions,  as  above,  covering  this  classifica- 
tion of   numbers  should   be   frequently  asked 
throughout  the  work  in  fractions. 
Summary. 

1.  Integer  put  into  the  number  vocabulary. 

(A.) 

2.  Integral  number  must  be  freely  used  in 

class  work  interchangeable  with  integer 

(£•) 

3.  Mixed  number  developed — the  objective 

mixed  number  not  the  written.    (C,  a 

and  b.) 
"Impossible  number"  is  introduced  to 

describe  a  mixed  number  (objective)  in 

which  the  child  has  used  two  kinds  of 

fractions.     (C,  c.) 
"  Impossible  number  "  formally  described. 

Cfcc(a).) 

4.  Definitions  and  classifications. 

The  formal  definitions  of  integer,  integral 
number,  and  mixed  number  developed. 
(D,  I,  2,  and  j.) 

The  classification  of  numbers  as  integral, 
fractional,  and  mixed  follows  naturally 
here  and  is  made  by  an  easy  inference. 

CEO 

Time  required  for  the  work  of  this  chapter  including 
reviews  of  Chapters  II  and  III,  three  days.  Total 
time  for  Chapters  I  and  IV,  nine  days. 


CHAPTER  V 

FRACTION    PROOF   AND   THE   DEFINITION — 
GENERAL 

Topics: — Proving  that  a  construction  has  the  two  necessary 
qualities.     Development  of  the  definition. 

A.  The  Proof 

Aim. — To  prove  fractional  units  by  measur- 
ing them  on  a  whole  of  the  same  kind  and 
incidentally  to  develop  the  oral  language  of 
such  proof — this  language  later  to  be  the  formal 
definition  of  "fraction." 

i.  Steps  in  the  Proof 

The  child  has  collections  of  fractional  units 
of  various  sizes  accumulated  by  saving  the 
pieces  that  he  has  made  in  his  constructions — 
halves,  thirds,  fourths,  etc.  (although  he,  of 
course,  does  not  know  them  by  those  names) . 

If  we  were  to  ask  him  to  prove  that  any  one 
of  these  pieces  is  a  fraction  it  would  be  impos- 
sible for  him  to  identify  and  collect  the  other 
parts  of  that  particular  "whole "  to  show  what 
he  had  done.  His  only  proof  would  lie  in 
applying  this  piece  with  other  equal  pieces,  if 
necessary,  to  a  "whole"  and  showing  by  the 
fact  that  they  exactly  fit  the  "whole"  that 
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they  are  equal  parts  of  a  whole  and  therefore 
fractional  units. 

"Show  me  a  fraction." 

In  answer  to  this  dictation  one  child  may 
show  one  or  two  or  three  or  four  halves; 
another,  one  or  more  thirds;  another,  one  or 
more  fourths;  another,  one  or  more  fifths  or 
sixths;  etc.  A  child  may  show  just  what 
would  make  a  whole  or  more  than  enough  to 
make  a  whole.  It  is  immaterial  for  develop- 
ment purposes  what  number  of  fractional  units 
is  shown. 

"How  many  units  in  your  fractions? "  "In 
yours?"    "In  yours?" 

"Prove  that  yours  is  a  fraction." 

Note. — It  is  very  important  that  the  proof  be  care- 
fully made  because  it  is  to  be  the  basis  of  the  definition 
of  "fraction"  in  the  next  section.  The  aim  in  develop- 
ing this  proof  is  to  put  meaning  into  the  definition. 

To  make  the  development  steps  clear  to  the  teacher 
we  will  suppose  that  four  pupils,  A,  B,  C,  and  D,  have 
"shown  "respectively  in  response  to  the  above  direction 
("Show  me  a  fraction")  two  of  the  six  equal  parts, 
five  of  the  eight  equal  parts,  one  of  the  two  equal  parts, 
and  four  of  the  three  equal  parts  of  a  whole,  and  that 
the  teacher's  development  work  as  outlined  below  (in 
B)  makes  use  of  these  constructions  in  order. 

The  teacher  must  understand  that  in  this  develop- 
ment she  will  be  using  at  each  step  the  construction 
made  by  some  individual  pupil — first  A's,  then  B's,  then 
C's,  then  D's.  On  this  account  there  will  naturally  be  a 
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tendency  to  direct  the  instruction  in  each  case  to  him 
personally.  This  must  be  guarded  against.  The  in- 
struction must  be  for  the  whole  class.  The  teacher 
must  have  in  each  step  the  close  attention  of  everyone. 

To  make  full  class  attention  possible  it  may  be 
necessary,  when  thus  considering  a  construction,  to 
transfer  the  object  work  from  the  pupil's  desk  to  the 
teacher's  table  so  that  the  teacher's  directions  to  the 
pupil,  the  latter's  work  of  applying  the  fractional  units 
to  the  whole,  and  his  oral  responses  under  the  teacher's 
direction,  may  be  easily  followed  by  all. 

This  form  of  instruction  (at  the  teacher's  table)  to 
three  or  four  pupils  in  succession  will  suffice  for  the 
instruction  of  the  whole  class.  Pupils  will  then  begin 
to  do  the  "applying"  at  their  own  desks  and  will  give 
the  oral  work  without  help  from  the  teacher. 

2.  The  Form  of  the  Proof 

The  teacher  first  considers  A's  construction. 

The  child  is  taught  to  take  a  whole  and 
apply  his  pieces  to  it  until  it  is  covered,  using 
in  this  case  four  other  pieces  of  the  same  kind 
because  there  were  but  two  in  his  construction. 

He  is  then  to  state  the  result — "Six  pieces 
like  mine  are  just  the  same  as  the  whole." 

The  child  then  gathers  up  the  six  pieces  to 
compare  them  to  show  that  they  are  equal — 
putting  them  together  corner  to  corner  and 
edge  to  edge.  He  then  states  the  fact,  "The 
pieces  are  equal."  The  conclusion  is  then 
stated,  ("Therefore  this"  (showing  again  his 
original  construction)  "is  a  fraction.") 
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"Are  the  pieces  in  your  fraction  equal?" 
("Yes.") 

(This  is  a  repetition  because  the  child  has 
just  stated  the  equality.  It  is  asked,  however, 
in  order  to  concentrate  the  attention  again  on 
this  feature  of  the  construction  units.) 

"How  many  like  the  six  equal  parts  of  a 
whole  are  there  in  your  fraction?"     ("Two.") 

The  teacher  now  considers  B's  construction. 

The  child  applies  his  five  pieces  with  three 
others  of  the  same  kind  to  a  whole. 

("Eight  pieces  like  mine  are  just  the  same  as 
the  whole.") 

He  then  gathers  up  the  eight  pieces  and  puts 
them  together  to  prove  that  they  are  equal. 

("The  pieces  are  equal.") 

He  then  shows  his  original  construction. 

("Therefore,  this  is  a  fraction.") 

"Are  the  pieces  in  your  fraction  equal?" 
("Yes.") 

"How  many  like  the  eight  equal  parts  of  a 
whole  are  there  in  your  fraction  ?  "    ( "  Five . " ) 

The  teacher  now  considers  C's  construction. 

The  child  applies  his  pieces  with  another 
one  like  it  to  a  whole. 

("Two  pieces  like  mine  are  just  the  same  as 
the  whole.") 

He  then  gathers  up  his  two  pieces  to  prove 
their  equality. 
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("The  pieces  are  equal.") 

He  then  shows  his  original  construction — 

("Therefore  this  is  a  fraction.") 

"How  many  like  the  two  equal  parts  of  a 
whole  are  there  in  your  fraction?"    ("One.") 

D's  construction  is  now  considered.  The 
child  applies  three  of  his  four  pieces  to  a  whole. 

("  Three  pieces  like  mine  are  just  the  same  as 
the  whole.") 

He  then  gathers  up  his  four  pieces  to  prove 
them  equal. 

("The  pieces  are  equal.") 

He  then  shows  his  original  construction — 

("Therefore,  this  is  a  fraction.") 

"Are  the  pieces  in  your  fraction  equal?" 
("Yes.") 

"How  many  like  the  three  equal  parts  of  a 
whole  are  there  in  your  fraction  ?  "      ( "  Four . " ) 

Others  are  then  required  to  prove  their  frac- 
tions in  the  same  way  with  the  same  oral 
statements  and  the  same  questions  at  the  close. 

Constructions  are  afterwards  made  by  the 
teacher  for  pupils  to  prove  and  give  the  oral 
statements  in  the  same  way,  the  teacher  asking 
the  same  questions  at  the  close. 

B.  The  Definition  Developed 

i.  The  Fraction  Make-tip 
a.  What  the  Fraction  May  Have — Objec- 
tive. 
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(1)  Objects  in  the  hands  of  pupils. 

"Show  me  a  fraction  having  one  of 

the  equal  parts  of  a  whole." 
"Prove  that  it  is  a  fraction." 
"Show  me  a  fraction  having  more 

than  one  of  the  equal  parts  of  a 

whole." 
"How  many  units  in  your  fraction?" 

"In  yours?" 
"Prove  that  yours  is  a  fraction." 

(2)  Objects  in  the  hands  of  the  teacher. 

The  teacher  now  constructs. 
"Is  this  a  fraction?"    ("Yes."  ) 
"How  many  of  the  equal  parts  of  a 
whole  in  it?"    ("Three.") 
"Is  this  a  fraction?"    ("Yes.") 
"How  many  of  the  equal  parts  of  the 
whole  in  it?"     ("Five.") 

(3)  Objects  in  the  hands  of  pupils. 

Pupils  now  construct. 

"Show  me  a  fraction  having  a  very 

small  number  of  the  equal  parts  of  a 

whole  in  it." 
"How  many  units  in  your  fraction?" 

("One.") 
"Prove  that  it  is  a  fraction. " 
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"Show  me  a  fraction  having  a  large 
number  of  the  equal  parts  of  a  whole 
in  it. 
"How  many  units  in  your  fraction?" 
"In  yours?"     "In  yours?" 
Other  dictations  of  the  same  kind  should  be 
given,  asking  at  one  time  for  the  smallest  num- 
ber of  units  possible  (the  ' '  one ' '  of  the  defini- 
tion to  be  given  later)  and  at  another  time  for 
a  fraction  having  several  units  (the  "more  than 
one"  of  the  definition). 

Occasionally    the    teacher   should    ask   for 
proof  that  the  construction  is  a  fraction. 

b.  What    the    Fraction    May    Have — Oral 
Statement. 
"May  a  fraction  have  one  of  the  equal 

parts  of  a  whole?"    ("Yes.") 
"Show  me  such  a  fraction." 
"May  a  fraction  have  more  than  one  of 
the  equal  parts  of  a  whole?"    ("Yes.") 
"Show  me  such  a  fraction." 
"Will  you  please  tell  me  this,  showing  me 
at  the  same  time  a  fraction  of  each  of 
the  two  kinds." 
("A  fraction  may  have  one"  [here  the 
pupil  shows  a  fraction  having  one  unit] 
"or  more  than  one"  [showing  a  frac- 
tion of  two  or  more  units]  ' '  of  the  equal 
parts  of  a  whole.") 
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The  teacher  should  have  several  pupils 
tell  the  fact  and  at  the  same  time  show 
the  fractions  in  the  same  way. 

c.  What  the  Fraction  May  Have — Written 
Statement. 

Pupils  are  now  required  (first  one  and  then 
another)  to  write  on  the  blackboard  what  a 
fraction  "may  have,"  showing  the  "one"  and 
the  "more  than  one"  objectively  as  he  writes. 

("A  fraction  may  have  one"  [showing  one 
fractional  unit  as  when  stating  it  orally]  "or 
more  than  one  "  [showing  a  group  as  in  the  oral 
statement]  "of  the  equal  parts  of  a  whole.") 

The  teacher  asks,  "What  may  a  fraction 
have?" 

The  child  writes,  "A  fraction  may  have 
one"  (showing  the  object)  "or  more  than  one" 
(showing  the  group)  "of  the  equal  parts  of  a 
whole." 

The  same  question  is  put  to  another  pupil 
and  then  another  for  reply  in  the  same  manner. 

2.   The  Fraction  Definition 

"Now  I  am  going  to  ask  the  question  in 
another  way  and  I  want  you  to  write  the 
answer  very  carefully. ' ' — ' '  What  is  a  fraction  ? ' ' 

("A  fraction  is  one  or  more  than  one  of  the 
equal  parts  of  a  whole"  [showing  the  objects 
as  before].) 


128         NUMBER  BY  DEVELOPMENT 

This  question  is  asked  again  and  again  for 
written  and  then  oral  reply.  This  is  his 
definition. 

j.  Definition  of  Fractional  Number 

There  is  no  need  for  development  or  explana- 
tion. The  term  itself  was  originally  (Chap. 
Ill,  C)  thrown  abruptly  into  use  and  was  an 
easy  inference  from  "fraction." 

After  the  definition  for  fraction  (with  its 
objective  accompaniment)  has  been  given 
several  times  the  teacher's  question  instead  of 
being  constantly,  "What  is  a  fraction?"  be- 
comes frequently,  "What  is  a  fractional  num- 
ber?" The  child  gives  the  same  "fraction" 
definition  with  the  same  showing  of  the  objects 
in  the ' '  one"  and  the ' '  more  than  one' '  part  of  it. 
Summary. 

The  child  proves  that  his  construction  is  a 
fraction : — 
(i)  By  applying  his  object  or  objects 
(with  other  similar  objects  if  neces- 
sary) to  a  whole  to  show  that  they 
are  equal  to  the  whole  and  may, 
therefore,  be  considered  "parts"  of 
the  whole  (A,  2.) 
(2)  By  applying  the  objects  to  each  other 
to  show  that  they  are  equal — 
equal  parts  of  a  whole."    {A,  2.) 
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The  definition  is  developed : — 

(1)  By  an  oral  statement  (B,  1  b)  of  what 

a  fraction  has,  objectively. 

(2)  By    a    similar    written    statement. 

(B,  1  c) 
The   definition    is   formulated   from   these 

statements.    (B,  2.) 
Fractional  number  takes  the  same  definition 

by  inference.    (B,  j.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II  and  III,  five  days.  Total 
time  for  the  work  of  Chapters  II  to  V,  fourteen 
days. 


CHAPTER  VI 

EXPRESSING    FRACTIONAL   NUMBERS 

Topics : — The  Names  of  Fractional  Units.    The  Written  Fraction — 
Numerical  Form 

A.  Oral  and  Written  Fraction 

Aim. — To  teach  the  fraction  names  and  how 
to  express  fractions  numerically 
Steps  in  the  Presentation. 

(i)  Objects  in  the  hands  of  the  pupils. 

"Show  me  a  whole." 

"I  want  you  to  make  this  into  fractional 
units  of  a  particular  kind.  There  must  be 
just  three." 

After  this  construction  the  teacher  tells  the 
pupils  what  to  call  the  pieces — "These  pieces 
are  thirds." 

"Show  me  two  thirds."  (The  child  shows 
the  group  of  two  thirds.") 

"Is  this  a  fraction?"     ("Yes.") 

"Why  is  it  a  fraction?"  ("Because  it  is 
two  of  the  equal  parts  of  a  whole.") 

"This  is  the  way  to  write  two  thirds." 

(The  teacher  writes  it  (§)  on  the  black- 
board.) 

"Show  me  one  third." 
130 
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"You"  (to  some  pupil)  "may  write  it  on  the 
blackboard." 

Note  i  . — It  will  not  be  necessary  to  make  any  expla- 
nation or  to  teach  the  child  to  write  it.  Having  been 
told  how  to  write  two  thirds  the  child  infers  how  one 
third  and  three  thirds  are  written.  In  fact  he  will  write 
the  fractions  in  the  development  work  that  follows. 

"Is  it  a  fraction?"  (referring  to  the  concrete 
expression) . 

"What  is  the  name  of  your  fraction?" 
("Thirds.") 

"What  is  the  number  of  units  in  your 
fraction?"    ("One.") 

"Yes,  it  is  one  of  the  equal  parts  of  a  whole." 

"Show  me  three  thirds." 

"Is  it  a  fraction?"  ("Yes,  it  is  three  of 
the  equal  parts,  etc.") 

"What  is  the  name  of  your  fraction?" 
("Thirds.") 

"What  is  the  number  of  units  in  your 
fraction?"    ("Three.") 

"Write  it."    (|) 

The  teacher  should  now  have  these  thirds 
marked  and  laid  aside.  On  each  piece  the 
pupil  should  write  its  value  (■§)  so  that  later 
when  he  has  other  fractions  he  can  distinguish 
them  readily  as  to  name. 

"You  may  now  mark 
these  pieces  as  thirds  and 
we  will  lay  them  aside." 


3  3  3 
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"Show  me  an  integral  unit." 
"Make  it  into  thirds." 


Show  me  two  thirds.' 


Show  me  three  thirds 


U3 


"Write  it." 
(f.) 


."    ffn2]  "Write  it." 
qt2J  (f.) 


"Show  me  one  third. 


Write  it." 


"Mark  your  pieces  as  before." 


"Show  me  five  thirds." 


% 


a-) 


"Write  it." 


Show  me  two  thirds. 


"  Show  me  six  thirds." 


"Write  it." 
(f.) 

"Write  it." 
(f.) 


Note  2. — There  are  two  questions  that  should  be  in 
quite  regular  use — (i)  What  is  the  name  of  your  frac- 
tion ?    (ii)  What  is  the  number  of  units  in  your  fraction  ? 

"Show  me  an  integral  unit." 
"You  may  make  this  into  fourths." 
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Note  3. — It  will  not  be  necessary  to  suggest  or 
explain.  The  pupils  will  infer  easily  from  thirds  what 
is  meant,  what  to  make,  and  how  to  make  them. 


"Show  me  three  fourths." 


P 

4.  4 


"Is  this  a  fraction?"  ("Yes,  it  is  three  of 
the  equal  parts,  etc.") 

"Prove  it."  (The  proof  is  made  in  Chap.  V, 
A  2,  that  (a)  the  pieces  are  together  the  same 
as  a  whole  and  (b)  are  equal.) 

"Write  it"  (indicating  some  pupil)  "on  the 
blackboard." 

(The  child  writes  "f.") 


Show  me   one   fourth."    |Jr 


"  Write  it." 

(10 

"Write  it." 

(*■) 

Note  4. — Each  of  the  fourths  should  be  marked 
(-5-)  and  the  pieces  laid  aside  as  was  done  with  the 
thirds  above- 


Show  me  four  fourths. ' ' 


11a 


4        4       4 


(The  teacher  must  keep  up  the  questions 
suggested  above  (1)  as  to  the  name  of  the 
fraction  and  (2)  as  to  the  number  of  units  in 
the  fraction.) 
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Show  me  an  integral  unit." 
You  may  make  it  into  fourths." 
You  may  mark  each  of  the  fourths." 


Show  me  five  fourths."    L 


"Is  it  a  fraction?"  ("Yes,  it  is  five  of  the 
equal  parts  of  a  whole.") 

"Prove  it." 

(The  proof  is  made  as  in  Chapter  V,  A  2f 
that  the  four  pieces  are  together  equal  to  a 
whole  and  that  the  parts  are  equal.) 

1 '  You  may  write  it  on  the  blackboard. ' '   (f ) . 


Show  me  eight  fourths."  H|_ 


"Is  it  a  fraction?"     ("Yes,  it  is  eight  of  the 

equal  parts  of  a  whole.") 
"Prove  it." 
(The  child  proves  as  before  (a)  that  four  of 

the  parts  are  equal  to  a  whole  and  (b)  that 

the  parts  are  equal.) 

"Show  me  another  integral  unit." 

"You  may  make  it  into  eighths." 

(No  suggestion  or  assistance  need  be  given. 

The  inference  from  thirds  and  fourths  as  to 
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what  "eighths"  means  is  perfectly  easy  and 
natural.) 

"Show  me  five  eighths." 

"Prove  that  it  is  a  fraction." 

(The  child  proves  as  before  that  eight  of 
the  parts  are  equal  to  a  whole  and  that  the 
parts  are  equal — "It  is  five  of  the  eight  equal 
parts  of  a  whole.") 

"You  may  write  it  on  the  blackboard."  (f.) 

In  the  same  way  ask  for  seven  eighths,  three 
eighths,  one  eighth,  eight  eighths,  etc.  Have 
the  expressions  written.  Ask  now  and  then 
for  proof  that  it  is  a  fraction. 

Mark  and  lay  aside  all  of  the  pieces.  The 
teacher's  fraction  objects  which  she  makes  and 
keeps  on  her  desk  for  "objects  in  hands  of  the 
teacher"  should  be  marked  in  the  same  way 
as  those  on  the  pupils'  desks. 

In  the  same  manner  make  integral  units 
into  sixths,  fifths,  halves,  ninths,  and  sevenths, 
marking  the  pieces  in  each  case,  and  asking 
frequently  (a)  the  name  of  the  fraction  and 
(b)  the  number  of  units  in  it. 

It  is  very  important  that  all  pieces  be 
marked.  There  is  no  advantage  in  having  a 
child  puzzle  over  an  object  as  to  whether  it  is 
a  fifth  or  a  sixth,  or  whether  it  is  a  third  or  a 
fourth.  The  child's  proper  training  is  secured 
in    making    the    fractions    to   order,    hot   in 
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recognizing  the  fraction  value  of  an  object 
at  sight. 

(2)  Objects  in  the  teacher's  hands. 

In  this  step  the  teacher  makes  the  wholes 
into  fractions — fourths,  thirds,  sixths,  etc. — 
and  shows  the  groups,  the  pupils  to  state  what 
each  group  is  and  to  write  it.  It  will  not  be 
necessary  to  prepare  the  objects  in  the  pres- 
ence of  the  class.  The  teacher  may  prepare 
them  beforehand  ready  for  use.  When  she 
holds  up  the  objects  in  each  exercise  she  states 
how  she  made  them  so  that  it  is  not  necessary 
that  the  pupil  see  them  made. 

EXERCISES 

(i)  "I  made  a  whole  into  four  equal  pieces." 


"What  is  this?" 


JL     ("It  is  two  fourths.") 

L  4 


1 '  What  is  the  name  of  the  fraction?  "  "  What 
number  of  units  has  it?  " 

"Write  it."    (f.) 

"Where  did  you  write  the  name  of  the 
fraction?"  ("I  wrote  it  under  the  little  frac- 
tion line.") 

"Where  did  you  write  the  number  of  units 
in  your  fraction?" 

("I  wrote  it  above  the  little  fraction  line.") 
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(ii)  "I  made  each  whole  into  three  equal 
parts." 

"What  is  this?"  (jpt   ("  It  is  four  thirds.") 
4|U-        "Write  it."     (£.) 

(iii)  "I  made  each  whole  into  two  equal 
parts." 


What  is  this?" 

"XI  2 


ft 


("It  is  four  halves.") 
"Write  it." 

(iv)   "What  kind  of  a  number  is 
this?" 

("It  is  an  integral  number.") 

(v)  ' '  What  kind  of  a  number  is  this ? ' '   I. . 

("It  is  a  mixed  number.")  *■  -3 


3 


(vi)  "I  have  two  integral  units  and 
two  thirds." 

"Is  this  a  mixed  number?" 
("Yes.") 

(vii)  "I  have  a  half  and  a  fourth." 
"Is  this  mixed  number ? "  U 1 

("No,  it  is  an  impossible  number.") 
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Note  5. — This  section  gives  an  opportunity  to  re- 
view in  this  way  integral,  fractional,  mixed,  and  impos- 
sible numbers.  There  should  be  several  exercises  of 
each  of  the  kinds  suggested  above. 

(3)  Reviews. 

Following  or  in  connection  with  B  there 

should  be  calls  for  definitions — 
"What  is  a  fraction?" 
"What  is  an  integral  number?" 
"What  is  a  mixed  number?" 
"What  is  an  integer?" 
"What  is  a  fractional  number?" 
"Where  do  you  write  the  fraction  name?" 
"Where  do  you  write  the  number  of  units  in 

the  fraction?" 

B.  Fraction  Constructions 

1.  Fraction  Constructions  from  Written 
Dictations 

The  pupil  uses  the  fractional  units  that  he 
accumulated  and  marked  in  the  work  under  A , 
increasing  his  supply  of  each  kind  as  dictations 
make  additional  objects  necessary.  When  new 
fractional  units  are  made  they  should  be  marked 
and  put  with  the  others  of  the  same  kind. 

BLACKBOARD    DICTATIONS 


3 

2 

7 

2 

7 

4 

2 

5 

T 

8 

2 
3 

3 

4 
3 

1 

7 
4 

5 

6 

Z 

7 

4 

8 

8 

7 

4 

3 

3 

5 

5 

5 

3 

6 

9 

2 

3 

8 
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The  teacher  should  dictate,  as  above,  as 
many  as  the  child  can  construct  on  his  desk 
at  one  time. 

After  the  pupils  have  completed  their  con- 
structions and  the  teacher  has  examined  them, 
the  dictation  should  be  erased  and  the  pupils 
given  pencils  and  paper  to  write  the  exercise 
from  their  concrete  work.  Two  or  three  such 
exercises  should  be  given  before  passing  to  the 
next  section. 

2.  Oral  Statements  of  Construction  Processes 

Aim. — To  train  the  child  to  state  orally  the 
construction  processes  which  he  has  been  using 
in  making  fractions. 

"How  do  you  make  fourths?" 

("I  take  a  whole  and  make  it  into  four 
equal  parts.") 

Note. — The  answer  to  this  question  is  given  in  a 
short  form  full  sentence.  The  answers  to  the  two  ques- 
tions which  follow  are  in  full  form  full  sentences.  The 
teacher  will  choose  the  form  she  prefers  her  pupils  to 
use ;  or,  which  would  be  better,  she  will  preserve  both 
forms  by  requiring  at  one  time  the  "to  make"  and 
at  another  time  the  "I  make"  form. 

"How  do  you  make  sixths?" 

("To  make  sixths,  I  take  a  whole  and  make 
it  into  six  equal  parts.") 

"How  do  you  make  thirds?" 

("I  make  thirds  by  taking  a  whole  and 
making  it  into  three  equal  parts.") 
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Summary. 

The  child  is  given  the  spoken  name  thirds — 
the  name  of  the  objects — and  the  written 
£.  From  these  he  infers  the  spoken  and 
the  written  expressions  for  two  thirds, 
three  thirds,  four  thirds,  etc.     (A,  (i).) 

Exercises  to  give  the  pupil  the  opportunity 
to  infer  what  is  meant  by  fourths,  sixths, 
halves,  eighths,  etc.,  and  how  to  write 
the  fractional  numbers.    (A,  (i)  and  (2).) 

Exercises  in  constructions  from  written 
dictations.    This  to  test  imagery.  (B.) 

Exercises  in  which  the  pupil  is  required  to 
state  orally  how  thirds,  sixths,  fourths, 
etc.,  are  made.    {B,  2.) 

Time  required  for  the  development  work  of  this  chapter, 
including  reviews  of  Chapter  II-V,  five  days. 
Total  time  for  the  work  of  Chapters  II-VI,  nine- 
teen days. 


CHAPTER  VII 

FRACTION   DEFINITIONS — SPECIAL 

Topics: — The  Definition  of  the  Concrete  Fraction — One  Third, 
Three  Fourths,  etc.    The  Definition  of  the  Abstract 
Fraction — Thirds,  Fourths,  etc. 

A.  Defining  Fourths,  Thirds,  Sixths,  etc. — Concrete 

Aim. — To  teach  the  child  to  define  the  con- 
crete fraction  and  to  give  the  definition  in 
either  of  the  two  forms — the  "is"  form  or 
the  "when  we"  form. 

The  Two  Definition  Forms  Developed. 

(i)  The  "Is"  Form. 

"What  do  you  mean  by  one  third?" 

("One  third  is  one  of  the  three  equal  parts 
of  a  whole.") 

"Which  is  the  name  and  which  tells  the 
number  of  units  in  the  fraction?" 

("  Third  is  the  name  and  one  tells  the  num- 
ber of  units  in  the  fraction.") 

"What  is  two  thirds?" 

("  Two  thirds  is  two  of  the  three  equal  parts 
of  a  whole.") 

"Which  is  the  name  and  which  tells  the 
number  of  units  in  the  fraction?" 

"What  is  six  fourths?" 

("Six  fourths  is  six  of  the  four  equal,  etc.") 

"What  does  the  six  tell? "     "The  fourths?" 

141 
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(2)  The  "when  we"  form. 

"What  do  you  mean  by  eighths?" 

("When  we  make  a  whole  into  eight  equal 
parts,  one  of  these  parts  is  called  one  eighth.") 

"What  is  five  sixths?" 

("When  we  make  a  whole  into  six  equal 
parts,  five  of  these  parts  is  called  five-sixths.") 

"What  does  "five"  tell?"  "What  does 
"sixths"  tell?" 

Note. — The  two  forms  in  which  these  definitions 
should  be  given  are  indicated  in  (1)  and  (2).  The 
child  should  be  able  to  give  a  definition  in  either  form — 
now  in  one,  now  in  the  other.  "What  do  you  mean 
by  two  sixths?"  "You  may  tell  me  in  the  'when  we' 
form;"  or,  "You  may  tell  me  in  the  'is'  form." 

B.  Defining  Fourths,  Thirds,  Sixths,  etc. — Abstract 

Aim. — To  define  the  abstract  fourth,  third, 
sixth,  etc.  In  A  are  outlined  the  special  defi- 
nitions— those  for  one  fourth,  five  eighths, 
seven  fifths,  etc.  We  may  speak  of  the  frac- 
tions thus  defined  as  concrete  because  they  are 
quantitatively  defined.  The  abstract  fraction 
forms — fourths,  sixths,  thirds,  etc.,  must  also 
be  defined.  This  section  has  to  do  with  these 
definitions. 

THE  QUESTION  AND  THE  DEFINITION  FORMS 

"What  do  you  mean  by  fourths?" 
("  When  we  make  a  whole  into  four  equal 
parts,  these  parts  are  called  fourths.") 
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"What  do  you  mean  by  thirds?" 

("When  a  whole  is  made  into  three  equal 
parts,  these  parts  are  called  thirds.") 

"What  are  sixths?" 

("When  a  whole  is  made  into  six  equal 
parts,  these  parts  are  called  sixths.") 

Note. — The  teacher  will  note  that  this  definition  is 
also  suggested  in  two  forms,  the  "when  we"  form  and 
the  "is"  form.  The  "when  we"  form  becomes  "when 
we  make,"  etc.  The  two  forms  should  be  taught  and 
required. 

C.  Definitions — Reviews 

This  section  is  to  call  the  teacher's  attention 
to  the  need  of  the  definitions  and  oral  state- 
ments that  have  been  developed.  The  teacher 
must  not  permit  a  statement  or  a  definition  to 
lapse  through  disuse.  If  it  was  worth  while 
to  develop  it,  it  is  worth  preserving. 

In  all  reviews  the  statements  and  the  defi- 
nitions must  be  given  in  their  original  forms. 
If  objects  were  used  in  the  completed  form 
originally,  they  must  be  used  in  the  reviews. 
"What  is  an  integer?"    (Chap.  IV,  D  1.) 
"What  is  a  fraction?"    (Chap.  V,  B  2.) 
1 '  What  is  an  integral  number' '  ?    (Chap.  IV, 
D2.) 

"What  is  a  fractional  number? "    (Chap.  V, 

B3.) 
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"What isamixed number?"  (Chap.  IV,  Dj.) 
"What  is  meant  by  one  fourth?"     "Two 
thirds?"  etc.     (See  A,  (i)  and  (2).) 

"What  are  fourths?  "  "  Sixths? "  etc.  (See  B.) 
"Where  do  we  write  the  name  of  the  frac- 
tion?" 

"Where  do  we  write  the  number  of  units  in 
the  fraction?" 

Summary. 

The  definition  of  the  concrete  fraction  one 
fourth,  three  fifths,  etc.,  in  the  "is"  form 
(one  fourth  is,  etc.)  and  also  in  the  "when 
we"  form  (when  we  make  a  whole,  etc.). 
(A,  (1)  and  (2).) 

Exercises  in  which  the  pupil  is  required  to 
state  which  parts  of  the  fraction  expres- 
sions indicate  the  name  and  which  parts 
the  number  of  units  in  the  fraction.  (A, 
(1)  and  (2).) 

The  definition  of  the  abstract  fraction 
(sixths,  eighths,  etc.)  in  the  "is"  and  in 
the  "when  we"  forms — when  a  whole  is 
made,  etc.,  and  when  we  make  a  whole, 
etc.  (£.) 

Time  required  for  the  development  work  of  this  chapter, 
including  reviews  of  Chapters  1 1- VI,  five  days. 
Total  time  for  the  work  of  Chapters  II-VII, 
twenty-four  days. 


CHAPTER  VIII 

CONSTRUCTION  IN  EXPRESSIONS  IN    +  ,    — , 
AND    X 

Topic: — The  Construction  Forms  of  "  Number  Fact "  Development 
Work  Reviewed 

Note  i. — It  is  absolutely  necessary  for  the  pupils  to 
be  familiar  with  the  forms  of  concrete  expressions  in 
+  ,  — ,  and  X,  of  integral  numbers  as  outlined  on  pp. 
71,  72,  77,  78,  86,  and  101  of  Vol.  I. 

They  should  be  able  to  respond  objectively  to  dicta- 
tions like  the  following: 


+ 

X 

5  +  2 

2X3 

6-2 

4  = 

8  = 

3+6 

3X4 

8-5 

6  = 

12  == 

6  +  1 

4X5 

7-4 

10  = 

15  = 

If  they  have  forgotten  or  have  never  learned  how 
to  make  the  constructions,  the  teacher  must  step  aside 
from  the  regular  line  of  this  development  to  review  or 
teach  it.  A  very  few  exercises  of  ten  minutes  each  will 
suffice.  The  outline  in  this  section  assumes  that  the 
pupil  is  able  to  construct  such  dictations  and  to  read 
and  write  the  constructions. 

Aim.  —To  give  the  child  the  opportunity  to 
infer  directly  that  concrete  expressions  in 
fractions  are  exactly  like  corresponding  ex- 
pressions in  integers.    It  should  not  be  taught 

or  explained. 
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A.  The  Constructions 

No  formal  development  is  required.  The 
teacher  writes  an  exercise  on  the  blackboard 
and  the  child  constructs. 

It  will  be  necessary,  of  course,  to  use  the 
paper  objects  and  these  require  considerable 
space  on  the  pupil's  desk  compared  with  the 
space  needed  for  pegs  or  other  small  objects. 

THE    PRESENTATION 

(1)  The  teacher  writes  on  the  blackboard 
an  exercise  of  ten  or  twelve  expressions  accord- 
ing to  the  number  that  she  thinks  can  be 
made  on  the  child's  desk  at  one  time. 

(2)  The  pupil  constructs  all  of  these  expres- 
sions.   (See  Vol.  I,  pp.  72,  77,  and  81.) 

(3)  The  dictation  is  erased  from  the  black- 
board and  the  pupils  with  pencil  and  paper 
write  their  construction  work. 

(4)  This  completes  the  work.  The  papers 
are  put  back  on  the  desk  and  another  exercise 
is  dictated,  constructed,  and  written  in  the 
same  manner. 

BLACKBOARD    DICTATIONS 

+  X 

3+4        3X4        7-5=         9=         8= 
5+3         2x3        i-|-         f=       Y  = 
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.3.4-2.  Wl  £_4_  10   =  9   = 

^^3  O  *3  99  5  T 

7     I    4  Av5  7._5._  9.—  12.= 

3^  i"  3"  O  A^  4        4  —  8  3 

2  J_4  oV3  8.  _  2_  _  7.  _  10   — 

5"  Tf  *  A  8"  5        5—  4=  "~  9     ""    ' 

2  _|_3  cYl  X—4-—  S- =  -6-  = 

The  above  indicate  the  forms  of  the  dicta- 
tions. 

The  number  of  exercises  to  be  given  under 
this  section  is  left  to  the  teacher's  discretion. 
A  total  of  6o  minutes  would  be  a  large  amount 
of  time. 

CONSTRUCTION   FORMS 

On  page  148  are  the  constructions  of  the 
first  three  expressions  in  each  column  of  Black- 
board Dictations  above  as  they  would  appear 
on  the  pupils'  desks. 

B.  The  Oral  Work  with  the  Constructions 

There  should  also  be  oral  work  in  connection 
with  these  constructions.     The  child  should 
be  taught  to  state  what  each  kind  of  written 
expression  tells. 
3+4     "This  tells  me  to  take  a  three  and  a 

four." 
5X2     " This  tells  me  to  take  five  twos;"  or, 

"This  tells  me  to  take  two  five  times." 
6—3  =  "  This  tells  me  to  take  six  and  take  away 

three." 
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+ 

|  =       "This  tells  me  to  take  nine  thirds  and 


make  an  'and'  expression. 


X 

_8_  _ 


"This  tells  me  to  take  eight  halves  and 
make  a  'times'  expression." 
f  -ff     "This  tells  me  to  take  three  fifths  and 
two  fifths." 

Note  2. — It  is  of  utmost  importance  for  future  devel- 
opment work  in  fractions  that  this  oral  work  be  intro- 
duced and  that  it  be  kept  fresh  and  strong  by  frequent 
reviews.  A  few  minutes  every  day  or  two  should  be 
given  to  it.  Failure  to  recognize  its  importance  will 
mean  failure  to  hold  the  child  at  critical  points  in  future 
development  steps  in  fractions.  The  teacher  will  note 
that  in  each  expression  in  "times"  (5X2,  3Xf,  6Xf) 
there  are  two  forms  in  which  what  it  "tells"  may  be 
stated — five  twos  and  two  five  times;  three  groups  of 
four  thirds,  and  four  thirds  three  times;  and  six  groups 
of  five  eighths,  and  five  eighths  six  times.  Both  of  these 
forms  should  be  required.  The  two  forms  will  be 
spoken  of  as  reading  forwards  and  reading  backwards. 

Summary. 

The  aim — to  revive  the  integer  construction 
forms  of  the  work  in  primary  number  and 
to  continue  it  with  jr  actional  numbers. 

Exercises  in  constructions  without  solutions 
(without  =)  and  in  the  "will  make" 
work  of  primary  number.    This  is  for  the 
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revival  of  the  construction  forms.  (A 
and  Note  I.) 
Exercises  in  oral  work  with  the  construc- 
tions. (B  and  Note  2.) 
Time  required  for  the  development  work  of  this  chap- 
ter, including  reviews  of  Chapters  1 1- VII,  five 
days.  Total  time  for  the  work  of  Chapters 
II— VIII,  twenty-nine  days. 


CHAPTER  IX 

THE  SIGNIFICANCE  OF  THE  EQUALITY  SIGN  (  = ) 

Topic: — That  the  Sign  =  After  an  Addition  Partition,  or  Multi- 
plication Expression  Indicates  that  the  Groups  After 
Construction  Must  be  "Put  Together" 

(i)  Aim. — To  make  the  child's  knowledge 
of  the  significance  of  =  in  "  +,"  "  X,"  and 
"of"  work  more  vivid — to  teach  him  to  know 
and  to  state  the  difference  between  3  +4  and 
3+4=,  between  2X6  and  2x6=,  between 
§  of  6  and  f  of  6  = .  It  will  be  remembered 
that  in  Grade  I.  objects  were  taken  away 
before  "reversed  language"  work  was  intro- 
duced (See  Vol.  I  p.  147,  Note.)  Objective 
work  was  not  needed — in  fact,  it  would  have 
been  out  of  place  in  that  stage  of  the  child's 
number  training.  In  fractions,  however,  the 
case  is  different.  We  are  dealing  with  a  sub- 
ject in  which  we  are  concerned  less  about 
number  "facts"  than  about  number  processes. 
This  makes  objective  work  in  "reversed  lan- 
guage" in  fractions  of  utmost  importance. 

It  will  be  necessary  therefore,  to  give  a  few 
minutes  to  the  development  of  this  form  of 
construction  work  because  the  child  has  had 
no  previous  experience  with  it. 
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(2)  Method  of  presentation. 

(a)  Expressions  in  -{- 
"Show  me  three  and  four" — at  the  same 
time  writing  it  on  the  blackboard,  3  +4. 
The  pupils  make  the  groups — 


"What  does  the  expression  say  when  I 
write  this  after  it?" — (the  teacher  writing 
"  ="  after  the  expression,  3+4=). 

"I  will  tell  you.  The  =  after  it  tells  us  to 
put  the  groups  together." 

"You  may  do  with  your  objects  what  it 
says." 

(The  pupils  now  put  the  groups  together.) 


"How  many  in  your  group ?  "     ( " Seven . " ) 
"4+2"  (Written  on  the  board.) 
"What  does  it  tell  you?" 
"It  tells  me  to  make  a  four  and  a  two.") 
"You  may  make  the  expression." 


1 

► 

1 

EQUALITY  SIGN  (  =  ) 
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4+2=.     (The  teacher  writes  the  "  =  "  as 
given.) 

"What  does  it  tell  you  now?" 

("It  tells  me  to  put  them  together.") 


"You  may  do  what  it  says. 


"How  many  in  your  group?"     ("Six.") 
(6)  Expressions  in  X 

"3X5." 

"What  does  it  tell  you?" 

("It  tells  me  to  make  three  fives.") 

"Tell  it  to  me  backwards." 

("It  tells  me  to  make  five  three  times.") 

"You  may  do  what  it  says." 


"3X5=." 

"  Now  what  does  it  say? " 

("It  tells  me  to  put  the  groups  together.") 

"You  may  do  what  it  says." 

"How  many  in  your  group ? "    (" Fifteen ." ) 

"4X3=-" 

"What  does  this  tell  you?" 
("It  tells  me  to  make  three  four  times  and 
put  the  groups  together.") 
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"You  may  do  what  it  says." 

' '  How  many  in  your  group  ?  "    ( "  Twelve . " ) 

(c)  Mixed  Exercises — Expressions  in  +  and  X 
"5+2=-" 

"This  tells  me  to  make  a  five  and  a  two 
and  put  them  together." 

(The  pupil  should  be  required  to  "make" 
and  "put  together"  while  talking  so  that 
when  he  finishes  what  it  tells,  he  has  the 
concrete  expression  completed.) 

"6X2=." 

("This  tells  me  to  make  six  twos  and  put 
them  together.") 

"You  may  read  backward  what  it  says." 

("It  tells  me  to  make  two  six  times  and  then 
put  them  together.") 

"What  does  the  =  say?" 

("It  says,  Put  the  groups  together.") 

The  teacher  should  give  several  exercises — 
some  in  +,  others  in  X — for  pupils  to  give 
full  statements  of  what  the  dictations  "tell." 
When  the  dictation  is  in  full  (with  the  = )  the 
child  should  "make"  and  "put  together" 
while  he  is  making  his  oral  statement,  so  that 
when  the  statement  is  completed' \he  construction 
is  completed.  He  should  be  required  to  state 
X  expressions  forwards  and  backwards.  In- 
cluded in  these  exercises  should  be  expressions 
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in  fractions— $+$  =,  3  Xf  =,  4  Xf  =,  £  +f  = , 

Summary. 

Exercises  for  training  the  pupil  to  respond 
to  the  sign  =  after  an  addition,  multi- 
plication, or  partition  written  expression 
by  putting  together  into  one  group  the 
used  or  "  seen  "  groups  after  constructions. 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-VIII,  three  days.  Total 
time  for  the  work  of  Chapters  II-IX,  thirty-two 
days. 


CHAPTER  X 
PARTITION — CONSTRUCTIONS  AND  LANGUAGE 

Topics: — Partition    Constructions   With    Fractional    Numbers — 

Even  Partition.    The  Identity  of  the  Partition  Processes 

With  Integral  Quantities  and  With  Fractions 

Aim. — To  give  the  child  an  opportunity 
through  construction  experiences  to  make  the 
easy  inference  that  partition  of  integral  num- 
bers and  partition  of  fractional  numbers  are 
identical  processes. 

Note. — It  is  absolutely  necessary  that  the  pupils  be 
fresh  in  the  partition  construction  work  in  Grades  II. 
and  III.  before  undertaking  this.  (See  Vol.  I,  pp.  197 
and  227. 

A.  Constructions 

(1)  Form  of  blackboard  dictations: 


f  of  8 

JZ_  of  Afl. 
10   U1     9 

toff 

t°f* 

f  of  9 

-3L  of  AS. 

8   Ul     8 

fof¥ 

fofY 

t  of  ¥ 

5.  of  AS 
9   Ui     3 

3.  of  -2A 
7    {JL     4 

5.  of  A6 
8   Ui     6 

t<*v- 

A  of  ^A 
8   Ui     6 

5.  of  AS. 
8    ui     7 

4   of  AA 

7   Ui     8 

2   0f  1& 

8    Ui      7 

1  of  u 

2   Ui     6 

_S  of  -& 
9   Ul   8 

4  of  A2 
6    Ui     9 

5    of  -U 
9    Ui     2 

SL  of  -&- 

3   ui    10 

_8_  of   2  0 
10   Ui     3 

6.  of  2JL 
7   ui     4 

The  above  indicate  the  form  of  exercises 
under  this  section.     No  preliminary  explana- 
tions or  developments  are  necessary. 
156 
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The  number  of  expressions  to  be  given  for 
one  seat  construction  exercise  will  depend 
upon  the  number  of  constructions  that  the 
child  can  put  on  his  desk  at  one  time. 

The  child  should  construct  the  exercise 
without  aid  or  suggestion  by  the  teacher.  The 
teacher  is  free  for  other  school  room  duties 
during  the  constructions. 

2.  Forms  of  constructions. 

On  page  1 58  are  the  forms  of  the  construc- 
tions of  the  first  two  dictations  in  each  column 
in  (1)  above. — (See  Vol.  I,  pp.  195,  196.) 

B.  Oral  Work  with  the  Constructions 

What  was  suggested  in  Chapter  VIII,  B 
about  oral  work  with  constructions  applies 
here.  The  child  should  be  given  exercises  in 
oral  work  with  these  partition  constructions. 
Dictations  should  be  given  on  the  blackboard 
one  by  one  for  pupils  to  state  what  the  expres- 
sions "tell"  him. 

J  of  12. 

("This  tells  me  to  take  12,  make  them  into 
four  equal  groups,  show  three,  and  hide  one.") 

The  oral  work  and  the  construction  should 
go  together — the  child  taking  the  12  as  he 
says  "take  12,"  making  the  four  groups  as 
he  says  "make  them  into  4  equal  groups,"  etc. 
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(**»)  DDOQ 


(w)  G 


r 


1 
9 

i 
9 

1 
1 
8 

1 
9 

71 

_9j 

1 
9 

[_9 

1 

9 

■    i 

_i 

■ 

i 

1 
L  8 

1 
-  8 

-|00 

.  -|oo 

i 

i 

-|CO 

.-loo 

-H    1-H    [h< 


L  -|oo 


(***)  Si 


L  5 


4.  5 


4.  -i^ 


(i*«) 

(hi)  5 

ft°/r) 


4.   2 


pi  ifpi  f^  r 


L  -h« 


L  5 


-|m 


L  8 


L  -loo 


4  of  -I*8- 

6    Ui  Tf  ' 


("This  tells  me  to  take  18  thirds,  make 
them  into  6  equal  groups,  show  five  and  hide 
one.") 
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The  construction  should  go  along  with  the 
oral  statement  as  before — the  child  taking 
18  thirds  as  he  says  "take  18  thirds," making 
the  groups  as  he  says  "make  them  into  6  equal 
groups,"  etc. 

Note. — Require  the  child,  when  he  says,  Make  them 
into  four  equal  groups ;  or,  Make  them  into  6  equal  groups 
or  the  like,  to  say  it  with  heavy  emphasis  on  the  equal. 

C.   Construction  and  Oral  Work  with  the  Sign  = 

Dictations  should  be  given  with  =.  This 
the  child  will  understand,  without  suggestions 
or  explanations  at  this  time,  to  mean  just 
what  it  meant  in  Chapter  IX — "put  them 
together."  It  may  be  introduced  somewhat 
abruptly  as  follows: 

4  of  i£ 

5  ui    2  • 

("This  tells  me  to  take  15  halves,  make 
them  into  five  equal  groups,  show  4  and  hide 
one.") 

(The  oral  work  with  the  construction  as  in  B.) 

2-  of  4  = 
3  Ui  ^     • 

("This  tells  me  to  take  6  eighths,  make 
them  into  3  equal  groups,  show  two,  hide  one, 
and  then  put  them  together.") 

The  oral  work  and  the  construction  should 
go  together  as  before.  When  the  child  says, 
"This  tells  me  to  take  6  eighths,"  he  takes  the 
6  eighths.     He  makes  the  group  while  he  is 
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saying,  "Make  them  into  3  equal  groups." 
He  turns  the  one  group  to  the  "hidden" 
position  as  he  says,  "Hide  one."  He  puts  the 
seven  groups  together  into  one  group  as  he 
says,  "Put  them  together." 

The  teacher  will,  of  course,  understand  that 
"put  them  together"  applies  to  the  "seven" 
groups  only.  The  hidden  groups  are  put 
away  in  the  general  supply  on  the  pupil's  desk. 

3.  of  is  = 

("This  tells  me  to  take  15  thirds,  make 
them  into  5  equal  groups,  show  3,  hide  2,  and 
then  put  the  'seen'  groups  together.") 

The  child  suits  the  action  to  the  word  as  he 
proceeds  with  his  oral  statement. 

Note  i. — This  oral  work  with  constructions  not 
only  in  partition  but  in  addition,  subtraction,  and  multi- 
plication, must  be  kept  up  by  frequent  exercises 
throughout  the  whole  fraction  development  period. 

Note  2. — The  object  work  for  I  of  f  =  and  t  of 
^  = ,  when  completed,  will  be  as  follows : 
(a)  3  of  s  = 


~1 

1 

8 

T. 

—  ■■  1 

1 

8 

-|C0 

- 

r  'i 
1 

.  8 

1 
L  -|oo 

Just  before  the  child  "puts 
them  together." 

After  he  "puts  them  to- 
gether. ' '  The  hidden  group  may 
now  be  put  aside  with  the  papers 
in  the  child's  general  supply. 
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After  completing  the  construction  the  child  com- 
pletes the  dictation — t  of  8  =  8. 
(6)1  of  ¥  = 
Just  before  he  "puts  them  together." 


I   3 


t   3 


i|_|-hl    \\\-r>] 


Just  after  he  "puts  them  together." 


B  0 


L-|n 


-|n 


The  hidden  groups  are  now  returned  to  the  general 
supply. 

After  completing  the  construction  the  child  com- 
pletes the  written  expression — I  of  #  =  l. 

D.   "Will  Make"  Work  in  Partition 

The  aim  is  to  connect  still  more  the  concrete 
work  in  "of"  with  integers*  and  that  with 
fractions. 

There  will  be  no  need  for  explanations  or 
introductory  suggestions.  The  dictations  will 
be  given  abruptly,  the  teacher  relying  for 
proper  response  in  concrete  work  upon  the 
pupil's  power  to  infer.  It  is  assumed  that  the 
child  is  fresh  in  the  partition  construction 
work  in  Grade  II  and  III. 


*  See  Vol.  I,  p.  227. 
11 
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DICTATIONS    FOR    CONSTRUCTIONS 


9  = 

15  _ 

4  "" 

14  _ 

4  — 

18  _ 
9  — 

6  _ 

4  — 

6  = 

16  _ 
6  — 

9  _ 

7  — 

20  _ 

8  ~~ 

8  _ 

9  ~~ 

8  = 

12  _ 

8  — 

8  _ 
6  — 

16  _ 

7  — 

12  _ 
2 

10  _ 
2  ~" 

12  _ 
9  — 

12  _ 
3  — 

10  _ 

8  — 

15  _ 

10  ~ 

Note. — The  pupil's  oral  work  in  exercises  of  this 
kind  is  the  simple  direct  statement,  This  tells  me  to 
take — and  make  a  partition  expression. 

Summary. 

Exercises  in  constructions  without  solutions 
with  integral  and  with  fractional  divi- 
dends. These  to  develop  the  identity  of 
the  construction  forms.    (A .) 

Oral  work  with  constructions  without  solu- 
tions (without  =).  (B.) 

Constructions  and  oral  work  with  solutions 
(with  =).  (C.) 

"Will  make"  work  (dividends,  to  find  and 
write  the  partition  expressions)  in  par- 
tition. This  to  complete  the  develop- 
ment of  the  fact  of  the  identity  of  integral 
and  fractional  partition.  (D.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-IX,  five  days.  Total  time 
for  the  work  of  Chapters  II-X,  thirty-seven  days. 


CHAPTER  XI 

DIVISION — CONSTRUCTION   AND   LANGUAGE 

Topics: — Division  Constructions  With  Fractions.  Division  Terms, 
Division,  Divident,  etc. 

Aim. — The  step  from  "has  how  many" 
constructions  with  integers  to  similar  con- 
structions with  fractions  in  which  no  change 
in  denominator  is  involved  is  very  easy  and 
natural,  requiring  no  development  work.  The 
child  simply  needs  the  opportunity  to  con- 
struct. He  will  infer  that  division  with  frac- 
tions (objective)  differs  from  that  with  integers 
only  in  the  kind  of  objects  used — that  the 
processes  are  identical. 

The  aim  of  this  section  is  to  give  the  child 
the  opportunity  for  such  experience,  to  teach 
him,  in  connection  with  his  work,  certain 
terms — division,  divide  by,  quotient,  etc., — and 
to  express  "part  groups"  in  regular  fraction 
language  instead  of  in  the  "toward  making 
another  group  of"  language. 

A.  The  Terms  Division,  Divide,  and  Divided  By 

I.  The  Oral  Terms  Developed 
8-^4=.      (The   teacher   writes   it    on    the 
blackboard.) 

163 
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"What  kind  of  an  expression  is  this?" 
("It  is  a  'has  how  many'  expression.") 
"Yes,  but  I  want  you  to  learn  to  call  it  also 

a  division  expression.     We  shall  call  this  the 

short  way." 

"What  does  it  tell  you?" 

("It  tells  me  to  take  8  and  make  it  into 

groups  of  4.") 

"Yes,  but  there  is  another  way  to  say  it — 

a  short  way.    It  tells  us  to  divide  8  by  4." 
12  4-3  =.     (Written  on  the  blackboard.) 
"What  kind  of  an  expression  is  this?" 

want  you  to  say  it  the  short  way." 
("It  is  a  division  expression.") 
"Say  it  the  long  way." 
("It  is  a  'has  how  many'  expression.") 
"What  does  it  tell  you  (short  way)?" 
("It  tells  me  to  divide  12  by  3.") 
"You  may  make  it." 


I 


- 

1 

1 

K 

1 

■ 

1 

* 

L 

±g-  ~f  =.     (Written  on  the  blackboard.) 
"What    kind    of    an    expression    is    this?" 
"Say  it  the  long  way." 

("It  is  a  'has  how  many'  expression.") 
"Say  it  the  short  way." 
("It  is  a  division  expression.") 
"What  does  it  tell  you  (long  way)?" 
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("It  tells  me  to  take  ten  fourths  and  make 
them  into  groups  of  two  fourths.") 
"Say  it  the  short  way." 
("It  tells  me  to  divide  \°-  by  £.") 
"You  may  make  it." 

El  F  "*  ~  "* 


The  teacher  should  give  a  dozen  or  more 
additional  exercises  in  the  same  manner  asking 
the  questions  which  have  been  suggested,  with 
each : — 


16  .  4.  _ 

"3~  '  3  — 

12  ___J_  — 

5   '  5  ~ 

18  _i_.fi.  _ 

8   •  8  ~~ 


14  ___  7.  __ 
9  •  9  — 
10  •  5  _ 

-8--S  - 

18  -i-9  = 


20 

~6~ 


o  .  _s  — 

15  ___  3.  _ 

4  '  4  ~ 

12  ___3.  _     16  .  3. 

7  •  7  _     5*5 


9+3- 


2.  7"^^  Written  Terms 

The  following  should  be  dictated  orally  for 
pupils  to  express  in  writing  or  to  construct — 
"Ten  thirds  has  how  many  two  thirds?" 
(The  pupils  write  it — yi -_-£=.) 
"Divide  twelve  fourths  by  four  fourths." 
(The  pupils  write  it.) 


Make  it. 


L  4 


H.  4 


Pi 

n.  4 


"  Make  what  we  mean  when  we  tell  any  one 
to  divide  eight  fifths  by  two  fifths." 
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(The  pupils  construct.) 


7—3-,        7-—U       f7— *i       fr^3 
I  I  I  I 

43      LJ3J     LJ3      L3 


"I  am  thinking  of  dividing  12  by  6." 
"Write  it." 

(The  pupils  write  1 2  +  6  = .) 

" Ten  fifths  divided  by  four  fifths."  "Write 
it." 

Note. — This  introduces  "divided  by"  at  a  time 
when  it  will  offer  no  difficulty  to  the  child. 

"Twelve  eighths  divided  by  five  eighths." 
"Construct  it." 


^\q]    "Hie 


B.  Quotient  and  Reading  the  Part=group  in  Regular 
Fraction  Language 

i.  The  Language  Developed 

(a)  "Make  eight  thirds  divided  by  three 
thirds."    (This  to  be  dictated  orally.) 


m 


L  3 


"What  you  have  made  on  your  desks  is 
called  the  quotient."  "When  we  make  a 
division  expression,  we  make  what  is  called 
the  quotient  of  the  expression." 
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"What  does  your  quotient  say?" 

("It  says  two  groups  and  two  toward  mak- 
ing another  group  of  three  pieces.") 

"Can  you  think  of  a  shorter  way  of  reading 
the  part-group?" 

("Two  thirds.") 

"Write  the  whole  expression  with  the 
quotient." 

(2f.) 

"Show  me  the  objective  quotient." 
(The  child  points  to  his  construction.) 
"Show  me  the  written  quotient." 
(The  child  points  to  the  written  2§.) 
"Does  the  part -group  look  like  two  thirds 
of  a  group?" 

(b)  "Nine  fifths  divided  by  four  fifths." 
"Write  the  expression." 

"You  may  construct  it." 
"Read  the  quotient  the  long  way." 
("Two    groups    and    one    toward    making 
another  group  of  four  pieces.")* 

"Can you  think  of  a  shorter  way  to  read  it? " 


*  It  is  best  to  use  the  word  piece  or  pieces  in  express- 
ing the  fractional  groups  when  the  units  in  the  group 
are  fractional.  In  8-7-3  =  2$ ,  we  say,  Two  toward 
making  another  group  of  three."  In  f-5-f  =  2-|,  we 
say,  Two  toward  making  another  group  of  three 
pieces.     In  the  "short  way"  each  is  read  two-thirds. 
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("Two  and  one-fourth  groups.") 
"Does  the  part-group  look  like  one-fourth 
of  a  group?" 

(c)  " Divide  eight  by  three."    "Write  it." 

(8-^-3=.) 

"Show  me  the  objective  quotient." 

"Write  the  expression  including  the  quo- 
tient." 

(8+3-2*.) 

"Read  the  part-group  the  short  way." 

("Two  thirds.") 

"Does  the  objective  part -group  look  like 
two  thirds  of  a  group?" 

(d)  "Divide  eleven  sixths  by  four  sixths." 
"Write  it." 

(ix  .1-4  =  ) 

\  6      '6        •/ 

"Make  the  objective  quotient." 

"Write  the  quotient."     (2f.) 

"Show  me  the  objective  quotient."   (The 

pupil  points  to  his  construction.) 
"What  is  it? "    (Pupil  reads  it— 2f  0 
"Show  me  the  written  quotient." 
"What  is  it,  expressing  the  part-group  like 

a  fraction?" 

("Two  and  three  fourths  groups.") 

"  Does  the  part-group  look  like  three  fourths 

of  a  group?" 
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2.  The  Language  Applied  to  Graphic  Objective 
Work 

The  teacher  draws  on  the  blackboard  pic- 
tures of  objective  quotients  for  pupils  to  state 
or  write  the  division  statements.  In  making 
these  graphic  objective  expressions,  the  teacher 
should  state  clearly  as  she  makes  each  one, 
"These  are  halves;"  or,  "These  are  thirds;" 
or  "These  are  eighths;"  or,  "These  are  inte- 
gers;" etc.  The  pupil  should  be  required  to 
state  the  expressions  in  the  "divide"  or  the 
"divided  by"  form  and  the  part-groups  in  the 
fraction  form. 

(a)  "These  are  fourths." 

"This  is  a  quotient."  "What  was  the  divi- 
sion expression?" 

"I  want  the  'divided  by'  form." 

("It  was  eight  fourths  divided  by  three 
fourths.") 

"State  it  in  the  'divide'  form." 

("Divide  eight  fourths  by  three  fourths.") 

"State  it  in  the  long  form." 

("Eight  fourths  has  how  many  groups  of 
three  fourths.") 


000 
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"Read  the  quotient."  ("Two  groups  and 
two  pieces  toward  making  another  group  of 
three  pieces.") 

"Read  it  in  the  fraction  form." 
("Two  and  two-thirds  groups.") 
"Does  the  part-group  look  like  two-thirds 
of  a  group?"  * 

"Write  the  full  division  expression." 

(£.  JL.J3   _o2.  \ 
V4    '    4   —^3'J 

(b)  "These  are  halves." 
"This  is  quotient."     "Read  it  in  fraction 
form." 

"What  was  the  division  expression?" 
("Divide  five  halves  by  four  halves.") 


"Tell  me  what  it  is  in  the  divided  by  form." 
("Five  halves  divided  by  four  halves.") 
"Give  it  the  long  way." 
("  Five  halves  has  how  many  four  halves?  ") 
"Write  the  full  division  expression." 


*  This  question  should  be  asked  regularly.  The 
aim  in  asking  it  again  and  again  is  to  have  the  pupil 
acquire,  if  possible,  the  habit  of  looking  at  the  part- 
groups  to  see  that  they  really  are  what  the  fraction  form 
of  expression  calls  them.  This  habit  is  the  development 
basis  in  ''3  below."  If  the  child  has  acquired  this  habit, 
that  development  plan  will  be  successful. 
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(5.  ^.4   _T1  ) 

"Read  the  quotient  the  short  way." 

("One  and  one-fourth  groups.") 

"Does  the  part-group  look  like  one-fourth 
of  a  group?" 

The  above  suggestions  indicate  the  forms  of 
expressions  that  are  to  be  worked  out  and  the 
terms  that  should  be  emphasized  in  this  sec- 
tion. Several  dozen  such  expressions  should 
be  given  before  passing  to  (3).  The  fraction 
form  of  expressing  the  part-groups  js  of  utmost 
importance.  It  will  be  used  later  in  the  further 
development  of  division  of  fractions,  the  more 
care  and  attention  given  it  now  the  better 
prepared  the  child  will  be  for  that  work. 

?.   Written   Quotients  for  Pupils  to    Construct 
and  Write  the  Division  Expressions 

{a)  3f. 

1 '  This  is  a  quotient . "  "  M  ake  the  expression 
using  thirds." 

(Pupils  construct.) 

"Write  the  full  division  expression." 

V  3      -3    — 04'/ 

"Does  your  part-group  look  like  three- 
fourths  of  a  group?" 

(»)  5i-  _ 

"This  is  a  quotient."  "Construct  and 
write  the  full  division  expression  using  fifths." 
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(The  pupils  construct  and  then  write  the 
full  expression: — ^  h-|-  =5-J.) 

"Does  your  part-group  look  like  one  half 
of  a  group?" 

to  6J. 

"This  is  a  quotient."  "The  units  in  the 
division  expression  were  thirds."  "Construct 
and  write  the  full  division  expression." 

V  3      '3        u4'/ 

"Does  your  part-group  look  like,  etc?" 

"This  is  a  quotient."  "The  units  in  the 
division  expression  were  integral."  "Con- 
struct and  write  the  expression  in  full." 

(23-5=4t-) 

"Does  your  part-group  look,  etc.?" 

Seat  written  work  may  be  given   in  the 

following  form — 

2\  (fourths)     .    5f  (integers) 

3i  (eighths)         if  (fifths) 

4|  (ninths)  3^  (integers) 

The  word  in  the  parenthesis  tells  the  pupil 

the    denomination    to    use    in    the    division 

expression. 

4.  Oral  Quotients  for  Construction  of  Division 
Expressions 

(a)  "The  quotient  is  three  and  three- 
fourths.  The  objects  are  eighths.  Construct 
and  write  the  division  expression." 
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The  pupil  constructs: — 

rau 


i 


H.S 


He  then  writes  the  full  expression — (x£-  +  i- 

-3*0 

"Does  your  part-group  look  like  three- 
fourths  of  a  group?" 

(b)  "The  quotient  is  two  and  five  sixths. 
The  objects  are  integers.  Construct  and 
write  the  division  expression." 

The  pupil  constructs: — 


li% 


He  then  writes  as  before — (17  4-6  =2§.) 
The  question  is  again  asked  about  the  part- 
group. 

Several  exercises  of  this  kind — a  dozen  or 
more — should  be  given. 

C.  Reviews 

Definitions  of  integer,  fraction,  mixed  num- 
ber, integral  number,  fractional  number. 

Where  do  we  write  the  fraction  name? 

Where  do  we  write  the  fraction  number? 

What  do  we  mean  by  three  fourths?  (See 
Chapter  VII,  A.) 
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(i)  The  "is"  form. 
(2)  The  "when  we"  form. 
What  do  we  mean  by  fourths?    (See  Chapter 
VII,  B.) 

(1)  The  "is  made"  form. 

(2)  The  "when  we  make"  form. 
Constructions  every  day  in  +  ,   — ,   X,  and 

"of"  with  fractions,  reviewing  the  oral,  writ- 
ten, and  construction  language. 

Summary. 

Division  constructions  using  fractional  num- 
bers— the  denominators  common. 
The  terms  divisor,  divide,  divided  by.  (A.) 
Quotient — the  term  introduced.  (B.) 
Part-groups  expressed  orally  and  in  written 
form  in  fraction  language  (B,  (1)  and  (2).) 
Finding  the   division   expression   from  the 

written  quotient.     (B,  3.) 
Find    the    division    expressions    from    the 
quotient  expressed  orally.    (B,  3.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-X,  five  days.  Total  time 
for  the  work  of  Chapters  II-XI,  forty-two  days. 


CHAPTER  XII 

THE   WRITTEN   MIXED   NUMBER 

Topic: — To  Discriminate  Between  \,  a  Mixed  Number,  and  2-f  \, 
a  Number  "Not  Mixed" 

Aim. — (1)  To  draw  the  child's  attention  to 
the  difference  in  the  forms  of  the  construction 
between  an  expression  that  is  a  mixed  number 
and  the  same  (oral)  expression  when  it  is  not 
mixed. 

(2)  To  teach  him  how  to  write  mixed  num- 
bers and  how  to  change  them  to  forms  in 
which  they  are  not  mixed. 

A.  The  Concrete  and  the  Written  Forms  Developed 

I.  Objects  in  Pupil's  Hands 

"Show  me  a  number  having  two  integral 
and  two  fractional  units — thirds." 


B 


rk 


3 


"What  kind  of  a  number  have  you?" 
("I  have  a  mixed  number.") 
"How  many  numbers  have  you ? "  ( " One . " ) 
"What  is  your  number?"  * 


*  The  child  should  read  it  without  suggestion  or 
assistance.     He  is  able  to  construct  a  mixed  number 
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("Two  and  two  thirds.") 

"Show  me  the  same  not  mixed."  * 


L  3 


"How  many  numbers  have  you?" 

"What  are  your  numbers?" 

("Two  and  two  thirds.") 

"Show  me  two  numbers — one  having  four 
fractional  units,  sixths,  the  other  three  integral 
units."  (The  pupil  will  construct  in  the  order 
that  the  dictation  is  given.) 


m 


"How  many  numbers  have  you?" 

("Two.") 

"What  are  your  numbers?") 

("Four  sixths  and  three.") 

"Show  me  the  same  mixed." 


1 


and  to  recognize  one  in  the  concrete.  This  develop- 
ment leads  up  to  the  written  "mixed"  and  "not  mixed" 
numbers. 

*  See  to  it  that  the  pupils  arrange  their  objects  so 
that  the  integer  shall  stand  first,  the  fraction  second 
in  order. 
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"How  many  numbers  have  you?" 

("One.") 

"What  is  your  number?" 

"Three  and  four  sixths." 

"Show  me  two  numbers — one  having  three 
fractional  units,  halves,  the  other  five  integral 
units." 

"How  many  numbers  have  you?" 

("Two.") 

"What  are  your  numbers?" 

("Five  and  three  halves.") 

"Show  me  the  same  mixed." 

"How  many  numbers  have  you?" 

("One.") 

"What  is  your  number? " 

("Five  and  three  halves.") 

"Show  me  a  mixed  number  having  two 
integral  units  and  four  fifths." 

"How  many  numbers?" 

("One.") 

"What  is  the  number?" 

("Two  and  four  fifths.") 

"Show  me  the  same  not  mixed." 

"How  many  numbers?" 

("Two.") 

"What  are  the  numbers?" 

("Two  and  four  fifths.") 

"Show  me  a  mixed  number  of  any  kind  you 
wish." 
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"How  many  numbers  have  you?" 
"What     is    your     number?"       "Yours?" 
"Yours?" 

"Show  me  the  same  not  mixed." 
"How  many  numbers  have  you?" 
"What    are   your   numbers?"      "Yours?" 
"Yours?" 

"Show  me  two  and  three-fourths  mixed." 
"Show  me  two  and  three-fourths  not  mixed.' 
"Show  me  five  and  three  halves  not  mixed." 
"Show  me  five  and  three  halves  mixed." 
(Several  dictations  should  be  given — twenty 
or  more — the  child  being  required  to  read  each 
construction,  to  state  how  many  numbers  it 
contains,  to  read  it,  and  to  change  "mixed" 
to  "not  mixed"  and  the  reverse.) 

2.  The  Written  Expressions 

"Show    me    three    and    three-eighths    not 
mixed." 

"How  many  numbers  have  you?" 

"Two." 

"Write  the  numbers  of  the  blackboard." 

(3+10 

"Show  me  the  same  mixed." 
"How  many  numbers  have  you?" 
("One.") 

"I  will  now  show  you  how  to  write  it  so 
that  people  will  know  that  the  number  is  a 
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mixed  number."  (3 J.)  "I  have  written  the 
parts  close  together  without  the  '  and  ' . "  "  This 
means  that  it  is  three  and  three  eighths  mixed." 

"  Show  me  three  and  one  half  not  mixed." 

"Write  it  on  the  blackboard." 

(3+iO 

"Show  me  the  same  mixed." 
"Write  it  as  a  mixed  number." 

(3i0 

"Show  me  four  and  two  thirds  mixed." 

"Write  it." 

(410 

"Show  me  the  same  not  mixed." 

"Write  the  expression." 

(4+fO 

j.  Graphic  Object  Work  for  Pupils  to  Write 
The  teacher  draws  objective  expressions  on 
the  blackboard  for  pupils  to  state  the  kind  of 
numbers  {mixed  numbers  or  two  numbers)  and 
to  write  them. 


L  5 


"What  kind  of  a  number?" 
"Write  it." 

(2f.)  r 

"Whatisthis?"  [ 
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("Two  numbers.") 
"Write  the  numbers." 

(3+iO 

The  teacher  should  give  in  this  way  several 

expressions,  mixed  numbers  and  numbers  not 
mixed,  for  pupils  to  write. 

4.  Dictations  for  Constructions 
The  dictation  exercises  should  be  written  on 
the  blackboard  for  pupils  to  construct. 


2* 

6J 

3| 

2+1 

3i 

5+1 

8+f 

If 

2+t 

6+| 

9+f 

4i 

5+i 

5+A 

72. 

8f 

31 

6f 

3+f 

M 

After  the  construction  work  has  been  com- 
pleted by  all,  the  dictation  should  be  erased 
and  the  pupils  required  to  write  the  exercise 
from  the  concrete  work  on  their  desks.  The 
teacher  should  examine  the  constructions  on 
the  desks  and  afterwards  the  written  work 
from  the  constructions. 

B.  Classifications  of  Numbers  as  to  Form 

Pupils  should  give  illustrations  in  written 
forms  of  the  three  kinds  of  numbers  that  they 
have  learned — (See  Chapter  IV,  E.) 

(1)  Integral. 

(2)  Fractional. 

(3)  Mixed. 
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These  terms  have  been  defined  as  follows : — 

An  integral  number  is  a  whole  number. 

A  whole  number  is  one  or  a  group  of  wholes. 

A  fractional  number  is  one  or  more  than  one 
of  the  equal  parts  of  a  whole. 

A  mixed  number  is  a  number  having  one  or 
more  integral  units  and  one  of  more  fractional 
units  of  one  kind. 

Note. — The  teacher  must  bear  in  mind  that  all 
previous  work  must  be  kept  fresh  by  occasional  brief 
reviews — the  construction  and  the  language  work  of 
addition,  subtraction,  multiplication,  division,  and 
partition. 

The  arithmetical  terms  should  be  kept  in  use  and 
the  definitions  that  have  been  developed  should  be 
called  for  very  frequently. 

Summary. 

Exercises  in  the  construction  of  "mixed" 
numbers — oral  dictations — (See  Chapter 
III)  and  in  changing  the  form  so  that  the 
construction  will  be  "not  mixed" — two 
numbers.    (A,  i.) 

Teaching  to  write  such  numbers  so  that  the 
written  expression  will  show  that  the  con- 
struction would  be  a  mixed  number.  (A,  2.) 

Exercises  in  writing  numbers  from  construc- 
tions so  that  the  written  expressions  will 
indicate  whether  it  is  "mixed"  or  "not 
mixed."    (A,  3.) 
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Numbers      classified — integral,    fractional, 
mixed.    (B.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XI,  five  days.  Total  time 
for  the  work  of  Chapters  II-XI  I,  forty- seven  days. 


CHAPTER  XIII 

THE    SERIES    OF    FRACTIONAL    EQUIVALENTS — 
FROM    INTEGERS 

Topic: — The  Construction  of  a  Fraction  Series  that  is  Complete 

Aim. — To  give  the  child  the  construction 
experiences  that  will  teach  him  that  half  is  the 
largest  possible  fractional  unit,  third  the  next 
smaller,  fourth  the  next  smaller,  etc. — that 
half,  third,  fourth,  fifth,  etc.,  constitute  the 
fraction  series  complete,  there  being  no  frac- 
tional unit  intermediate  at  any  point  in  the 
series.  It  aims,  in  other  words,  to  impress 
upon  the  child  strongly  the  fact  that  when 
we  have  made  a  whole  into  two  equal  parts, 
another  whole  into  three  equal  parts,  another 
whole  into  four  equal  parts,  etc.,  we  have 
made  all  the  fraction  forms  that  are  possible. 
This  development  is  the  introduction  to  frac- 
tion reductions. 

A.  The  Constructions 

i.  The  Object  Work  Developed 
"Each  of  you  may  take  a  whole." 
"I  want  you  to  make  this  into  fractions 
but  the  fractions  must  be  the  very  largest 
that  can  be  made." 
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(There  is  no  question  that  every  one  will 

make  halves.) 

"What  did  you"  (to  some  pupil)  "make?" 
("Two  halves.") 

To  another  pupil,  "What  did  you  make?" 
In  answer  to  this  question  the  teacher  must 

bring  out,  "I  tore  my  whole  into  two  equal 

parts." 

"You  may  take  another  whole." 

"This  time  I  want  you  to  make  your  whole 

into  the  largest  possible  fractions  excepting 

halves." 

(Some   pupils   may   make  fourths.      Most 

pupils,  however,  will  respond  more  carefully 

and  make  thirds. 

To  some  pupil,  "What  did  you  make?" 
To  another,  "What  did  you  make?" 
Those  who  made  fourths,  will  recognize  that 

they  have  been  "caught." 

The  teacher  did  not   "catch"   those  who 

made  thirds. 

The  question  is  again  asked,  "When  I  asked 

for  the   largest   possible   fractions   excepting 

halves,  what  did  you  do?" 

("I  made  my  whole  into  three  equal  parts.") 
The  teacher  should  now  have  pupils  take 

another  whole  and  make  it  into  the  largest 

possible  fractions.     She  should  then  ask  as 

before,    "What    have    you?"      ("Halves.") 
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"What  did  you  do?"  (I  made  my  whole  into 
two  equal  parts.") 

She  should  then  have  another  whole  taken 
and  made  into  the  largest  possible  fractions 
excepting  halves.  The  questions,  "What 
have  you?"  and  "What  did  you  do?"  should 
be  asked,  as  before,  so  as  to  bring  out  the 
answers,  "I  have  three  thirds,"  and  "I  made 
my  whole  into  three  equal  parts.") 

She  should  now  have  pupils  take  another 
whole  and  make  it  into  the  largest  possible 
fractions  excepting  halves  and  thirds,  the  two 
questions  being  asked  again  and  again  so  as 
to  bring  out  that  the  pupils  made  the  whole 
into  four  equal  parts. 

Note  i. — In  all  this  work  the  fractions  as  made 
should  be  marked,  each  with  its  proper  mark  A  yi  or 
AJ4  or  B  Y*  or  C  Yi  (see  "Chapter  I,  C,  5.")  and 
each  piece  placed  in  its  proper  section  of  the  fraction 
receptacle  (see  "Chapter  I,  C,  7.)  for  use  later  in 
fraction  constructions.  In  this  way  the  fraction-parts 
now  being  made  are  not  waste  material. 

The  teacher  will  now  repeat  the  work  and 
the  questions  on  "largest  possible  fractions" 
on  "largest  possible  fractions  excepting  thirds," 
etc. 

Following  this  will  be  similar  work  upon 
fifths,  sixths,  sevenths,  eighths,  etc.  This 
work  will  bring  out  that: — 
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(i)  The  largest  possible  fractions  are  halves, 
the  next  largest  are  thirds,  the  next  largest  are 
fourths,  etc. 

(2)  The  largest  possible  fractions  are  made 
by  making  a  whole  into  two  equal  parts;  the 
next  largest,  by  making  a  whole  into  three 
equal  parts;  the  next  largest,  by  making  a 
whole  into  four  equal  parts;  etc. 

2.  Seat  Constructions 

The  child  should  be  given  seat  work  in 
fraction  equivalents: — 

1  =  3- 

2=  6  = 

4-  5  = 

In  1  = ,  the  child  arranges  the  fraction  series 
with  objects  across  his  desk  (from  left  to  right) 
in  order  as  follows  :— 


A 
J_ 

H_2- 


etc. 


In  2  =,  he  arranges  the  equivalents  in  the 
same  way: 


c 

J_ 

^  2 


c 
I 

H   3 


etc. 


Note  2. — There  will  not  be  room  enough  on  a  desk 
for  more  than  two  or  three  such  series  at  one  time. 
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3.   Writing  Out  the  Series  from  the  Seat 
Constructions 

After  the  object  work  has  been  arranged 
(two  or  three  series  like  1  = ,  3  = ,  2  = )  the 
child  should  write  the  series: — 

T   —  2.  3.     4.    A     o+r< 

1   ~~  2>  3»    4>    5»   CL<— 

1  —6.  9.     JL2      1_5     afr. 

O  ~~  2>  3»     4  >     5  »   ctu« 

O  _4  6      8      1_0     ~+0 

•^  —  2»  3~»    4>     5  »   ct*-" 

B.  Oral  Statements  on  Constructions 

1.  Statements  on  Single  Constructions 

To  make  the  work  of  A  permanent  the  con- 
struction facts  must  be  put  into  oral  state- 
ments which  the  following  questions  suggest: 

"How  would  you  make  the  largest  frac- 
tions?" 

("I  would  take  a  whole  and  make  it  into 
two  equal  parts.") 

"How  would  you  make  the  fractions  that 
are  next  smaller?" 

("I  would  take  a  whole  and  make  it  into 
three  equal  parts.") 

"How  would  you  make  the  fractions  that 
are  next  smaller?" 

("I  would  take  a  whole  and  make  it  into 
four  equal  parts.") 

The  questioning  should  continue  on  the  next 
smaller  and  the  next  smaller,  etc. 
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2.  Statements  on  Series  Constructions 

(a)  "How  would  you  make  the  largest 
possible  fractions  and  then  the  others  in 
order?" 

("I  would  take  a  whole  and  make  it  into 
two  equal  parts,  then  another  whole  and  make 
it  into  three  equal  parts,  then  another  whole 
and  make  it  into  four  equal  parts,  etc.") 

(b)  "If  we  should  make  a  whole  into  the 
largest  possible  fractions  in  order  what  would 
we  have?" 

("We  would  have  two  halves,  three  thirds, 
four  fourths,  five  fifths,  etc.") 

(c)  "What  are  the  fractions  in  order  begin- 
ning with  the  largest?" 

("Halves,  thirds,  fourths,  fifths,  etc.") 

(d)  "Is  there  a  possible  fraction  between 
halves  and  thirds — smaller  than  a  half  and 
larger  than  a  third?" 

"Is  there  a  possible  fraction  between  thirds 
and  fourths — smaller  than  a  third  and  larger 
than  a  fourth?" 

These  questions  suggest  the  lines  of  ques- 
tions that  should  be  asked. 

(The  aim  here  is  to  settle  it  definitely  and 
firmly  in  the  child's  mind  that  halves,  thirds, 
fourths,  fifths,  etc.,  are  all  the  fractions  there 
are — that  no  one  can  make  an  intermediate 
fractional  unit  in  any  part  of  the  series.) 
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The  teacher  should  ask  these  questions — 
(a),  (6),  (c),  and  (d) — frequently  for  weeks  as 
recitation  exercises.  They  involve  informa- 
tion that  the  child  should  have  and  that  he 
should  be  required  to  give  very  many  times 
now  in  connection  with  object  work  as  well 
as  in  the  future  when  not  using  objects. 

C.  Seat  Work  in  Equivalents — Without  Objects 

1.  Written  Exercises 

Many  exercises  now  and  an  occasional 
exercise  in  the  future  should  be  given  in  writing 
out  fractional  equivalents  in  series  form.  The 
child  should  do  enough  of  this  work  to  enable 
him  to  write  series  equivalents  rapidly.  In 
examining  seat  work  the  teacher  must  make 
sure  that  the  written  series  is  complete — no 
term  overlooked.  The  term  series  must  be 
put  into  use  by  the  teacher.  Teacher  and 
pupil  should  make  regular  and  free  use  of  it. 

FORM    OF   BLACKBOARD    DICTATION 

Write  five  terms  of  each  series: — 
I  =  4  =  6  = 

5=  3=  2= 

2.  Oral  Work 

The  child  must  be  asked  in  connection  with 
this  written  work  to  state  how  he  makes  the 
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fraction  series  from  the  various  numbers.  For 
illustration,  he  must  state  in  answer  to  the 
question,  How  is  the  fraction  series  from  3 
made,  "I  take  three  and  make  each  unit  into 
two  equal  pieces,  then  I  take  another  three 
and  make  each  into  three  equal  pieces,  then 
I  take  another  three  and  make  each  into  four 
equal  pieces,  etc." 

He  should  be  called  upon  for  oral  statements 
of  equivalents  in  regular  series — 
"What  will  two  make — the  series?" 
("Two  will  make  four  halves,  six  thirds, 
eight  fourths,  ten  fifths,  twelve  sixths,  etc.") 
"What  is  the  fraction  series  from  four?" 
("Eight     halves,     twelve     thirds,     sixteen 
fourths,  etc.") 

The  pupils  should  be  called  upon  frequently 
to  give  fraction  series  orally,  to  write  series,  to 
give  the  names  of  the  fractions  in  series, 
etc. — 

"Write  the  fraction  series  from  two." 
"What  are  the  names  of  the  fraction  series 
from  one?" 

("Halves,  thirds,  fourths,  fifths,  etc.") 
These  questions  and  those  suggested  in  B 
above  should  be  in  constant  use  now  and 
should   be   brought   up    in    review   exercises 
frequently  in  the  future. 
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j.  The  "  Terms"  of  Series 

The  teacher  must  introduce  the  word 
"terms,"  teaching  pupils  to  refer  to  the  parts 
of  series  as  "terms"  of  the  series. 

"What  are  the  names  of  the  fraction  series 
to  the  fifth  term?" 

("The  names  of  the  fraction  series  to  the 
fifth  term  are  halves,  thirds,  fourths,  fifths, 
sixths.") 

"What  are  the  first  and  fourth  terms  of  the 
fraction  series  from  two?" 

("Four  halves  and  ten  fifths.") 

"Write  the  first  and  sixth  terms  of  the  frac- 
tion series  from  three?" 

(&.   13.  \ 

\2>     6   •/ 

Summary. 

Aim. — The  construction  of  the  largest  pos- 
sible fractional  units,  the  next  smaller  in 
size,  the  next  smaller,  etc. 
The  Development. 
Object  work. 

The  class  work  for  constructions.  (A ,  1.) 
Seat  work  for  constructions.    (A,  2.) 
Writing  the  series  from  the  construc- 
tions.   (A,  j.) 
The  oral  work  on  constructions.    (B.) 
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Work  without  objects.    (C.) 
Writing  series.     (C,  I.) 
Oral  work  on  the  written  series.    (C,  2.) 
The  terms  series  (C,  1)  and  terms  (C,  3.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XII,  four  days.  Total  time 
for  the  work  of  Chapters  II-XIII,  fifty-one  days. 


CHAPTER  XIV 

SERIES — PUNCTUATION   AND    VOCABULARY 

Topics : — The  Punctuation  of  Written  Work.    The  Terms — Series, 
Denominator,  Numerator,  Equivalent 

A.  Punctuation  of  Written  Work 

In  connection  with  the  written  language  or 
composition  work  at  this  period  the  child  is 
doubtless  required  to  state  the  rule  for  and  to 
use  commas  with  series  of  words  or  phrases. 
The  rule  is,  "When  I  have  a  series  of  three 
or  more  terms  I  must  separate  them  by 
commas."  This  rule  must  be  carefully  ob- 
served by  teacher  and  pupils  in  writing  frac- 
tion series  and,  in  fact,  any  kind  of  regular 
number  series  of  three  or  more  terms.  The 
teacher  should  regard  an  exercise  as  seriously 
imperfect  if  the  commas  are  omitted.  The 
pupil  should  be  required  very  frequently  as 
in  other  forms  of  written  language  work,  to 
state  why  the  comma  is  used.  He  should 
point  out  the  terms  of  the  series,  show  that 
there  are  three  or  more,  and  show  that 
commas  separate  them  in  accordance  with 
the  rule. 
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B.  The  Vocabulary 

There  are  several  terms,  some  of  them 
already  in  use,  that  must  at  this  time  be 
established  in  the  child's  working  vocabulary. 
They  are  "series,"  "terms,"  "odd,"  "even," 
"denominator,"  "numerator,"  and  "equiva- 
lent." "Series"  was  introduced  following  the 
development  of  the  fraction  equivalents  of 
i,  4,  2,  etc.,  as  the  name  of  the  development 
product.  Each  set  of  constructions  arranged 
in  sequence  was  spoken  of  as  a  series  and  the 
numbers  or  groups  which  made  up  the  series 
were  spoken  of  as  terms,  thus  bringing  the 
words  into  use  in  connection  with  that  which 
they  signify.  It  remains  for  teacher  and  pupil 
to  make  constant  use  of  them. 

i.  Series 

a.   APPLIED   TO   INTEGRAL   NUMBERS 

The  development  will  rely  upon  the  child's 
power  to  make  an  easy  inference.  He  has 
used  the  term  again  and  again  in  work  with 
fraction  series  from  integers.  The  plan  of 
development  is  based  upon  the  theory  that 
the  child  should  be  able  to  infer  from  series 
and  integral  number  what  the  series  of  integral 
numbers  is. 
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METHOD    OF    PRESENTATION 


(1)  Objects  in  the  pupil's  hands. 
"Show  me  an  integral  number."  * 
"Objects  aside." 

"Show  me  a  different  integral  number?"  * 
"  Show  me  the  full  series  of  integral  numbers 
to  six  terms." 


DO 


7=1    m=^    ^rj==^     [n=p^ 


"Objects  aside." 

"Show  me  the  second,  fifth,  and  eighth 
terms  of  the  integral  number  series." 

One  or  two  more  dictations  will  be  sufficient 
except  for  an  occasional  exercise  later. 

(2)  Objects  in  the  teacher's  hands. 

The  teacher  should  now  reverse  the  form  of 
exercise  by  making  series  for  pupils  to  in- 
terpret— 

("You  are  showing  me  the  series  of  integers 
to  three  terms.") 


*  These  two  constructions  are  asked  for  in  order  to 
turn  the  pupils'  lines  of  thought  in  the  direction  of  in- 
tegral numbers.  They  overcome  the  mental  inertia  and 
give  the  thought  the  proper  direction.  The  next  sugges- 
tion therefore,  "  Show  me  the  series  of  integral  numbers, 
etc.,"  finds  the  child  in  a  state  of  mind  to  consider 
intelligently  what  such  a  suggestion  should  mean. 


* 
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("You  are  showing  me  the  first,  fourth, 
sixth,  and  ninth  terms  of  the  integral  number 
series.") 

(3)  Series  orally  without  objects. 

"What  are  the  first  eight  terms  of  the  series 
of  integral  numbers?" 

"What  are  the  third  and  tenth  terms  of  the 
integral  number  series?" 

b.    THE    "EVEN   NUMBER"    SERIES 

In  the  same  manner  develop  the  series  of 
even  numbers — (1)  Objects  in  the  pupils' 
hands,  (2)  Objects  in  the  teacher's  hands, 
(3)  Orally  without  objects. 

(An  even  number  is  a  number  that  will 
make  even  groups  of  twos. 

An  even  number  is  one  that  may  be  divided 
by  two  without  a  fraction  in  the  quotient. 

An  even  number  is  a  number  that  is  divisible 
by  two  without  a  fraction  in  the  quotient — 
without  a  fractional  group  in  the  quotient. 

The  word  divisible  is  introduced  in  this 
connection.  This  and  divided  by  should  be 
used  in  class  work  constantly  in  order  to  give 
them  places  in  the  child's  working  vocabulary.) 

C.   THE  "ODD  NUMBER"  SERIES 

Odd  numbers  are  taught  in  the  same  manner. 
(An  odd  number  is  a  number  that  will  not 
make  even  groups  of  twos. 
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An  odd  number  cannot  be  divided  by  two 
without  a  fraction  in  the  quotient. 

An  odd  number  is  a  number  that  is  not 
divisible  by,  etc.) 

The  child's  attention  should  be  called  to  the 
fact  that  even  and  odd  are  opposites — a  number 
that  is  not  even  is  odd,  a  number  that  is  not 
odd  is  even. 

2.  Denominator 

We  used  the  word  fraction  name  in  Chapter 
VII,  (A,)  and  many  times  in  regular  and 
review  work  since.  The  child  should  be  given 
the  term  denominator.  The  word  should  be 
put  into  regular  use  instead  of  name. 

("Denominator  means  fraction  name.") 

("The  denominator  of  a  fraction  is  the 
fraction  name.") 

"Where  do  we  write  the  denominator?" 

("  We  write  the  denominator  under  the  frac- 
tion line.") 

"What  is  the  number  under  the  fraction 
line?" 

("  Denominator. ") 

j.  Numerator 

The  number  of  fractional  units  in  given 
fractions  has  been  asked  for  and  given  many- 
times  since  it  was  first  referred  to  in  Chapter 
VII,  A. 
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The  term  numerator  should  now  be  brought 
into  regular  use. 

("Numerator  means  number  of  fractional 
units.") 

("We  write  the  numerator  above  the  frac- 
tion line.") 

("The  numerator  tells  us  how  many  units 
in  the  fraction.") 

4.  Equivalent 

Note. — This  term  should  be  regarded  as  strictly 
interchangeable  with  "equal  to"  and  its  use  should 
become  as  natural.  There  is  practically  nothing  in 
arithmetic  that  compels  the  individual  to  discriminate 
between  "equal"  and  "equivalent"  in  expressing 
quantitative  equalities. 

INTRODUCTION 

The  introduction  is  very  simple. 
(a)  ' '  Show  me  an  integral  number  having 
two  units." 


B 


"Show  me  the  same  quantity  in  fractional 
units." 

(Children  will  show  |-,  f ,  f ,  or  other  such 
number.) 

"What  is  your  fraction?"  "Yours?" 
"Yours?" 

"I  want  you"  (to  some  pupil)  "to  write  on 
the  blackboard  that  your  fractional  number 
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is  equal  to  your  integral  number."    (We  will 
assume  that  the  child  thus  addressed  has  | — 


B 
J_ 

H    3 


He  may  in  response  to  this  request  begin  to 
write  the  expression  in  words  but  the  teacher 
must  insist  upon  a  statement  in  number 
language — f  =  2 — not  in  words. 

The  child  writes  §  =2.  He  is  asked  to  read 
his  statement — ("Six  thirds  is  equal  to  two"). 
One  child  after  another  is  asked  to  write  that 
his  fraction  is  equal  to  his  integer.  Each  reads 
his  statement  as  above. 

They  are  now  taught  "another  way"  to 
read  this  statement — six  thirds  is  equivalent 
to  two.  Each  statement  is  read  in  the  "equi- 
valent" language. 

(b)  "Show  me  three."  (The  pupils  show  it 
objectively.) 

"Show  me  an  equivalent  fraction." 

Different  pupils  will  of  course  show  different 
equivalents  in  response  to  this — §,  § ,  ^-,  or 
other  number — objectively. 

The  teacher  now  asks  one  and  then  another 
to  write  on  the  board  that  his  fraction  is  equiv- 
alent to  his  integral  number.  Each  pupil  as 
he  writes  his  statement  must  read  it  as  in 
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§  =2  above.  The  form  of  the  statement  that 
his  fraction  is  equivalent  to  his  integral  num- 
ber requires  that  the  fraction  be  made  the 
first  member  of  the  equation  and  the  integral 
number  the  second  member. 

(c)  "Show  me  three  fourths." 

(The  pupil  constructs  it.) 

"Show  me  a  fraction  that  is  equivalent 
to  it." 

(Various  fractions  will  be  shown.  Let  us 
assume  that  one  or  more  pupils  will  show  f 
objectively.) 

"Write  in  number  language  what  you  have 
shown  me." 

(The  teacher  will  observe  that  in  this  case 
the  pupil  was  to  construct  an  equivalent  of  the 
first  named  fraction,  f .  Following  the  lan- 
guage strictly  the  pupil  must  say  that  his  f  is 
equivalent  to  the  fraction.  He  must  there- 
fore write  that  the  latter  is  equivalent  to  the 
former.) 

The  child  must  write  it — |  =f. 

The  teacher  must  keep  in  mind  that  the 
written  statement  must  be  strictly  in  accord- 
ance with  the  dictation  in  ail  cases.  Other- 
wise we  train  the  child  to  loose  thinking.  In 
this  dictation  the  child  was  to  show  f  and  after- 
wards a  fraction  equivalent  to  it.  The  written 
form  as  given  above  must  be  required. 
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Ask  the  pupils  to  read  the  statement  in 
"equal  to"  language.  Three  or  four  similar 
dictations  should  be  given.  Have  each  state- 
ment read  in  "equal  to"  language  also. 

(d)  "Show  me  two  fractions  that  are 
equivalents." 

(One  and  then  another  pupil  is  asked  to 
state  on  the  board  in  number  language  that 
his  fractions  are  equivalents — (f  =f ;  or,  f  =A; 
or,  f  =f;  or,  f  =  §•;  etc.) 

"Read  what  you  have  written." 

("Two  thirds  and  four  sixths  are  equiva- 
lents.") 

("Four  fifths  and  eight  tenths  are  equiva- 
lents.") 

"Read  yours"  (to  some  pupil)  "in  the 
equal  to  form."    "Yours."    "Yours." 

(e)  Other  "equivalent"  forms  should  be 
taught  in  the  same  way. 

f  fe=  -Jf  read  forwards  is — f  is  equivalent 
to  1SL 

UU     j  4. 

Read  backwards  it  is — ^  is  the  equivalent 
off. 

Read  together,  as  in  (d),  it  is  f  and  y£  are 
equivalents ;  or,  \%  and  f  are  equivalents. 

Very  many  exercises  should  be  given  for 
forward,  backward,  together,  and  equal  to  read- 
ings. Teacher  and  pupil  must  make  every 
possible  use  of  equivalent  until  its  place  in 
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the  working  vocabulary  is  as  natural  as  that 
of  equal  to. 

Summary. 

The  use  of  commas  to  separate  the  terms  of  a 
written  series  of  three  or  more  terms.   {A .) 
The  vocabulary.    (B.) 
Series — (B,  I.) 

Applied  to  integral  numbers.    {B,  i  a.) 
The  series  of  even  numbers.     (B,  I  b.) 
The  series  of  odd  numbers.    (B,  i  c.) 
Denominator — introduced    and    defined. 

(B,  2.) 

Numerator— introduced    and    defined. 

(B,3.) 

Equivalents — introduced  and  applied  to 
the  terms  of  fraction  series.     (B,  4.) 

Time  required  for  the  work  of  this  chapter  including 
reviews  of  Chapters  Il-XIII.five  days.  Total  time 
for  the  work  of  Chapters  II-XIV,  fifty-six  days. 


CHAPTER  XV 

THE    SERIES    OF    FRACTIONAL    EQUIVALENTS — 
FROM    FRACTIONS 

Topics : — The  Constructions  of  Full  Series — From  Fractions.  From 
Mixed  Numbers.    The  Oral  Work  With  Series  Forming 

Aim. — To  develop  term  by  term  the  series 
of  smaller  fractions  from  halves,  thirds,  fourths, 
etc.;  to  construct  the  series  from  half,  third, 
etc.,  without  the  omission  of  a  term;  to  state 
orally  what  the  construction  processes  for 
these  series  are ;  to  write  the  full  series  in  order 
from  each  fraction  without  objects;  and  to 
give  each  of  the  series  in  full  orally  without 
objects.  This  work  is  preparatory  to  common 
denominator,  lowest  common  denominator, 
and  lowest  terms  in  later  developments. 

A.  The  "  Half  "  Series  Developed 

i.  The  Terms  Developed  One  by  One 

"Each  of  you  may  take  a  half." 

"  I  want  you  to  make  your  half  into  smaller 
fractional  units  but  they  must  be  as  large  as 
possible." 

(Under   this    direction    the    child    will,    of 

course,  make  two  fourths.) 

"What  did  you  make?"  to  some  pupil. 

203 
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("I  made  two  fourths.") 

"How  did  you  make  these  units?" 

("I  tore  my  half  into  two  equal  parts.") 

(Others  are  asked  in  the  same  way  what 

they  made  and  how  they  made  the  units.) 
"You  may  put  these  two  fourths  at  the 

back  of  your  desk  at  the  left  in  group  form." 


"Each  of  you  may  now  take  another  half." 

' '  I  want  you  to  make  this  half  into  smaller 
fractional  units.  They  must  be  just  as  large 
as  possible  but  must  not  be  fourths." 

(Under  this  description  the  child  must 
make  three  sixths.) 

The  teacher  now  asks,  as  before,  of  one  and 
another  pupil  what  he  has  made  and  how  he 
made  the  units. 

("I  made  three  sixths.")  ("I  tore  my  half 
into  three  equal  parts.") 

"You  may  put  your  three  sixths  at  the  back 
of  your  desks  next  to  the  other  group,  on 
the  right  of  it." 

"Each  of  you  may  now  take  another  half." 

1 '  I  want  you  to  make  this  half  into  smaller 
fractional  units.  They  must  be  just  as  large 
as  can  possibly  be  made  except  that  they  must 
not  be  fourths  or  sixths." 
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(The  pupils  must,  of  course,  construct  four 
eighths.) 

The  teacher  asks  again  what  has  been  made 
and  how  the  units  were  made. 

The  child's  replies  are,  ("I  made  four 
eighths"),  ("I  tore  my  half  into  four  equal 
parts.") 

The  group  of  four  eighths  is  now  placed  at 
the  back  of  the  desk  in  the  series. 

In  this  way  the  teacher  develops  the  "half" 
series  to  I2ths  or  I4ths  or  i6ths  as  she 
desires. 

The  pupils  should  now  break  up  the  series, 
restoring  the  fraction  objects  to  their  proper 
places  in  the  fraction  receptacles. 

2.  Construction  of  the  Full  Series 

"Now  I  want  you  to  take  halves  and  make 
the  smaller  fractional  units  in  order — the  larg- 
est possible,  then  the  next  smaller,  then  the 
next  smaller,  and  so  on.  I  want  to  see  if  you 
can  do  it  by  yourselves  without  leaving  out  a 
term  so  far  as  you  go." 

While  this  work  is  being  done  the  teacher 
goes  about  the  room  to  see  if  any  of  the  con- 
structions are  imperfect — a  term  of  the  series 
left  out. 

If,  on  inspection  of  the  work  on  a  desk,  the 
teacher  finds  that  a  term  has  been  omitted, 
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she  may  show  a  pupil  where  the  term  should 
be  but  the  pupil  must  find  for  himself  what  it 
is  and  put  it  in. 

"What  did  you  make?  I  want  you  to  tell 
me  what  each  term  of  your  series  is."  (This 
to  some  pupil.) 

The  pupil  responds  orally  putting  his  finger 
on  the  term  of  the  objective  series  as  he  states 
it — "I  made  two  fourths,  three  sixths,  four 
eighths,  five  tenths,  six  twelfths,  etc." 

Another  pupil,  then  another,  then  another 
should  be  asked  this  question,  "  What  did  you 
make?"  and  be  required  to  give  answer  in 
the  same  way. 

j.  Oral  Statements  of  Construction  Processes 

' '  Tell  me  how  you  made  the  terms  of  your 
series  in  order." 

("I  took  a  half  and  made  it  into  two  equal 
pieces,  then  another  half  and  made  it  into  three 
equal  pieces,  then  another  half  and  made  it 
into  four  equal  pieces,  etc.") 

This  question  should  be  put  to  several  pupils 
and  the  full  answer  required  as  above. 

This  construction  of  the  "half"  series  should 
be  made  by  the  pupils  three  or  four  times. 
The  two  questions  as  above — "What  did  you 
make?"  and  "How  did  you  make  the  terms 
of  your  series  in  order?"  should  be  asked  of 
several  pupils  after  each  construction. 
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4.  Writing  the  Full  Series  Without  Objects 

After  the  pupils  have  constructed  the  "  half  " 
series  three  or  four  times  in  this  way,  they 
should  be  asked  to  write  the  series  without 
objects — 

"J,  —2.     3.     4.    __5__    _6_    _7_     PfP  »» 
2   — 4»    6»    8»    10>    12>    14»   ct*-- 

5 .  Oral  Statements  of  the  Series  Without 
Objects 

After  the  pupils  have  written  the  series  a 
few  times  without  objects,  as  in  4,  they  should 
be  required  to  give  it  orally. 

Note. — The  following  questions  should  be  a  part 
of  this  oral  work.  Similar  questions  should  be  used  in 
connection  with  all  fraction  series  work : 

How  would  you  make  the  full  series  of  fractions 
from  one  half? 

What  is  the  fraction  series  from  one  half  to  the 
fifth  term? 

What  is  the  third  term  of  the  fraction  series  from 
one  half? 

What  are  the  2d,  4th,  and  6th  terms  of  the  fraction 
series  from  one  half? 

What  are  the  denominators  of  the  first  four  terms 
of  the  fraction  series  from  half? 

What  are  the  numerators  of  the  4th  and  6th  terms 
of  the  series  from  one  half? 

B.  The  "  Thirds  "  Series 

The  teaching  plan  for  the  series  from 
" thirds"  is  the  same  as  that  for  the  series 
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from  "half."  The  introductory  steps  for  the 
development  of  the  terms  one  by  one,  the 
construction  of  the  full  series  without  omission 
of  a  term,  the  statement  of  the  construction 
processes,  writing  the  full  series  without  ob- 
jects, and  the  oral  statement  of  the  series  are 
the  same  for  "thirds"  as  for  "half."  The 
oral  work  suggested  in  A  3  and  5  Note  should 
be  given  with  thirds  (one  third,  two  thirds, 
four  thirds,  etc.). 

C.  The  "  Fourths  "  and  Other  Series 

The  work  outlined  in  A  should  be  followed 
with  fourths,  fifths,  sixths,  etc.,  to  twelfths 
excepting  that  actual  object  work  for  sevenths, 
ninths,  tenths,  elevenths,  and  twelfths,  is  not 
necessary.  The  child's  imagery  will  be  as  clear 
without  objective  work  on  those  fractions  as 
with  it.  His  power  to  reason — to  infer — 
establishes  the  mental  picture  of  series  from 
fractions  smaller  than  sixths  or  eighths  with- 
out actual  construction  experience.  The  oral 
statements  suggested  in  A  3  and  the  ques- 
tions in  A  5  Note  should  not  be  overlooked  in 
the  written  and  oral  work  with  sevenths, 
ninths,  etc.  The  written  and  oral  work  are 
the  same  as  if  objective  work  had  been  given. 

Note. — The  teacher  will  note  what  is  said  in  (Chap. 
I  C,  11)  about  "making"  and  "exchanging"  fraction 
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objects.  When  the  child's  accumulation  of  objects  is 
large  enough,  in  the  teacher's  judgment,  for  all  reason- 
able construction  uses  in  the  future,  the  constructions 
should  be  made  by  ''exchanging"  rather  than  "mak- 
ing." In  his  oral  work,  then,  the  pupil  instead  of 
saying,  "I  tear"  or  "I  make,"  says,  "I  exchange." 
In  this  way  time  is  saved  in  the  concrete  work  and 
there  is  no  waste  of  paper  for  objects. 

D.  Seat  Work  in  Series 

1.   Constructions 

Exercises  should  be  given  in  constructing 
series,  the  teacher  to  examine  each  desk  to 
see  that  the  constructions  are  right  and  that 
no  term  is  omitted.  In  this  work  the  dicta- 
tions should  specify  the  number  of  terms  to 
be  constructed  in  each  case.  (It  is  not  neces- 
sary or  advisable  to  dictate  constructions  that 
require  fractional  units  smaller  than  40ths  or 
42ds  or  48ths.)  Only  a  few  exercises  of  this 
kind  need  be  given  at  this  time.  An  exercise 
should  be  given  occasionally,  however,  for 
several  weeks — one  each  week,  perhaps. 

Forms  of  Dictations — Written 
Construct  the  series  of  equivalents  from — 
f  =  (to  fifth  term) 
§  =  (to  fourth  term) 
f  =  (to  six  terms) 
2  =  (to  five  terms) 
14 
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f  =  (to  seven  terms) 
f  =  (the  2d,  4th  and  5th  terms) 
3  =  (2d,  4th,  and  6th  terms) 
3  =  (2d,  4th,  and  6th  terms) 
f  =(ist,  3rd,  4th  terms) 
■fu  =  (four  terms) 
-J-  =  (4th  and  5th  terms) 
-J  =  (four  terms) 
f  =  (three  terms) 
f  =  (four  terms) 
Note. — The  term  equivalent  is  in  use  from  Chapter 
XIV,  but  in  the  pupil's  work  so  far  all  of  his  series  have 
not  been  series  of  equivalent  terms.     We  must  now 
impress  upon  him  strongly  that  every  fraction  series 
is  a  series  of  equivalent  terms. 

The  child  may  construct  fraction  series  the  terms  of 
each  of  which  are  equal.  This  is  due,  not  to  effort  at 
equality  but  to  the  construction  process.  There  is 
nothing  in  the  work  of  construction  that  makes  the 
fact  of  this  equality  a  part  of  the  thought  product. 
Constructions  hold  attention  upon  the  equality  of  the 
units  of  each  whole  but  not  upon  the  equality  of  terms 
in  a  series. 

The  fact  of  this  equality  of  terms  is  a  very  important 
part  of  the  product  of  series  work;  and,  attention  to  it 
not  being  secured  indirectly  through  the  constructions, 
it  must  be  secured  by  direct  means — by  questions 
which  recall  the  fact.  For  this  purpose,  the  following 
question  should  be  asked  upon  each  of  the  constructions 
in  this  exercise  and  upon  each  series  in  all  the  series 
work,  whether  "with  objects"  or  "written  without 
objects,"  in   (F)  below  and  in  Chapter  XVII,  Which 
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is  greater  in  quantity  this  term  or  this  term  (the 
teacher  pointing  to  one  construction  and  then  to  another 
in  the  series  or  to  one  and  then  to  another  written  term 
if  the  work  is  ' '  without  objects  ") .  The  pupil  should  be 
required  to  express  his  answer  in  terms  of  equivalent — 
' '  They  are  equivalents. ' '  This  question  should  be  asked 
regularly,  and  two  or  three  times  upon  each  series. 

2.  Writing  Series — Without  Objects 

Exercises  like  those  in  i  above  to  be 
written  without  objects — 

(a)  From  written  dictations  like  those  in  I . 

(b)  From  oral  dictations. 

j.  Oral  Statements 

In  connection  with  this  construction  work 
and  written  work  without  objects  the  sugges- 
tions for  oral  work  and  the  questions  outlined 
in  A  3  and  A  5  Note  above  must  not  be 
neglected.  The  following,  some  of  which  are 
among  those  just  referred  to,  are  of  particular 
importance  in  all  fraction  work: 

(a)  What  did  you  make?  (If  the  series  is 
from  half,  the  child's  reply  is,  I  made  two 
fourths,  three  sixths,  four  eighths,  etc.;  if  the 
series  is  from  one  third,  the  reply  is,  I  made 
two  sixths,  three  ninths,  four  twelfths,  etc.) 

(b)  How  did  you  make  your  series?  (If  the 
half  series,  the  reply  should  be,  I  took  a  half 
and  made  it  into  two  equal  parts  (or  exchanged 
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it  for  two  fourths),  then  I  took  another  half 
and  made  it  into  three  equal  parts  (or  ex- 
changed it  for  three  sixths),  etc.;  if  the 
thirds  series,  the  reply  is  in  corresponding 
language.) 

(c)  When  I  make  a  (half,  third,  or  fourth, 
etc.)  into  two  equal  parts  what  do  I  have? 
Into  three  equal  parts?  Into  four  equal  parts? 

(d)  How  would  you  make  fourths  from 
halves?  Sixths  from  halves?  Tenths?  Eighths? 

(Corresponding  questions  as  to  making 
fractional  units  from  thirds,  fourths,  etc.) 

(e)  If  you  have  a  half,  how  would  you  make 
sixths?    Fourths?    Tenths?    Eighths? 

The  reply  is  of  course,  I  would  make  my 
half  into  three  equal  parts;  or,  I  would  make 
my  half  into  two  equal  parts ;  etc.) 

(/)  What  is  the  full  fraction  series  from  half? 

(It  is  two  fourths,  three  sixths,  four 
eighths,  etc.) 

From  one  third?  From  two  thirds?  From 
one  fourth?  etc. 

How  would  you  make  the  series  from  two 
thirds? 

(I  would  take  two  thirds  and  make  each 
into  two  equal  parts,  then  I  would  take 
another  two  thirds  and  make  each  into  three 
equal  parts,  then  I  would  take  another  two 
thirds  and  make  each,  etc.) 
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(g)  Give  me  the  denominators  of  the  first 
four  terms  of  the  fractions  in  the  series  from 
half.    From  fifth.    From  seventh. 

(h)  What  is  the  numerator  of  the  2d  term 
of  the  series  from  f  ? 

How  would  you  make  the  series  from  three 
eighths?  (I  would  take  three  eights  and  make 
each  into  two  equal  parts,  then  I  would  take 
another  three  eighths  and  make  each,  etc.) 

What  are  the  numerators  of  the  first  three 
terms  of  the  series  from  f  ? 

E.  Finding  the  Number  of  a  Term  from  the    Con= 
struction 

This  is  series  work  in  reversed  form.  Here- 
tofore the  pupil's  work  has  been  to  construct 
or  write  full  or  partial  series  or  definite  terms 
of  series  from  given  numbers.  In  this  he  is 
given  the  problem  of  finding  the  number  of  a 
term  from  the  teacher's  construction. 

1.  Object  Work 

Plan. — The  objects  used  should  be  large 
enough  so  that  the  construction  at  the  teacher's 
table  may  be  seen  by  pupils  in  all  parts  of  the 
room. 

Instead  of  constructions  with  objects,  the 
teacher  might  use  graphic  objects  on  the  black- 
board.    Graphic  object  work  for  this  section 
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is  more  rapid  than  actual  constructions  and 
answers  every  purpose. 

The  teacher  construct  s- 


' '  This  was  made  from  a  half. "  "  What  is  it  ?' ' 

("It  is  two  fourths.") 

"Which  term  of  the  series  is  it?" 

("The  second.") 

Another  construction  is  given — 


"This  is  from  a  third."    "  What  is  it? " 
("It  is  three  ninths.") 
"Give  the  number  of  the  term." 
("It  is  the  third  term.")  ,-, 

"This  is  equivalent  to  one  sixth." 
"What  is  it?"  H-j 

("It  is  two  twelfths.") 

"What  is  the  number  of  the  term  in  the 
series?" 

("It  is  the  second.") 

"This  is  from  three  fourths. 

"What  is  it?" 

("It  is  six  eighths.") 

"What  term  of  the  series?" 

("The  second.") 

"This  is  equivalent  to  two.' 

"What  is  it?" 

("It  is  four  halves.") 
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"Number  of  the  term?" 
("The  second.") 

Very  many  exercises  of  this  kind  should  be 
given  at  this  time  and  frequent  reviews  later. 

2.  Oral  Work  Without  Objects 

This  is  1  without  objects.  The  pupil  should 
respond  orally  unless  the  teacher  thinks  it  best 
to  have  occasional  exercises  with  written 
responses. 

"I  am  thinking  of  an  equivalent  of  J.  It 
has  15  units.    What  is  it?" 

("It  is  fifteen  eighteenths.") 

"Which  term  of  the  series  is  it?" 

("The  third.") 

"I  am  thinking  of  one  of  the  equivalents 
off.    It  has  8  units.    What  is  it?" 

("It  is  eight  twelfths.") 

"Which  term  of  the  series  is  it?" 

("It  is  the  fourth.") 

F.  Equivalent  Series  from  Mixed  Numbers 

It  has  become  fully  established  in  the  child's 
mind  by  the  concrete,  written,  and  oral  exer- 
cises of  this  chapter  that  all  series  of  fractional 
equivalents  are  constructed  by  making  the 
unit  (or  each  unit  of  the  group)  into  two  equal 
parts,  then  another  into  three  equal  parts,  then 
another  into  four  equal  parts,  etc. 
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What  he  will  do  when  asked  to  make  a  series 
from  a  mixed  number  (as  i^)  can  not  be  fully 
conjectured.  He  will  do  one  of  two  things — 
exchange  his  whole  for  §  and  then  proceed  to 
construct  a  series  from  f  as  in  his  other  series 
work ;  or,  he  will  attempt  first  to  exchange  the 
i  for  §  and  the  J  for  f  (thus  literally  making 
each  of  the  units  into  two  equal  parts)  and 
then  to  put  the  parts  together,  making  an 
1 '  impossible ' '  mixed  number.  Some  will  follow 
the  former  plan  and  others  the  latter. 

The  former  procedure  is,  of  course,  the 
proper  one.  One  or  more  of  the  pupils  will 
without  doubt  follow  the  latter  procedure  and, 
if  so,  their  work  will  lead  them  to  discover  and 
correct  their  error;  because,  to  follow  the  plan 
that  was  followed  in  all  their  series  construc- 
tions (Chapter  XIV),  they  would  take  the 
group,  i -J,  and  make  each  unit  into  two  equal 
parts  for  their  first  construction,  then  another 
I J  and  make  each  unit  into  three  equal  parts 
for  the  next  term,  etc.,  and  would  have  each 
time  what  they  have  recognized  over  and  over 
again  as  "impossible"  numbers.  Their  very 
first  construction  would  be  an  "impossibility" 
and  they  would  at  once  recognize  it  as  such. 

It  is  not  the  teacher's  business,  it  would  be 
poor  teaching,  to  correct  the  child's  work  or  to 
"explain"  the  matter  to  him.    It  is  one  of  the 
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problems  that  the  child  should  have  the  priv- 
ilege of  mastering  for  himself.  The  teacher 
should  wait.  The  child  must  be  permitted  to 
work  out  the  problem  of  getting  the  first  con- 
struction and  then  the  second  construction 
from  his  mixed  number  into  a  form  that  will 
be  "possible." 

This  is  one  of  the  steps  in  fraction  develop- 
ment in  which  the  teacher  should  "keep  hands 
off"  and  leave  the  complete  solution  of  the 
problem  to  the  child  alone.  His  construction 
will  be  finally  in  the  following  form: 


B 

T 

M4 


a 

6  I 


etc. 


The  presentation. 

/.  Object  Work 

The  teacher  writes  1  \  on  the  blackboard. 

"Make  the  series  of  equivalents  from  one 
and  one-half  mixed" 

This  suggests  all  that  there  is  to  the  teaching 
plan.  The  dictation  is  written,  the  request  is 
made  as  above  (to  construct  the  series),  and  the 
pupils  are  held  individually  to  the  construction 
— each  being  left  to  his  own  resources  to  make 
an  unbroken  series  that  involves  "possible" 
numbers. 
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After  two  or  three  others  have  been  worked 
out,  the  pupils  are  ready  for  constructions  in- 
dependent of  the  teacher — work  in  which  the 
child  constructs  several  mixed  number  series 
on  his  desk  and  then  writes  them  from  his 
constructions. 

Form  of  dictation. 

Construct  the  equivalents  to  the  fourth 
term — 

22  *lf  *  "6  3gf 

32  ■-*]}  /■>_!_  /}3. 

3  ^8  ^7  ^4 

The  questions,  "How  did  you  make?" 
"What  are  the  denominators? "  "What  is  the 
numerator  of  the — term  of  the  series  from 
— ? "  "What  is  the  —  term  of  the  series  from 
—  ?"  etc.,  must  be  in  frequent  use.  The 
question  also  in  D  Note. 

2.  Written  Work  Without  Objects 

Dictations  are  written  on  the  blackboard 
for  pupils  to  write  series  to  a  given  term. 
Other  dictations  are  given  for  pupils  to  write 
certain  terms  as  ist,  3d,  and  5th;  3d,  4th,  and 
7th;  etc. 

j.  Oral  Work 

Following  the  exercises  on  written  series  2 
dictations  oral  and  written  should  be  given  for 
mental  work  on  series  and  oral  statements. 
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The  suggestions  for  questions  and  oral  state- 
ments in  other  sections  of  this  chapter  apply 
here. 

Summary. 

1.  The    aim — the  preparation  for  the  de- 

velopment later  of  common  denomin- 
ator, lowest  terms,  etc. 

2.  Exercises  in  series  forming. 

Object  work. 

The  construction  of  the  series  from 

"half"  term  by  term.    (A,  1.) 
The  construction  of  the  full  series. 

(A,  2.) 
The  oral  work  (A,  3.) 
Work  without  objects. 

Writing    the    full    series    in    order. 

(A,  4-) 
The  oral  work  and  questions.    (A ,  5 
and  Note.) 

3.  The  "thirds"  and  the  "fourths"  series. 

(B,  and  C.) 

4.  Exercises  in  general  series  forming. 

Object  work. 

Series  from  miscellaneous  fractions. 

(A  i.) 

The  term  equivalent.     (D),  Note.) 
The  oral  work  on  the  series.  (D,  3.) 
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Work  without  objects. 

Writing    series    to    a    given    term. 

(A  2.) 
The  oral  work  on  series.    (D,  j.) 

5.  Finding  the  number  of  the  term.    (£.) 

From  constructions  of  single  terms. 
Orally   from   oral   statements  or   de- 
scriptions of  terms. 

6.  Series  from  mixed  numbers.     (F.) 

The  series  constructed. 
Written  series  without  objects. 
The  oral  work. 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XIV,  ten  days.  Total  time 
for  the  work  of  Chapters  II-XV,  sixty-six  days. 


CHAPTER  XVI 

THE    NUMBER   VALUE   OF   OBJECTS 

Topics: — That  Number  Values  of  Objects  are  Arbitrary.    How  to 

Impress  this  Fact  of  Arbitrary  Values.    Teaching  the 

Child  How  to  Set  and  Test  Values 

Aim. — To  teach  that  the  number  value  of 
an  object  is  artificial  and  entirely  arbitrary, 
to  impress  upon  the  child  strongly  that  he 
must  so  regard  it,  and  to  teach  him  how  to 
find  what  its  assigned  value  is  in  any  case. 

An  individual  may  have  a  piece  of  paper 
(6"  X6",  perhaps)  and  properly  say  of  it, 
"Let  us  call  this  one,"  or  "We  will  call  this 
one  half";  or,  tearing  it  into  any  number  of 
equal  parts  (four,  perhaps)  and  taking  one 
of  the  pieces  thus  made,  say  of  it,  "We  will 
call  this  one — a  whole."  We  do  not  hesitate 
to  use  a  paper  or  a  splint  or  other  object  in 
an  illustration  or  a  demonstration  as  one,  a 
whole,  regardless  of  the  fact,  perhaps,  that  it 
may  be  equal  in  all  respects  to  another  object 
that  has  been  used  in  another  discussion  as  a 
half,  a  fourth,  or  other  fraction.  We  recognize 
the  right  of  the  individual  thus  arbitrarily, 
for  purposes  of  his  own,  to  set  a  number  value 
on  an  object ;  and  we  accept  this  value  without 
question  in  the  consideration  that  we  give  to 
the  matter  under  discussion. 
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The  child  somewhere  in  his  fraction  develop- 
ment work  must  have  experiences  that  will 
bring  these  facts  very  forcibly  to  his  attention. 
He  must  learn  to  change  values  arbitrarily — - 
using  an  object  at  one  time  as  a  fractional  unit, 
at  another  time  as  an  integer. 

He  must  learn  too  that  an  object  in  his 
own  hands  and  under  his  own  control  is  valued 
as  he  himself  shall  determine,  and  that  a  similar 
object  in  the  possession  and  under  the  control 
of  another  person  has  the  value  that  that 
possessor  chooses  to  assign  to  it.  He  must 
learn,  in  other  words,  that  the  use  of  an  object 
fixes  its  number  value. 

He  must  learn  (i)  that  it  is  not  safe  to  infer 
that  a  given  object  in  the  hands  of  another 
person,  although  it  looks  like  one  of  his  own 
halves  or  thirds  or  fourths,  is  on  that  account 
regarded  by  its  possessor  as  a  fraction  of  that 
name;  and  (2)  that  it  is  foolish  and  useless  to 
venture  an  estimate  of  its  number  value  until 
the  possessor  answers  certain  proper  questions 
about  his  object — questions  relating  to  such 
value. 

DEVELOPMENT    PLAN 

The  development  has  three  steps — 

A.  Exercises  in  using  objects  in  the  child's 

hands  with  one  value  at  one  time  and  another 

value  at  another  time. 
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B.  Exercises  in  which  he  tries  to  estimate  the 
values  of  objects  in  another's  (the  teacher's) 
hands — the  aim  of  the  exercises  being  to  force 
upon  the  child  the  fact  that  their  values  are 
arbitrary,  not  intrinsic,  and  that  guessing  them 
is  a  hopeless  task. 

C.  Instruction  in  the  systematic  way  of 
ascertaining  such  values. 

A.  Exercises  in  Using  Objects  with  Changing  Values 

"Show  me  a  whole." 

"Let  us  play  that  it  is  a  half." 

"Show  me  a  fourth." 

"Show  me  two  fourths." 


L  4 


"Show  me  three  fourths. 


4 


(The  third  fourth  is  obtained  by  tearing  a 
second  paper.) 

"Show  me  a  whole  again." 

"Let  us  play  that  it  is  a  fourth." 

"Show  me  an  eighth." 

(The  child  exchanges  the  fourth  for  two 
eighths.) 
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"Show  me  three  eighths." 

(He  takes  another  fourth  and  exchanges.) 

"Show  me  three  fourths." 

(He  exchanges  back  and  then  takes  a  third 
fourth.) 

The  above  show  the  form  of  the  work. 
There  should  be  a  dozen  or  more  exercises  of 
this  kind — using  wholes  as  halves,  thirds, 
fourths,  etc.;  a  half  or  third  or  fourth  as  a 
whole;  etc. 

B.  Exercises  in  Trying  to  Estimate  Values  of  Objects 

The  aim  of  these  exercises,  as  was  stated,  is 
to  impress  the  child  as  strongly  as  possible, 
(i)  that  the  number  values  of  objects  are 
assigned  arbitrarily  by  the  possessor,  and  (2) 
that  the  unguided  guessing  at  values  is  wholly 
profitless. 

THE    METHOD    OF    PRESENTATION 

These  exercises  are  designed  to  teach  the 
child  that  there  is  one  thing  that  he  can  not 
do;  namely,  to  guess  correctly  an  arbitrary 
value  fixed  by  another  person  and  known  only 
to  that  person.  The  method  therefore  must 
be  that  of  complete,  repeated,  and  merciless 
baffling  of  the  child  in  his  attempts  to  gratify 
a  natural  desire  to  guess  right. 
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1.  The  Objects 

As  these  exercises  have  to  do  with  estimating 
the  number  values  of  objects  not  the  pupil's 
own  and  not  connected  with  the  supply  in  use 
by  the  class,  the  objects  to  be  used  should 
not  be  of  the  same  color,  if  possible,  as  those 
that  the  class  has  been  working  with.  This 
change  in  color  makes  for  fairness  because  it 
is,  in  a  way,  a  warning  that  the  teacher  is 
making  use  of  objects  that  are  not  of  their 
A  or  B  or  C  supply — objects  that  they  would 
have  to  give  a  new  letter  to,  calling  them  D 
papers  or  E  papers,  if  they  had  them.  The 
difference  in  color  need  only  be  enough  to 
distinguish  the  objects  as  plainly  not  from 
their  supply. 

2.  Preparation  and  Arrangement  of  the  Objects 

The  objects  in  this  development  must,  from 
the  very  nature  of  the  work,  be  in  the  hands 
of  the  teacher.  In  order  to  provide  against 
delay  in  going  from  one  step  to  the  next  in 
the  work,  all  of  the  objects  should  be  prepared 
beforehand  and  arranged  in  a  drawer  of  the 
desk  or  table  so  that  they  will  be  available 
for  use  in  regular  order  as  wanted.  The  pupils 
should  not  know  of  the  preparation  of  the 
objects  or  of  their  being  in  the  room. 
15 
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j.  Experiences  with  Arbitrary  Values 

The  aim  of  this  presentation  is  to  defeat  the 
child's  every  attempt  to  guess  correctly  on 
number  values.  By  this  means  we  shall 
impress  upon  him  more  strongly  than  by  any 
direct  means  (explaining)  that  such  efforts  are 
necessarily  useless  and  fruitless. 

(a)  The  first  object  that  the  teacher  takes 
from  the  prepared  supply  in  her  desk  is, 
perhaps,  a  paper  3"  X6".  It  is  approximately 
the  size  of  some  of  his  objects  for  half. 

"What  is  the  number  value  of  this?" 

("It  is  a  half.") 

"No,  it's  a  whole — one." 

The  teacher  now  in  order  to  make  "one" 
more  emphatic  tears  the  object  into  two 
equal  parts  and  shows  one  of  the  parts — 
"This  is  a  half."  She  then  shows  the  two 
parts   in   group   form   saying,    "This  is  two 


o 


halves."  This  serves  to  emphasize  that 

the  original  object  was  considered  an  integral 
unit. 

(b)  The  second  object  taken  from  the 
drawer  may,  perhaps,  be  1"  X3".  The  child 
may  see  in  it  a  resemblance  to  one  of  his 
regular  objects,  ^  or  J.    He  will  base  his  guess 
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on  this  impression.  One  pupil  may  call  it  ^ 
another  -J  in  answer. 

"No,  this  is  a  half." 

"This"  (taking  another  piece  from  the 
drawer)  "is  the  other  half." 

"You  seem  not  to  be  getting  along  very 
well.    Let  us  try  again." 

(c)  This  time  the  teacher  takes  from  the 
drawer  a  piece  about  5"  X5". 

"What  is  this?" 

("It  is  a  whole.") 

"No,  this  is  a  fourth." 

"These  are  the  other  three  fourths'' — 
taking  the  three  pieces  from  the  drawer. 

"This  is  my  whole" — taking  a  10"  Xio" 
paper  from  the  drawer. 

Note. — The  above  show  the  general  plan  of  the 
presentation.  Each  exercise  is  a  defeat  for  the  child. 
Several  additional  exercises  should  be  given  in  the 
same  way,  the  objects  being  taken  so  erratically  as  to 
size  and  assigned  value  that  it  is  impossible  for  the 
child  to  give  the  correct  estimate.  After  a  few  trials 
the  pupil  will  refuse  to  guess.  This  is  the  evidence  that 
he  has  learned  his  lesson — that  he  recognizes  the  fact 
that  arbitrary  values  follow  no  rule  and  that  there  is 
seemingly  no  guide  to  them. 

C.  How  to  Answer  the  Questions  of  Number  Values 

The  aim  here  is  to"  teach  the  child  (to  tell 
him)  how  to  answer  every  question  of  number 
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values  of  objects  in  the  hands  of  a  person  who 
is  not  a  member  of  the  class  and  using  objects 
from  the  common  class  supply.  The  child's 
utter  defeat  in  trying  to  estimate  such  values 
has  prepared  him  to  appreciate  the  fact  that 
only  by  some  definite  plan  carefully  worked 
out  and  always  followed  can  one  succeed  in 
guessing  (?)  them. 

I.   The  Presentation 

"Children,  you  have  not  succeeded  in  an- 
swering a  single  question  as  to  the  number 
value  of  objects." 

"You  go  at  it  wrong." 

"Let  me  tell  you  how  to  answer  such  a 
question  right  every  time." 

"I  will  take  this  new  object"  (taking  an 
object  as  before — a  new  one)  "and  we  will 
see  how  to  answer  the  question  so  that  it  will 
be  right." 

"When  I  ask  you  what  it  is,  you  must  not 
answer  but  must  ask  me  a  question — always 
the  same  question." 

"The  question  is,  Is  it  a  fraction?" 

"I  must  answer  your  question." 

"If  I  do  not,  you  must  refuse  to  answer 
what  it  is."' 

The  teacher  now  holds  up  the  object  (which, 
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we  will  assume,  is  a  whole),  and  asks,  "What 
is  the  number  value  of  this? " 

The  pupil  must  be  required  to  reply  by 
asking, 

("Is  it  a  fraction?") 

"No,  it  is  not  a  fraction." 

The  pupil  will  of  course  reply, 

"It  is  a  whole." 

"Yes,  it  is  a  whole." 

The  teacher  now  takes  from  the  drawer  or 
other  place  of  concealment  another  object. 
Let  us  assume  that  it  is  a  fourth. 

"What  is  this?" 

("Is  it  a  fraction?") 

"Yes." 

"Now,  children,  let  me  tell  you  what  to  do 
and  say.    It  is  always  the  same." 

"I  answered  that  it  is  a  fraction." 

"Now,  you  must  say  to  me,  'Show  me  your 
whole.'"  ' 

"Now,  I  must  show  you  my  whole  or  you 
must  refuse  to  answer  my  question." 

"This  is  my  whole,"  showing  a  whole  cor- 
responding to  the  fourth. 

"Now,  you  must  come  and  take  my  object 
and  my  whole  and  apply  the  object  and  others 
like  it,  if  you  wish,  until  you  find  what  the 
number  value  of  the  object  is." 

The  teacher  now  has  some  pupil  come  for- 


230  NUMBER  BY  DEVELOPMENT 

ward,  take  the  fraction  and  the  whole,  and 
measure  the  fraction  by  applying  it  to  the 
whole.  This  done,  the  pupil  states  what  the 
fraction  is — a  fourth. 

Another  and  then  another  exercise  follows, 
the  teacher  showing  at  one  time  a  fraction  at 
another  time  an  integer,  the  pupils  going 
through  the  questioning  process  under  her 
direction. 

Note. — This  is  the  outline  of  the  method  of  develop- 
ment of  the  proper  mental  attitude  in  the  matter  of 
estimating  arbitrary  values.  The  child's  sorry  experi- 
ence in  trying  to  guess  such  values  made  him  recognize 
the  need  of  a  systematic  plan  of  procedure.  The 
teacher  must  now  see  to  it  that  the  child  has  numberless 
opportunities  to  use  this  plan  accurately.  Again  and 
again  for  weeks  this  matter  of  the  number  values  of 
new  objects  must  be  sprung  upon  the  class  in  anunlooked 
for  connection  until  the  children  are  fully  trained  to 
be  on  the  alert  not  to  put  a  value  on  a  new  object  no 
matter  how  much  it  may  resemble  in  shape  and  size 
one  of  the  regular  objects  used  in  their  work. 

It  is  of  the  greatest  importance  that  the  children 
become  thoroughly  impressed  with  this  fact  of  arbitrary 
values.  They  are  not  so  impressed — have  not  learned 
it — until  their  impulse  to  guess  at  values  without 
thinking  the  matter  out  gives  way  to  reason  in  every 
case  and  they  approach  the  value  in  the  way  outlined 
above. 

It  would  be  a  mistake  after  teaching  this  not  to 
spring  an  exercise  under  it  on  the  class  every  few  days 
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for  weeks  and  months — until  the  teacher  finds  herself 
unable  longer  to  catch  the  pupils  napping. 

2.  Form  of  the  Exercise  When  Testing  the  Child 

(a)  "What  is  the  number  value  of  this?" 
("Is  it  a  fraction?") 

"Yes." 

("Show  me  the  whole.") 

The  teacher  shows  a  whole.  The  pupil  to 
whom  the  question  was  addressed  (or  any 
other  child  selected  by  the  teacher  for  answer) 
comes  forward,  takes  the  fraction  and  the 
whole,  measures  the  whole  with  the  fraction, 
and  then  makes  answer — 

("It  is  a  third")  or  ("It  is  an  eighth.") 

(b)  "What  is  the  number  value  of  this?" 
("Is  it  a  fraction?") 

"No." 

("It  is  a  whole.") 

Summary. 

Exercises  in  using  number  objects  with  one 
value  in  one  problem  and  another  value 
in  another  problem.  (A.) 
This  is  to  establish  that  the  counting 
value  of  an  object  is  a  matter  that  the 
individual  may  fix  or  change  at  will. 

Exercises  in  trying  to  estimate  values  of 
number  objects  in  the  hands  of  another 
— in  the  teacher's  hands.     (B.) 
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The  aim  in  this  work  is  to  impress  as 
deeply  as  possible  that  the  counting 
value  of  such  objects  in  constructions  is 
a  matter  to  be  agreed  upon  not  guessed  at. 
Exercises  to  teach  the  child  how  to  proceed 
systematically  to  determine  the  count- 
ing values  of  number  objects  not  his 
own  in  advance  of  any  attempt  to  con- 
struct with  them  or  to  read  construc- 
tions by  others.    (C  and  Note.) 

The  aim  here  is  to  teach  the  child  to  refuse 
to  construct  or  to  read  constructions 
with  objects  not  his  own  until  the 
counting  value  of  the  object  or  objects 
is  ascertained  and  to  teach  him  how  to 
find  out  what  value  has  been  assigned 
to  them  in  the  problem. 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XV,  five  days.  Total  time 
for  the  work  of  Chapters  II-XVI,  seventy-one 
days. 


CHAPTER  XVII 

PARALLEL   SERIES — COMMON    DENOMINATOR 

Topics: — Common.     Common  Terms.     Common  Denominator. 
Lowest  Common  Denominator.    The  Terms  Sum  and  Total 

This '  development  is  introductory  to  what 
the  child  will  learn  later  to  speak  of  as  reducing 
to  a  common  denominator. 

Two  fractions  as  halves  and  fourths,  halves 
and  eighths,  thirds  and  sixths,  thirds  and 
fourths,  halves  and  sixths,  halves  and  fifths, 
fifths  and  tenths,  etc.  are  dictated  for  pupils 
to  construct  the  two  series  in  parallel  form. 

A.  Common  Denominator  of  Two  Fractions 

i.  "  Common"  Developed 

The  teacher  asks  the  pupils  to  construct  the 
"one  half"  and  the  "one  fourth"  series  of 
equivalents  on  their  desks.  The  child  con- 
structs the  former  series  along  the  back  of  his 
desk — as  many  terms  as  his  desk  will  hold. 
He  should  then  be  required  to  construct  the 
latter  series  in  front  of  it  so  that  the  terms  of 
the  two  series  having  like  pieces  (the  same 
name)  shall  be  opposite  each  other — 
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This  diagram  shows  the  arrangement  of  the 
objects  on  the  child's  desk — the  common  units 
of  the  two  series  under  each  other. 

After  the  construction  and  after  each  other 
construction  under  this  section,  the  teacher 
asks  the  questions — 

"What  can  we  make  halves  into?" 

"What  can  we  make  fourths  into?" 

The  question  suggested  in  Chapter  XV  D 
Note  should  also  be  asked. 

In  the  case  of  these  two  series,  both  have 
fourths,  eighths, twelfths,  sixteenths, etc.  Teach 
the  pupils  to  call  the  fourths,  eighths,  etc.,  in 
these  series  the  "common"  units. 

This  word  "common" — "common"  units — 
must  be  applied  to  all  parallel  series  work. 
"What  common  units  do  both  series  have?" 
or,  in  the  case  of  constructions  where  there  are 
three  or  four  parallel  series,  "What  common 
units  do  all  have?"  "What  are  the  names  of 
the  common  units?"  "What  is  the  name  of 
the  first  common  unit? "    "Of  the  second? " 
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Note  i. — In  this  "parallel  series,"  "common,"  and 
"common  denominator"  work,  it  will  be  necessary  for 
the  teacher  in  most  of  her  dictations  to  limit  the 
number  of  terms  to  which  the  series  are  to  be  carried. 
The  dictations  should  specify — "to  24ths,"  "to  i8ths," 

or  "to  35ths,"  etc.;  or,  "to  the th  term,"  meaning 

that  term  of  the  series  which  has  the  shortest  denomi- 
nator intervals. 

If  we  say  to  a  child,  "  Make  the  full  series  from  t 
and  I  to  denominators  not  higher  than  35ths,"  he 
should  respond  with  the  series  to  32ds. 

2.  "Common  Terms"  "Sum'''  or  "Total"  of 
Common  Terms* 

"You  may  now  make  J  and  \  into  parallel 
series,  putting  the  common  units  opposite 
each  other." 

The  constructions  made  and  properly  ar- 
ranged, the  teacher  asks  the  questions  as 
above — 

"What  did  you  make  the  half  into?" 

"What  did  you  make  the  eighth  into?" 

' '  How  many  common  terms  might  we  have 
to  these  two  fractions?" 

(The  pupil  will  discover  by  thinking  the  ex- 
tended series  that  the  number  is  unlimited.) 

"What  units  are  common  to  both  series  so 
far  as  you  made  them?" 

*  Terms  having  a  common  denominator,  common 
units,  will  be  spoken  of  as  common  terms — common 
in  that  their  measuring  units  have  the  same  name. 
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In  answering  this  last  question  the  pupil 
should  be  taught  to  put  his  hand  on  the 
two  groups  of  eighths  saying  as  he  does  do, 
"Eighths  are  common";  then  on  the  two 
groups  of  sixteenths  saying  as  he  does  so, 
"Sixteenths  are  common"  then  on  the  two 
groups  of  twenty-fourths  saying,  "Twenty- 
fourths  are  common." 

"How  many  eighths  in  the  first  series?" 

"In  the  second  series?" 

"How  many  in  both?" 

"How  many  sixteenths  in  the  first  series?" 

"In  the  second?" 

"In  both?" 

"How  many  24ths  in  the  first  series?" 

"In  the  second?" 

"How  many  in  all?" 

Note  2. — These  questions  are  introduced  here  not 
for  memory  work  but  as  preliminary  to  addition  of 
fractions  later.  They  are  merely  to  lead  the  pupil  to 
notice  totals  of  common  terms.  To  these  questions  the 
teacher  should  add  the  request — 

"Tell  me  how  many  common  units  of  each  kind 
one-half  and  one-eighth  will  make." 

("They  will  make  five  eighths,  ten  sixteenths,  or 
fifteen  twenty-fourths,  etc.") 

"You  may  write  it  on  the  blackboard." 

(iandi  =  f,  H,  or  If,  etc.) 

The  pupil  finds  these  totals  from  his  objects  by  put- 
ting the  objects  in  each  set  of  terms  having  like  units 
together  just  as  he  has  always  done  in  objective  adding. 
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The  term  sum  and  total  should  be  introduced  in 
connection  with  this  work.  "The  total  of  the  first  set 
of  like  terms  is  — ,  of  the  second  — ";  or,  "The  sum  of 
the  first  set  of  like  terms  is  — ,  of  the  second  — ,  etc." 
The  teacher  should  carefully  and  methodically  inter- 
change these  terms — at  one  time  using  sum,  at  another 
time  total.  This  will  lead  the  pupils  to  use  them 
interchangeably. 

"You  may  now  make  J  and  -§-  into  parallel 
series  to  denominators  not  higher  than  34ths, 
putting  the  common  units  opposite  each 
other." 

The  questions  are  now  asked  as  before,  the 
child  answering  the  question  as  to  the  "Com- 
mon" groups  by  putting  his  hand  on  them  one 
after  the  other  with,  "Eighths  are  common," 
"Sixteenths  are  common,"  "Twenty-fourths 
are  common,"  etc. 

Ask  the  same  questions  as  before  as  to  the 
number  of  units  in  the  like  terms — 

"How  many  8ths  in  the  series  from  J?" 

"How  many  in  the  series  from  |?" 

"How  many  in  the  total?" 

"How  many  sixteenths  in  the  first  series?" 

"In  the  second?" 

"The  sum  of  the  i6ths?" 

"How  many  2/j.ths  in  the  series  from  J?" 

"In  the  series  from  -J?" 

"In  the  sum? 

Other  constructions  follow — ^  and  J,  §  and 
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§ ,  f  and  -J-,  -§-  and  -§ — with  the  questions  and 
answers  as  before. 

j.  Common  Denominator 

a.  Object  work — removing  terms  not  having 
common  units. 

Constructions  of  the  same  kind  should  be 
made,  the  pupils  being  directed  after  the  con- 
structions to  take  out  and  put  aside  all  groups 
except  the  leaders  and  the  "common"  groups. 
For  illustration,  the  pupils  are  told  to  make 
the  series  from  \  and  f-  and  then  to  take  away 
the  groups  whose  units  are  not  common.  The 
constructions  are — - 
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After  the  groups  have  been  made  as  above 
the  pupils  take  away  the  fourths,  eighths,  and 
tenths,  leaving  the  constructions  as  follows: 
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Note  3. — "Leader."  It  will  be  necessary  to  teach 
the  pupils  to  call  the  basis  groups  (the  £  and  the  f  in 
the  above  exercise)  the  leaders — each  being  the  leader 
of  its  series. 

They  should  be  taught  that  in  removing  groups  not 
having  common  units  they  must  not  take  a  leader,  even 
if  it  is  not  one  of  a  set  of  "common"  terms. 

Three  or  four  exercises  of  this  kind  should 
be  given,  the  child  making  the  full  series, 
arranging  the  groups  of  like  units  opposite 
each  other  as  above,  and  then  removing  the 
groups  not  having  common  denominators 
excepting,  of  course,  the  "leaders."  The 
question  suggested  in  Chapter  XV  D  Note 
should  be  used  with  each  full  series  construc- 
tions and  also  with  the  series  remaining,  in 
each  case  after  taking  away  the  groups  whose 
units  are  not  common,  as  above. 

The  questions  as  to  the  sum  of  the  units  in 
the  first  common  terms,  the  total  of  the  second 
common   terms,  etc.  must  be  asked  regularly. 

The  written  statements  (See  Note  2,  page 
236)  must  be  required.  In  this  exercise  it 
would  be  written  i+%  =f,  xt,  y~s,  etc- 

Note  4. — The  teacher  will  remember  that  the  pupil 
finds  these  totals  from  his  objective  work  while  the 
construction  is  before  him.  He  does  not  compute  or 
remember.  He  counts.  Our  aim  is  to  accustom  him 
to  notice  totals  (objective)  of  "common"  terms  and 
the  series  of  totals. 
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b.  Object  work  —  constructing  common 
terms  only. 

Exercises  are  now  given  in  these  two-fraction 
parallel  series  as  above,  the  pupil  to  construct 
only  the  common  groups — the  groups  not  com- 
mon to  be  omitted  in  the  constructions.  For 
illustration,  the  teacher  asks  the  pupils  to 
"make  the  parallel  series  from  §  and  f  leaving 
out  all  of  the  groups  that  are  not  common." 
The  constructions  will  look  like  those  in  the 
exercises  just  preceding  this — those  from 
which  the  groups  not  common  have  been  re- 
moved.    The  §  and  f  series  will  be  as  follows: 
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The  questions  are: — 

"What  is  the  series  from  §?" 

(The  pupil  in  reply  gives  the  full  series- 
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"What  is  the  series  from  f  to  30ths?" 

(The  pupil  gives  the  full  series.) 

"What  denominators  are  common  in  thirds 
and  fourths  to  30ths?" 

("Twelfths  and  twenty-fourths.") 

"How  many  common  terms  may  thirds  and 
fourths  have?" 

(The  child  will  think  this  out  for  himself 
that  the  number  is  unlimited.) 

"  How  many  units  in  all  in  the  first  common 
terms? "    " In  the  second? "     "In  the  third? " 

"You  may  write  the  sum  of  the  terms  in 
each  set  of  the  common  terms." 

("f  +i  =if »  or  M>  etc-")  (This>  of  course, 
is  found  by  the  child  directly  from  his  con- 
structions.) The  question  in  Chapter  XV  D 
Note  should  be  used. 

Several  similar  exercises  should  be  given  and 
the  questions  asked  in  each.  The  question, 
"What  denominators  are  common?"  should 
take  the  form  also,  "What  are  the  common 
denominators  in  the  series  from  —  and  — ?" 
This  will  bring  into  use  the  term  "common 
denominators." 

c.  Written  work  without  objects — full  series. 

The  pupils  should  now  be  given  the  same 

work  again  but  without  objects.     The  child 

simply  writes  the  parallel  series  placing  groups 

having  a  common  denominator  together  as  in 
16 
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the  objective  work.  For  illustration,  "You 
may  write  the  series  from  ^  and  \  in  parallel 
form  to  the  9th  term" — (the  9th  term  of  the 
3ds  series). 

The  child  writes — 

JL         2          3.     _4_  _5_         _6_         _7_    _8_  _9_    pfp 

3»        6»        9>    12»  15»        18»        21»    24'  27»ct,~' 

i         2.          _3  _4_         _5_            _6_             _7_     pfP 

4>        8>         12>  16>         20*           24»             28»   ct»— 

The  I2ths  and  24ths  are  common  and  are 
therefore  written  opposite  each  other  following 
the  plan  of  the  concrete  work.  (See  pp.  234 
and  238.) 

"What  is  the  full  series  from  J  to  30ths?" 
"From  i  to  30ths?" 

"What  denominators  are  common  in  these 
series?" 

"What  can  I  make  both  J  and  J  into?" 

This  last  question  puts  "common"  into  a 
new  light.  The  child  has  stated  many  times 
that  he  can  make  thirds  into  6ths,  9ths,  I2ths, 
I5ths,  etc.,  and  that  he  can  make  fourths  into 
8ths,  I2ths,  i6ths,  etc.  He  has  stated  many 
times  what  the  common  denominators  are. 
We  now  have  the  question  form,  "What  can 
I  make  both  into?" 

The  totals  of  the  "  common "  terms  of  the 
series  will  be  found  by  the  pupil  from  his 
written  series.  These  totals  of  the  common 
terms  must  be  regularly  required. 
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Other  exercises  of  this  kind  should  be  given 
for  the  child  to  write  without  objects.  Ques- 
tions should  be  asked  with  each  exercise, 
"What  is  the  full  series  from  —  ? "  "What  is 
the  series  from  — ?"  "What  denominators 
are  common  in  these  series?"  or  "What  are 
the  common  denominators  in  these  series?" 
1 '  What  can  I  make  both  into  ?  "  "  What  is  the 
sum  of  the  units  in  the  second  common  term?  " 
"How  many  common  terms  may  we  have  in 
the  series  from  —  and  — ?" 

d.  Written  work  without  objects — the  com- 
mon terms  only. 

Exercises  should  now  be  given  in  which  the 
child  writes  only  the  terms  of  the  series  which 
have  common  denominators. 

"Write  four  common  terms  of  the  series 
from  \  and  J." 

The  child  writes — 

JL  3        6        9      12 

4>  12>    24>    36'    48* 

-1     _?_       4       _6_     _8_ 
6>    12»    24'    36»    48" 

"What  are  the  common  denominators  in 

fourths  and  sixths?" 

("i2ths,  24ths,  36ths,  48ths,  etc.") 
"What  can  we  make  4ths  and  6ths  into?" 
("i2ths,  24ths,  36ths,  48ths,  etc.") 
"How  many   common  denominators  may 

they  have?"  or, 
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"How  many  common  terms  may  the  two 
fractions  have?" 

The  question  in  Chapter  XV  D  Note  also. 

"You  may  make  a  statement  on  the  board 
of  the  totals  of  the  common  terms  of  \  and  ^ 
to  the  third  common  term." 

f'14-l  =_5_    11    orL5    "} 
\     4  ^  6         1  2  >    2  4  >   ux    36*     / 

Very  many  exercises  (20  to  30)  should  be 
given  before  passing  to  the  oral  work  in  4  b, — 
1st,  in  writing  out  full  two-fraction  series  with 
the  common  terms  together  as  above;  2d,  in 
writing  such  series  giving  only  the  terms  in 
which  the  denominators  are  common;  and  3d, 
in  writing  such  series  of  the  common  terms  of 
mixed  numbers.  The  questions  and  other 
oral  work  are  important. 

4.  Lowest  Common  Denominator 

a.  The  terms  low,  lowest,  high,  and  higher 
developed. 

The  introduction  of  these  terms  is  very 
simple.  The  teacher  has  already  without 
explanation  brought  into  use  the  expressions 
first  common  denominator,  second  common 
denominator,  third  common  term,  first  com- 
mon term,  etc.  No  explanation  was  necessary. 
It  was  natural  to  number  the  common  terms 
in  this  way. 

The  pupils  are  now  taught  to  apply  "low" 


PARALLEL  SERIES  245 

and  "high"  to  denominators.  People  speak 
of  half  as  being  a  lower  denominator  than 
third,  of  fifth  being  a  higher  denominator  than 
fourth  or  third  or  half.  In  J,  ^,  J,  £,  and  J, 
people  speak  of  half  being  the  lowest  and 
sixth  the  highest  denominator.  These  facts 
are  taught  the  child  and  he  is  thus  brought  to 
use  "low"  and  "lower"  and  "lowest"  in 
comparin  g  denominators .  ' '  Low ' '  and  ' '  high ' ' 
are  now  applied  in  the  same  way  to  common 
denominators — the  lowest  common  denomina- 
tor, a  higher  common  denominator. 

After  several  exercises  in  denominators  in 
which  they  are  spoken  of  as  1st,  2d,  3d, 
etc.,  and  at  the  same  time  compared  as  to 
"lowest,"  "higher,"  "highest"  (of  those 
written),  "lower,"  etc.,  the  child  easily  con- 
nects "lowest"  with  first.  The  first  denom- 
inator of  a  series  is  the  lowest,  the  first 
common  denominator  is  the  lowest  of  the 
common  ones. 

"What  do  we  mean  by  lowest  common 
denominator?" 

("We  mean  the  first  common  denomina- 
tor.") 

1 '  What  is  the  highest  common  denominator? ' ' 

The  pupil  will  reason  out  for  himself  that 
there  can  be  no  highest. 

b.  Oral  exercises  without  objects. 
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Exercises  should  be  given,  very  many  of 
them,  in  oral  work  on  common  groups  and 
common  denominators.  It  is  very  important 
that  the  dictations  and  questions  should 
provide  the  widest  possible  use  of  "common 
denominator ' '  language. 

The  following  questions  are  to  suggest  the 
form  and  scope  of  this  oral  work.  The  teacher 
will  observe  that  the  exercises  (as  the  questions 
indicate)  relate  more  particularly  to  denomin- 
ators, to  common  denominators,  and  to  com- 
mon denominator  vocabulary.  The  power  to 
form  complete  common  series  mentally — 
without  a  pencil  or  crayon  to  record  the  terms 
as  each  is  found — will  be  developed  slowly  by 
experience  in  written  work. 

"What  can  we  make  from  halves  and 
fourths?" 

("We  can  make  fourths,  eighths,  twelfths, 
sixteenths,  etc.") 

"What  terms  are  common  in  series  from 
halves  and  thirds?" 

("The  common  terms  are  6ths,  I2ths,  i8ths, 
etc.") 

"What  are  the  common  denominators  in 
the  series  from  fourths  and  sixths?" 

("The  common  denominators  are  I2ths, 
24ths,  36ths,  etc.") 

"What  is  the  lowest  common  denominator 
in  the  series  from  four  fifths  and  five  sixths?" 
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"What  are  the  2d  and  4th  common  denom- 
inators in  the  series  from  —  and  — ?" 

"What  are  the  numerators  of  the  terms 
having  the  lowest  common  denominator  in 
the  series  from  —  and  — ?" 

The  question  as  to  totals  of  the  common 
terms  may  be  used  in  written  but  not  in  oral 
series  work. 

The  intent  of  this  section  is  to  have  the 
child  give  orally  from  written  or  from  oral 
dictations  any  thing  as  to  denominators  that 
has  been  developed  in  the  objective  and  writ- 
ten work  in  parallel  series.  The  exercises 
should  involve  all  sorts  of  two-fraction  series 
up  to  ioths,  or  I2ths — 

"I  can  make  3ds  and  4ths  into  I2ths,  24ths, 
or  36ths,  etc." 

"I  can  make  4ths  and  6ths  into  I2ths,  i8ths, 
24ths,  30ths,  36ths,  42ds,  48ths,  etc." 

"I  can  make  3ds  and  5ths  into  I5ths,  30ths, 
or  45ths,  etc." 

"I  can  make  6ths  and  Qths  into  i8ths, 
36ths,  or  54ths,  etc." 

ORAL,    WRITTEN,    AND    OBJECTIVE    REVIEWS 

Oral  and  written  exercises  should  be  given 
frequently  for  weeks  in  the  series  work  outlined. 

Objective  work  should  be  given  occasionally 
so  that  the  concrete  work  will  not  be  lost. 
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The  questions  suggested  must  be  in  constant 
use  as  well  as  all  the  terms  that  have  been 
developed.  The  teacher  must  not  overlook 
the  question, 

"How  do  you  make  the  series  from  — ?■" 
("I  take  —  and  make  each  into  two  equal 
parts,  then  I  take  another  —  and  make  each 
into  three  equal  parts,  etc.") 

B.  Common  Denominator  of  Three  or  More  Fractions 

Aim. — This  section  repeats  the  work  of  (A) 
except  that  it  deals  with  exercises  involving 
more  than  two  fractions — making  and  writing 
such  combinations  of  series  as  halves,  fourths, 
and i eighths;  halves, fourths,  and  sixths;  thirds, 
fourths,  and  sixths;  halves,  thirds,  and  fourths; 
fourths,  sixths,  and  eighths;  fifths,  sixths,  and 
eighths;  thirds,  fourths,  sixths,  and  eighths; 
etc.,  in  parallel  form,  the  terms  having  common 
denominators  being  arranged  as  before,  in 
columns. 

PLAN    OF    DEVELOPMENT 

There  are  three  steps : 
(i)  Constructions. 

(Only  a  few  exercises  with  objects  need  be 
given.) 

(2)  Written  exercises  without  objects. 

(3)  Oral  exercises  without  objects. 
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1.   The  Constructions 

The  order  of  steps  as  in  A  is  followed  here. 

a.  The  full  series  with  the  '  'totals"  series  of 
the  common  terms. 

(1)  "  Make  the  full  series  to  25ths  from  -J,  J, 
and  -J  and  show  the  sums  of  the  units  in  the 
terms  having  common  names." 


B 
Ml2 


L  15 


H-8 


Ink     Rfeu 


L    16 


T-20 


fife, 


n 


T 

La 


After  constructing  the  series  as  above  the 
pupils  write  them. 

After  writing  the  series  the  pupil  constructs 
and  writes  the  sums  of  the  terms  having  com- 
mon names — the  I2ths  and  the  24ths. 

(2)  "Make  the  series  of  the  common  terms 
from  ^,  \,  and  -J,  and  then  the  totals  of  the 
terms." 

(This  construction  has  the  three  "leaders" 
and  the  common  terms— the  I2ths  and  24ths. 
The  teacher  will  bear  in  mind,   of   course, 
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that  this  being  objective  work  the  totals 
will  be  written  after  the  construction  is 
completed.  The  written  work  after  construc- 
tion is — 

The  leaders  and  the  two  columns  of  common 
terms  arranged  in  order,  and 

The  totals  of  the  two  columns  of  common 
terms. 

2.   Written  Exercises  Without  Objects 

(a)  "Write  the  full  series  from  J,  J,  and 
-J  to  24ths." 

1      2      3      4  5         6  7         8  9        101112 

2»    4>    6»    8»  10i    12)  14>    16»  18>    20'    22»    24 

1             2  _3_  _A_  _5_               _6_ 

4             8  12  16  20                24 

1  _2_  _3_ 

8"  16  24 

The  only  columns  of  common  terms  are 
those  having  8ths,  i6ths,  and  24ths. 
The   totals  series   is  written — J+i+i=-Ji 

14      21 

16»    24' 

(b)  "Write  the  common  terms  of  J,  J,  and 
-J  to  24ths,  and  the  sums  of  the  common 
terms."  There  are  three  columns  of  common 
terms — 

1  4                8  12 

2  8  16  24 
12                4  6 
4               8  16  24 

1  _2_  _3_ 

8  16  24 

The  "totals"  series  is  written  as  in  (a). 
In  regular  seat  work,  of  which  much  should 
be  given,  the  written  form  should  be  as  follows : 
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"Write  the  first  three  common  terms  of 
h>  "£>  iV  with  the  sum  of  the  lowest." 

JL     —  _6_        JL2        J_8 

2     ~12)       24>       36 

JL    — _2_  4  6 

6     ~~  1  2»       24»       36 

1  _    1  2  3 
12   ~12>       24>       36 

JL    _J_   1    _J !_  __9_    13.     2_7 

2  16    T12   -12>    2  4 »    3  6" 

The  child  should  have  several  exercises  of 
this  kind  to  write  each  day  for  many  days. 
The  question  in  Chapter  XV  Note  D  must  not 
be  overlooked. 

Note. — The  questions  as  to  the  lowest  common 
denominator,  the  2d  common  denominator,  the  3d 
common  denominator,  etc.,  must  be  asked  regularly: 
also  the  question  of  the  totals  (the  sum)  of  the  common 
terms.    All  questions  suggested  in  A  apply  here. 

j.  Oral  Exercises  Without  Objects 

Oral  exercises  will  be  confined  to  responding 
to  questions  like  those  in  A  4  b,  page  246,  with 
the  question  on  the  numerators  of  common 
terms  omitted.  The  written  work  in  2  b 
above  is  (because  of  the  fact  that  the  terms 
are  all  found  mentally  the  pencil  being  used 
merely  to  record  results)  in  fact  oral  (mental). 
The  power  to  change  three  or  more  fractions 
to  terms  having  a  common  denominator  and 
give  their  numerators  wholly  mentally  will  be 
acquired  only  after  much  experience  in  work 
like  that  in  2  b. 


252  NUMBER  BY  DEVELOPMENT 

C.  Order  and  System  in  the  Mental  Work  in  Series 
Forming 

In  the  nature  of  things  series  work  is  largely 
mental,  the  child  finding  the  denominators 
and  the  numerators  mentally,  using  the  pencil 
merely  to  make  records  of  results.  There  is  an 
orderly  way  of  finding  the  several  common 
denominators  of  two  or  more  fractions.  It  is 
the  aim  of  this  section  to  train  the  pupil  to  do 
the  work  in  this  systematic  manner. 

I.   The  Order  of  Work 

Write  the  lowest,  the  second,  and  the  third 
common  terms  of  J,  -J-,  and  £. 

In  brief,  the  proper  order  of  thinking  in 
finding  the  denominators  of  the  common  terms 
is  to  let  the  thought  center  about  the  highest 
denominator.    In  this  case  it  is  8th. 

The  thinking  process  is  shown  in  the  follow- 
ing questions  and  answers: 

Is  8ths  the  lowest  common  denominator? 
No  I  can  not  make  6ths  into  8ths. 

Is  i6ths  the  lowest  common  denominator? 
No  I  can  not  make  6ths  into  i6ths. 

Is  24ths  the  lowest  common  denominator? 

Vac     1   —  JL2     J,  __4_    i  _    3 
iCb,    2   —  2  4»    6   —  2  4>    8   ~~  2  4' 

I  must  now  find  the  2d  common  denominator. 
Is  32d  this  denominator?     No,  I  can  not 
make  6ths  into  32ds. 
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Is  4-Oths  this  denominator?  No,  I  can  not 
make  6ths  into  40ths. 

Is   48ths   this   denominator?    Yes,    J  =fi, 

JL  __8_    x  —   6 
6   —  48»    8   —  48' 

A  common  denominator  of  any  number  of 
fractions  is  always  one  of  the  denominators 
of  the  series  from  the  fraction  having  the  high- 
est denominator.  By  working  in  this  way, 
always  from  the  highest  denominator,  the 
child  saves  time  and  works  faster. 

2.  How  to  Train  the  Pupils 

The  teacher  can  train  pupils  to  work  with 
system  in  this  way  by  devoting  a  few  minutes 
of  each  day  to  blackboard  work  in  which  one 
child  at  a  time  goes  to  the  board  and  talks 
while  he  writes  and  writes  while  he  talks.  The 
child  will  say  just  what  he  writes  and  write 
just  what  he  says. 

(a)  Form  of  oral  work. 

Let  us  suppose  that  the  child  is  sent  to  the 
board  with  the  following: 

"  Change  -J-,  § ,  and  -§-  to  their  lowest  common 
denominator." 

He  passes  to  the  board  and  talks  as  follows, 
asking  and  answering  the  questions: 

"I  must  find  first  the  lowest  common  de- 
nominator. Is  6ths  this  denominator?  No,  I 
can  not  make  4ths  or  5ths  into  6ths.    Is  I2ths 
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this  denominator?  No,  I  can  not  make  5ths 
into  I2ths.  Is  i8ths  this  denominator?  No, 
I  can  not  make  4ths  or  5ths  into  i8ths.  Is 
24ths  the  denominator?  No,  I  can  not  make 
5ths  into  24ths.  Is  30ths  the  denominator? 
No,  I  can  not  make  4ths  into  30ths." 

(He  goes  on  in  the  same  way  with  36ths, 
42ds,  48ths,  and  54ths.) 

"  Can  I  make  them  into  6oths?    Yes,  \  =-^f, 

2.  _  2_4      5.  _  5^.  " 
5   ~~  60>    6   ~~  60- 

(If  he  had  been  asked  to  change  them  also 
to  the  2d  common  denominator  he  would  go 
on  with — 

"Can  I  make  them  into  66ths?  No,  I  can 
not  make  4ths  or  5ths  into  66ths.  Can  I 
make  them  into  72ds?    No,  etc.") 

The  more  exercises  he  writes  and  talks  the 
more  rapid  his  work.  The  aim  of  this  talking- 
writing  work  at  the  blackboard  is  to  secure  the 
habit  of  working  in  this  way  always  from  the 
highest  denominator. 

(b)  Forms  of  written  dictations. 
Change  to  lowest  common  denominator  and 
give  the  totals  of  the  terms: — 

},  | ,  and  £  f  and  % 

-  and  4-  I  and  -* 


4>    5»   «-11,-L   6  8    ^^    10 

5  jl    4.    o-nrl  JL 

9  3  '    5  »   clllu    1  2 


Change  to  the  lowest  and  2d  common  de- 
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nominators  and  give  the  sum  of  the  units  in 
each  set  of  common  terms: — 

f  and  f  |-  and  f 

2,  3,  anu  1  3  ~r5 

J,       1       on/l      1  I       1       I       J_ 

3,4,  clIlU.   6  2  »    3  »    4  '    1  2 

Change  to  2d  and  3d  common  denominators 
and  find  the  sum  of  the  units  in  the  3d  common 
term  in  each: — 

i  and  §  J,  i,  and  J 

f  and  i  &,  f,  and  J 

f  and  1  A  and  f 


(c)  Reverse  tests  in  objective  work. 

In  this  exercise  the  teacher  constructs  for 
pupils  to  read.  The  aim  is  to  test  the  child's 
ability  to  determine  whether  the  construction 
is  the  lowest,  2d,  3d,  or  4th  "common"  term. 

(i)  The  teacher  has  in  mind  perhaps,  a 
"common"  term  for  ^  and  \. 

"I  take  this  unit — it  is  ^,  and  this  unit — 
it  is  J." 

"I  take  another  3d  and  exchange  it  for  ^." 

"I  take  another  4th  and  exchange  it  for  2V" 

"What  have  I  done?" 

("You  have  exchanged  J-  and  J  for  units 
having  their  2d  common  denominator.") 

On  page  256  is  the  form  of  the  teacher's 
completed  construction  on  her  desk — 
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t-24 


A 

LA 


liiffe. 


(ii)  The  teacher  takes  in  the  same  way  J 
and  -j3^. 

"I  take  this  unit — J,  and  this  unit- 

"I  exchange  the  -J-  for  ^-." 

"What  have  I  made?" 

("You  have  made   the  lowest 
terms.") 

The  following  is  the  teacher's  completed 
construction  on  her  desk — 


,  i 

10' 


common 


T 

i 

r 

— 1. 

B 

* 

1 
10 

B 

m 

Several  similar  exercises  should  be  given, 
the  number  being  determined  by  the  readiness 
with  which  the  pupils  respond. 

id)  Reverse  tests  in  written  work. 
The  teacher  writes  two  or  more  fractions  on 
the  blackboard  and  with  them  a  set  of  terms 
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"common"  to  them.     The  aim  is  to  test  the 
child's  ability  to  determine  which  "common51 
term  it  is. 
({)   1  =_e_ 

W     4        2  4 

JL  _    8 

3  — 24 
J,  _    4 

"What  have  I  done?" 

("You  have  changed  the  three  fractions  to 
their  second  common  denominator  ") 

(\\)     1  _  .20. 

\nJ    3  —  6  0 
1  =\2 

"What  have  I  done?" 

("You  have  written  J  and  J  in  their  4th 

common  denominator." 

(iii)  i  =i 

JL  — JL 
9   —  9 

"What  is  this?" 

("This  is  -J  and  J  in  their  lowest  common 
terms.") 

(iv)  5ths  =  8oths 
8ths=8oths 

"What  have  I  written?" 

("You  have  written  the  2d  common  de- 
nominator of  5ths  and  8ths.") 

(e)  Oral  reverse  tests. 

"To  what  two  fractions  would   I2ths  be 
common?"  * 


*  If  a  pupil  should  hesitate  on  a  question  of   this 
kind,  he    should   simply   be  asked   to   write   out  the 
17 
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In  answering  such  a  question  the  child  is 
right  if  he  gives  any  two  of  the  fractions — 
halves  and  3ds,  halves  and  I2ths,  3ds  and  4ths, 
6ths  and  I2ths,  etc. 

"To  what  two  fractions  would  8ths  be  com- 
mon?" "gths?"  "4ths?"  "6ths?"  "igths?" 

"To  what  three  fractions  would  8ths  be 
common?"  "i2ths?"  "isths?"  "6ths?" 
"i8ths?"    "i6ths?" 

"If  I  should  change  4ths  and  5ths  to  40ths 
what  would  I  have?" 

("You  would  have  units  in  the  2d  common 
denominator.") 

3.  Exercises  in  Writing  the  Changes 
Horizontally 

In  all  series  work  thus  far  the  common 
terms  have  been  arranged  in  column  form. 
Before  the  work  of  Chapter  XVIII  is  taken  up 
the  child  should  have  experience  in  seeing  his 
work  detached — written  out  of  the  column 
form,  in  horizontal  form. 

(a).  The  introduction. 

i  and  I  =f  and  \  (Written  on  the  blackboard 
by  the  teacher.) 

"What  have  I  done?" 


full  equivalent  series  of  the  fractions  with  the  "common* 
terms  in  columns  as  before.     This  work  will  enable 
him  to  answer  his  question  or  solve  his  difficulty  with- 
out assistance. 
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("You  have  written  J  and  J  on  their  first 
common  denominator.") 

f  and  f  =£f  and  Jf . 

"What  did  I  do?" 

("You  changed  §  and  f  to  units  having  the 
26.  common  denominator.") 

-J  and  -J  =^q  and  ^-. 

"What  did  I  write?" 

("You  wrote  -J  and  -J  in  their  lowest  common 
denominator.") 

A  dozen  or  more  exercises  like  these  should 
be  given — the  questions  after  them  varying  in 
form,  "What  did  I  do?"  "What  did  I  write?" 
etc. 

(b . )  Written  dictations  for  pupils  to  complete 
horizontally, 

i  and  £  = 

"Write  this  on  your  papers  and  then  write 
them  in  the  2d  common  denominator." 

("iandi=AandA-") 
Many  such  exercises  should  be  given: 

i  and  J  =     f  and  iV  =     i  and  f  = 

§  and  £  =     J  and  \  =    -J  and  £  = 

Summary. 

1.  The  development  of  "common,"  "com- 
mon units,"  "common  terms,"  "sum 
of  common  terms,"  "total  of  common 
terms,"  "common  denominator." 
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a.  Object  work — two  series.    (A.) 
Exercises  in  constructions  of  full  series 

from  two  fractions — arranged  par- 
allel, terms  having  the  same  de- 
nominator in  the  two  series  placed 
opposite  each  other. 
These  opposite  terms  afford  the 
opportunity  to  introduce  com- 
mon, common  units,  common 
terms,  parallel  series,  sum  of  com- 
mon terms,  total  of  common 
terms.  (A,  i  and  2.) 
Exercises  with  similar  constructions — 

(1)  Terms  not  common  are  taken 

out  afterwards.    {A ,  3  a.) 

(2)  Constructions  of  the  common 

terms  only.    {A ,  3  b.) 
Common  denominator  is  applied 
to  the  denominators  of  the 
terms  thus  left  or  constructed. 

U,3b.)m 

b.  Work  without  objects — two  series. 
Exercises  in  writing  out  full  parallel 

series  from  two  fractions,  the  com- 
mon terms  written  opposite  each 
other.  (A,  3  c.) 
Exercises  in  writing  out  parallel  series 
— common  terms  only.  The  terms 
common,  common  terms,  etc.,  as  in 
2  and  3  are  applied. 
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2.  Lowest  common  denominator  is  intro- 

duced in  connection  with  the  parallel 
series  work — the  association  being  with 
first  common  denominator,  third  com- 
mon denominator,  etc.  (A,  4  a 
and  b.) 

(a)  Object  work — three  or  more  series. 

(B.) 
This  repeats  the  object  work  in  (A) 
with  further  application  of  terms — 
common  denominator,  common 
units,  second  common  denomina- 
tor, lowest  common  denominator, 
etc.    (B,  1.) 

(b)  Work  without  objects — three  or  more 

series.    (B,  2  and  j.) 
This  repeats  similar  work  in  (^4)  for 
construction  and  language  experi- 
ences. 

3.  Training  in  system  in  the  mental  work. 

(C.) 
This  is  to  train  to  find  systematically  a 
given  common  denominator — the  3d, 
the  5th,  the  1st,  the  lowest,  etc. 

a.  The  training. 

(1)  The  order  in  which  the  work 

should  be  done.    (C,  J.) 

(2)  How  to  conduct  the  training  to 

this  order  of  work.    (C,  2.) 


262  NUMBER  BY  DEVELOPMENT 

(3)  The  direct,  the  reverse  objec- 
tive, the  reverse  written,  and 
the  reverse  oral  test  exercises. 
(C,  2  a  to  e.) 
b.  The  horizontal  order  in  reductions 
to  common  denominator.    (C,  3.) 
This  is  to  provide  for  the  horizontal 
form  of  arrangement. 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XVI,  ten  days.  Total 
time  for  the  work  of  Chapters  II-XVI  I,  eighty- 
one  days. 


CHAPTER  XVIII 
ADDITION 

Topics: — The  Need  of  Common  Denominators  in  Adding.    The 

Arrangement  of  Written  Work  in  Analyses.    Adding  Mixed 

Numbers  (Horizontal  Form,  Vertical  Form).  The  Terms 

Add,  Addition,  and  Sum 

A.  Adding  Fractional  Numbers 

Aim. — The  work  of  this  section  is  limited  to 
exercises  in  which  the  sum  of  the  fractions  to  be 
added  is  less  than  a  whole  because  the  child 
has  had  no  experience  as  yet  in  changing  frac- 
tions to  larger  pieces  (lower  terms).  That 
subject  is  to  be  developed  later  (Chapter 
XX) .  Exercises  involving  improper  fractions 
and  exercises  in  changing  such  fractions  as 
f »  i>  T¥»  e^c-»  to  l°wer  terms  would,  therefore, 
be  out  of  place  at  this  time. 

Addition  will  require  no  development  steps, 

no  explanations.     The  child  has  had  all  the 

construction   experiences,   all  the  principles, 

and  all  the  terms  needed  for  the  work.     In 

Chapter  IV,  C  he  learned  what  mixed  numbers 

and  what  impossible  mixed  numbers  are.    In 

Chapter  IX,   he   learned   the  significance  of 

=    and.  added  fractions  having  a  common 

denominator.  Chapters  XIII -XVII  gave  him 

263 
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all  necessary  experience  in  changing  to  com- 
mon denominator.  The  terms  add  and  addi- 
tion, sum  and  total  were  put  into  constant  use. 

j.  Objective  Work  and  Solution  Forms 

a.    PREPARATORY — DENOMINATORS  COMMON 

The  teacher  should  first  give  (written  dicta- 
tion) three  or  four  exercises  in  constructions 
without  the  sign  "  =,"  (J+f,  i+h  f+i>  etc.) 
and  then  an  equal  number  in  constructions 
with  "  =."  This  is  for  bringing  the  minds 
to  bear  upon  constructions  and  upon  the 
expression  "put  them  together"  (  =). 

Note  i. — The  manner  of  conducting  this  review  is 
of  great  importance.  The  construction  should  follow 
the  writing  of  the  expression  by  the  teacher  as  quickly 
as  it  can  be  done  without  disorder.  The  "putting 
together"  should  be  completed  within  a  second  of  the 
writing  of  the  *'  =."  This  form  of  the  work  (as  in 
Chapter  IX)  is  as  follows : 

The  teacher  writes  the  expression,  as  !+!. 

The  pupils  then  construct  it. 

The  teacher  completes  the  expression  by  writing  = 
after  it  (^+2^  =  ). 

The  pupils  respond  by  putting  the  objects  together. 

The  full  expression  is  then  written:  2+^  =  2. 

b.    SOLUTIONS — DENOMINATORS  NOT  COMMON 

After  two  or  three  constructions  of  exercises 
having  common  denominators,  the  teacher 
without  warning  gives  the  dictation: 
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(I)     i+h 

The  pupils  construct. 


i     FT 


The  sign    =  is  now  added  to  the  dictation 

a+i=). 

Practically  every  pupil  in  the  class  will 
quickly  put  the  two  objective  expressions 
together. 


Each  will  as  quickly  recognize  this  construc- 
tion as  an  "impossible"  mixed  number  and 
will  at  once  separate  the  objects. 

The  construction  will  be  for  a  moment  at 
a  standstill.  Putting  them  together  is  im- 
possible, yet   =  says  "put  them  together." 

Note  2. — The  teacher  will  bear  in  mind  that  while 
the  necessary  changing  of  2  and  ?  in  this  exercise  is 
practically  what  the  child  did  scores  of  times  in  Chap- 
ters XIII-XVII  he  will  not,  in  the  very  nature  of  things, 
immediately  see  the  connection.  In  the  sections  re- 
ferred to,  the  child's  thought  was  directed  to  the  con- 
struction of  equivalent  groups  for  the  sake  of  series  or 
terms  having  common  denominators.  Here  he  is  trying 
to  add.  He  sees  no  connection  between  the  two  because 
he  has  never  yet  felt  the  need  of  changing  fractions  to 
units  having  a  common  denominator  in  order  to  add 
them.  All  his  adding  so  far  has  been  with  fractions 
already  alike  in  name.  New  methods,  new  inventions, 
new  applications  of  known  principles  are  products  of 
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efforts  to  solve  human  problems.  The  plan  here  is  to 
confront  the  child  with  the  new  situation — that  of 
"putting  together"  two  fractions  like  \  and  \  without 
constructing  an  "impossible"  mixed  number.  It's  a 
new  problem.  It  is  something  that  will  challenge  his 
ingenuity  to  find  a  solution.  The  temptation  to  help, 
to  explain,  will  be  very  strong.  The  teacher's  duty, 
however,  is  simply  to  wait,  to  give  the  pupil  the  privilege 
of  discovering  the  "way  out."  He  doesn't  need  help. 
He  needs  quiet  and  time  to  think — time  to  connect,  as 
he  surely  will,  the  experiences  of  Chapters  XIII-XVII 
with  the  problem  before  him.  Her  attitude  should  be, 
"Well,  you  must  put  the  quantities  together  in  some 
way . ' '  She  may  say  as  much,  but  beyond  that  she  must 
not  go. 

After  two  or  three  minutes  of  thinking, 
pupils  will  be  seen  one  by  one  beginning  to 
exchange — the  indication  that  the  problem 
has  been  solved.  Some  (most  pupils)  will 
exchange  the  ^  for  f  and  then  will  put  the 
groups  together.  Some  will  doubtless  ex- 
change the  J  for  £  and  the  J  for  §  and  then 
combine  the  groups.  Whatever  the  exchange, 
the  teacher  must  accept  it  if  it  is  quantitatively 
correct.  The  time  for  insisting  upon  changing 
to  lowest  common  denominator  comes  later. 

"Yes,  it  is  right." 

The  full  written  form  must  now  be  written 
on  the  blackboard  by  the  teacher — the  form 
being  that  which  the  child's  written  seat  work 
later  must  take: 
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0)  *+i- 

Ciii)  f+i-i 

(The  order  of  writing  this  on  the  blackboard 
is  rather  important.  It  must  be  the  order  that 
the  child  will  necessarily  use  later  when  he 
begins  to  write  out  solutions.  ( i )  is  the  original 
dictation  on  the  blackboard.  When  the 
teacher  begins  to  complete  the  blackboard 
work  after,  "Yes,  it  is  right,"  she  writes  (ii) 
then  (iii)  and  then  completes  (i)  by  writing 
in  the  f .  The  completed  blackboard  work 
will  now  be — 

i-L-i,  —3. 
2    '4  —  4 

!  —  _2 

2  —  4 

2  _l_i  _3. 
4  T^4  ~~ 4 

For  those  who  changed  to  8ths  the  teacher 
must  write  the  dictation  on  another  part  of 
the  board  and  complete  it  in  the  same  order 
as  follows: 


1 

2 

+i 

_e 

—  8 

2 

_  4 

—  8 

1 

4 

_  2 

"~8 

4    1    2  _Jj. 

8     1^8  —  8 

If  some  members  of  the  class  have  used 
I2ths  or  i6ths,  the  dictation  and  the  completed 
statement  must  be  made  for  them. 

The  teacher  must  now  ask  those  who 
changed  the  \  to  4ths,  "What  did  you  do?" 
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(pointing  to  the  blackboard  written  work). 
This  repeats  the  work  of  Chapter  XVII,  C,  3. 
The  child  answers,  "I  gave  them  their  lowest 
common  denominator."  The  same  question  is 
asked  of  those  who  used  eighths.  "I  gave 
them  their  2d  common  denominator."  Those 
who  used  I2ths  would  be  expected  to  answer. 
"I  gave  them  their  3d  common  denominator." 
(2)  Another  dictation  is  now  given: — 

2  ^8 

The  pupils  construct,  each  makes  exchange 
as  he  thinks  proper,  the  groups  are  "put  to- 
gether," the  teacher  examines  each  construc- 
tion and  passes  judgment  upon  it  ("impos- 
sible" or  "your  exchange  wasn't  fair"  or 
"right")  and  the  pupils  are  asked  as  before, 
"What  did  you  do?" 

(Since  the  teacher  is  accepting  any  exchange 
that  is  not  wrong  quantitatively,  the  concrete 
combinations  (the  series)  are  all  either  right 
or  "impossible."  If  the  child  has  put  the 
groups  together  without  attempting  an  ex- 
change, the  teacher's  comment  is  "impossible" ; 
if  he  has  exchanged  with  wrong  equivalents, 
she  tells  him,  "Your  exchanges  were  unfair"; 
if  there  is  no  error,  "Right."  Errors  in  con- 
structions will  be  rare.  One  can  hardly  con- 
ceive of  a  child  not  detecting  an  "impossible" 
mixed  number.) 
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The  teacher  now  completes  the  written  work 
on  the  blackboard  as  before : 

J,  4-3.  _  7. 
2  ^8   ~" 8 

!  —A 

2  ~8 
A  J-3.  _ Z 
8  ^8   — 8 

It  is  understood,  of  course,  that  if  one  or  two 
pupils  have  used  i6ths  or  24ths,  the  full  state- 
ments should  be  written — 

-l.4-3.-_L4:  JL._t_3._21 

2    ~  8     —  16  2    ^  8     —  2T 

JL    —  _§_  JL    —  JL2. 

2     —  16  2     —  24 

_8__| 6      114  12  _| 9     _21 

16~16    l    16  24^24~ 24 

The  question  should  be  asked  in  each 'case 
here, ' '  What  did  you  do ?  "  The  answer  should 
be,  "I  gave  them  their  2d  common  denomin- 
ator"; or,  "I  gave  them  their  3d  common 
denominator." 

(3)  Other  similar  exercises  should  follow  but 
the  written  work  on  the  blackboard  in  each 
case  should  be  done  by  the  pupils.  When  a 
pupil  is  asked  to  write  the  full  statements  on 
the  board  he  should  write  it  in  accordance 
with  his  own  construction.  If ,  for  illustration, 
in  such  a  dictation  as  J-+J,  a  pupil  changed 
the  units  to  24ths  he  should  write  the  state- 
ments for  24ths : 

JL   4_  i    —14 

4      '     3     ~  24 

i    — _6_ 

4     "~24 

J,    ___ 

3     ~~  24 

6    _l 8_  _  14 

24  ^24  —  24 
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If  another  pupil  changed  the  units  to  I2ths 
his  statements  would  be  in  I2ths. 

Note  3. — Oral  Work. — When  a  pupil  goes  to  the 
blackboard  to  write  these  statements,  he  should  be 
required  to  "talk"  as  he  writes.  The  full  oral  work 
for  ^+-j=  should  be  somewhat  as  follows: 

"This  is  an  addition  problem.  It  tells  me  to  add 
\  and  \.  I  cannot  put  them  together  because  it  would 
make  an  "impossible"  number,  it  would  have  more 
than  one  kind  of  fractional  units.  I  must  exchange 
them  for  equivalent  units  with  a  common  denominator. 
Can  I  make  them  into  fourths?  No,  I  cannot  make 
3ds  into  4ths.  Can  I  make  them  into  8ths?  No,  I 
cannot  make  3ds  into  8ths.  Can  I  make  them  into 
i2ths?  Yes.  One  fourth  is  equal  to  three  twelfths. 
I  exchange  the  \  for  T\.  One  third  is  equal  to  four 
twelfths.  I  exchange  the  \  for  ■£%.  Three  twelfths  and 
four  twelfths  are  seven  twelfths.    The  sum  is  -^." 

Oral  work  of  this  kind  should  be  insisted  upon  as 
part  of  every  child's  work  at  the  blackboard.  The 
question  should  be  frequently  asked,  "What  do  we 
mean  by  sum?"    Sum  means  the  result  in  addition. 

(4)  Exercises  for  Construction  and  Black- 
board Written  Work.  These  exercises  are 
without  suggestion  as  to  which  common  de- 
nominator the  child  shall  use. 


f  +■§"  - 

1  12  _ 

1      15  _ 

6  ^8 

3  1    1  _ 

4  ^"g"  - 

l-L-X  _ 

7     1^3 

(5)  Exercises  for  Construction- 

-Denomin 

ator  Specified. 
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Exercises  should  now  be  given  in  which  the 
pupil  is  directed  in  each  case  to  use  a  particular 
common  denominator. 

§  4-J  =  (Use  the  3d  common  denominator.) 

J  4- J  =  (Use  the  2d  common  denominator.) 

\  4~J  =  (Use  the  3d  common  denominator.) 

-J-+J  =  (Use  the  1st  common  denominator.) 

J  4--J-  =  (Use  the  4th  common  denominator.) 

■|+i  =  (Use  the  1st  common  denominator.) 

c.  Adding  with  Lowest  Common  Denominator 

The  pupils  should  now  be  taught  that  in 

changing  fractions  to  a  common  denominator 

we  must  always,  always  use  the  lowest.    The 

other  common  denominators  are  proper  for 

use  but  people  expect  us  to  use  the  lowest. 

Exercises  like  those  in  (b  4)  should  now  be 
given,  each  construction  and  each  blackboard 
exercise  being  followed  by  the  question, 
"Which  denominator  did  you  use?" 
("I  used  the  lowest.") 
"Why?" 
("People  expect  me  to  use  the  lowest.") 

1  4_3  _  1  _l_l_  _  2.  _i  jl  — 

£•44-=  4-4-4-=  14.1  = 

lj.2  _  1_1_JL_  JL-l_i_ 

6    '9   —  2  ^9   _  7  ^4  - 

2.  Written  Work  Without  Objects 
a.  Class  Exercises  with  Oral  Work 
Exercises   should   now  be   given   for  work 
without  objects.     The  dictations  are  written 
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on  the  blackboard  as  before,  the  pupil  writes 

on    his    paper    the    complete    statements    as 

written  on  the  blackboard  heretofore: 
2.1    jl 9_ 

5^2  "10 
2.  _  4 
5     "10 

1  —    5 

2  "10 
4    _l 5_  _    9 

10  ^10  ~10 

After  completing  the  exercise  in  this  way  a 
pupil  should  be  sent  to  the  blackboard  to 
write  it  and  "talk"  as  suggested  in  Note  3 
above. 

The  pupils  should  have  frequent  exercises 
in  going  to  the  blackboard  and  "talking"  one 
of  these  exercises.  The  question  should  be 
frequently  asked, 

"Which  denominator  did  you  use?" 

("The  lowest.") 

"Why?" 

("People  expect  us  to  use  the  lowest.") 

b.  Seat  Written  Work 
Many  exercises  should  now  be  given  for 
written  work  at  their  desks: — 


14-5  = 
6  ^2 

3     1     5     _ 

8  T12  — 

-1-4-1 
11    '9 

14-3  - 
7  ^4 

14—3-  = 

9T12 

1  4-1 

8      '7 

2.4-1- 
5  ^3 

14-  1    = 
8^5 

1  4-3- 

4    ~9 

B.  Adding  Mixed  Numbers 

Aim. — To  insure  full  and  clear  imagery  in 
mixed    number    addition    by    experience    in 
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objective  adding  and  afterwards  in  adding 
without  objects  in  both  horizontal  and  the 
vertical  form,  giving  the  full  oral  work  in  con- 
nection with  it  step  by  step. 

There  is  nothing  new  in  this  excepting  the 
forms  of  the  work.  When  we  add  2\  and  3J, 
we  simply  put  the  fractions  together  (add  the 
fractions),  then  put  the  integers  together  (add 
the  integers),  and  then  put  these  sums  to- 
gether into  an  integral  or  mixed  number  group. 

FORMS   OF   SOLUTIONS 

Adding  with  mixed  numbers  occurs  in  two 
forms — (i)  the  horizontal  (2J  +  1J  =  3^) 
and  (ii)  the  vertical  2\ 

-Hi 

3TTT* 

Objective  work  should,  therefore,  take  these 
two  forms. 

1.  Method  of  Working 

a.  Leader 

This  work  is  best  done  in  "class  exercises" 

in  which,  under  the  leadership  of  now  one  and 

then  another  pupil  chosen  by  the  teacher  to 

"talk"  while  he  constructs,  the  constructions 

are  made  in  as  perfect  concert  as  possible,  each 

act  of  the  construction  being  performed  by 
18 
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leader  and  pupils  at  exactly  the  same  time 
under  the  direction  of  the  leader's  oral  work, 
act  for  word.  Under  this  plan,  if  by  chance 
there  should  be  a  child  in  the  class  who  does 
not  fully  know  how  to  do  some  part  of  the 
objective  work,  and  turns  on  that  account  to 
see  what  his  neighbors  are  doing,  he  is  in- 
stantly discovered  by  this  being  out  of  concert 
in  his  movements.  No  child  can  watch  and 
copy  a  neighbor  and  move  in  the  construction 
concert. 

b.  Writer 

Besides  the  leader  in  the  concert  construc- 
tion work,  another  pupil  is  chosen  to  write  the? 
exercise  on  the  blackboard  as  the  construction 
proceeds.  This  is  to  connect  closely  the  writ- 
ten with  the  construction  work.  This  pupil's 
duty  is  to  write  the  solution  in  proper  form 
following  the  leader's  oral  work.  If  the  leader 
makes  a  mistake  in  his  "talk" — suggests  an 
exchange  for  a  fraction  that  is  not  an  equiva- 
lent, chooses  a  wrong  common  denominator 
(not  the  lowest),  or  makes  other  mistake — ■ 
this  writer  refuses  to  write  the  step,  thus 
indicating  that  he  thinks  the  leader  is  in  error. 
Writing  an  error  is  a  count  against  the  writer. 
When  the  construction  by  the  leader  has  been 
completed,  the  blackboard  will  show  the  writ- 
ten solution  in  the  following  form: 
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(i)  2^+3i=5F 


2i=2f 


This  should  be  called  the  long 
form  of  solutions. 


3^  ~3f 
2* +3*  =54 
Later  when  the  shorter  form  of  solution  is 
adopted,  its  form  would  be — 

(ii)   2\  +3 \  =5|  )  This  will  be  called  the  short 
2-3- -f  3 1.  =  54  j  form.     It  differs  from  the  long 
form  in  that  the   two   inter- 
mediate statements  are  omit- 
ted. 

c.  Detecting  Errors 

When  the  "leader"  makes  a  mistake  in  his 
oral  work,  the  "writer"  refuses  to  enter  it  in 
the  written  solution  on  the  blackboard.  The 
pupils  at  their  desks  who  are  constructing  in 
concert  with  the  leader's  oral  work  and  con- 
struction, must  in  the  same  manner  refuse  to 
make  a  movement  toward  construction  that 
is  wrong.  This  breaks  the  concert.  Those 
who  begin  to  act  on  a  suggestion  that  is  not 
right  show  by  so  acting  that  they  have  not 
noticed  the  error.  Every  child  that  does  not 
notice  the  mistake  is  discovered  instantly — 
the  others  refusing  to  act. 


*  This  is  copied  back  from  the  fourth  statement 
after  the  latter  is  completed. 
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2.  Horizontal  Solutions 
a.  Objective  Work 

The  teacher  gives  a  dictation — 2j+3i  =. 

She  appoints  a  leader  and  a  writer  at  the 
blackboard.  The  leader  rises  in  his  seat  and 
begins  to  "talk"  and  construct  as  follows, 
asking  and  answering  the  questions  as  he 
constructs : 

"First,  I  take  2J,  then  I  take  3}." 


A   (J 

3 


"Can  I  make  the  fractions  into  4ths?  No." 
"  Can  I  make  them  into  8ths?    No." 
"Can  I  make  them  into  I2ths?    Yes." 
"  My  lowest  common  denominator  is  I2ths." 
"I  take  the  J  and  exchange  it  for  T42,  and 
the  I  and  exchange  it  for  j^-." 


Q 


i- 12 


[- 

A 

P 

1 
H4l2 

"Four  twelfths  and  three  twelfths  are  seven 
twelfths." 

(He  puts  the  ^  with  the  ^  and  carries  the 
group  (^2)  to  the  right  on  his  desk.) 
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"Two  and  three  are  five." 

(He  puts  the  2  with  the  3,  carries  the  group 
(5)  to  the  right,  and  puts  the  two  groups 
(sums)  together — 

I 


"Thesumis5TV' 

Note. — The  teacher  will  observe  that  in  this  hori- 
zontal solution  the  groups  to  be  added  are  placed  hor- 
izontally to  each  other  and  in  adding  objectively  the 
groups  are  carried  to  the  right,  just  as  the  written  num- 
bers are  written  horizontally  and  carried  to  the  right 
in  adding. 

The  "writer's  "  board  work  will  be  as  follows : 


2J 


"r34=      —5l2 


7     * 


2k     =2 


4 

12 
3 


3  4    — 3 12 


212    1   3l2   ~"5l2 

(This  shows  the  form  of  the  horizontal 
objective  work.  Several  exercises  of  this  kind 
should  be  given.) 

b.  Written  Work  without  Objects 
It  is  not  necessary  to  give  extended  expla- 
nations. 


*  Written  at  the  conclusion. 
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(i)  Blackboard  exercises  are  given  in  which 
one  pupil  then  another  goes  to  the  board  and 
does  the  work  of  both  "leader"  and  "writer." 
This  oral  work  is  the  very  same  oral  work  that 
the  "leader"  gives  in  the  objective  work. 
(See  a  above.)  The  written  work  is  the  very 
same  as  that  done  by  the  "writer"  in  the 
objective  work. 

(2)  Exercises  for  Seat  Work. 

Several  exercises  are  written  on  the  black- 
board for  pupils  to  write — silent  work  in  add- 
ing. Some  of  these  exercises  should  be  written 
out  in  the  long  form  and  others  in  the  short 
form  of  solution  (B,  1  b,  I  and  II  above) .  Each 
dictation  should  specify  whether  it  is  to  be 
written  out  in  long  or  in  short  form. 

j.    Vertical  Solutions 

The  "vertical"  form  of  solutions  follows  the 
plan  as  to  "methods  of  working"  (B,  1  a  and 
b  and  2  b)  as  that  given  for  the  "horizontal" 
solutions  excepting  as  to  the  arrangement  of 
the  objects.  It  differs  from  the  "horizontal" 
in  that  the  objects  are  arranged  like  the 
written  expressions — in  vertical  form. 

a.  The  Construction  and  Form  of  Writing 
(1)  Arrangement  of  the  Objects. 

2i) 
1  ji  VThis  is  a  dictation  in  vertical  form. 
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This  shows  the  construction- 


HpTL 


1 


IA1 


Li 


(1)     (2) 


(   4. 


The  2  J  over  the  ij,  (1).  Opposite  these  are 
the  two  expressions  in  their  lowest  common 
denominator,  (2). 

The  2T%  and  the  1^  are  "put  together" 
(added)  vertically  the  expression,  the  "sum" 

(3) 


B 
HI2 


taking  the  form  shown  in  (3). 

In  changing  to  lowest  common  denominator 
the  oral  work  is  like  that  for  the  horizontal 
adding — 

"I  exchange  J  for  -j^." 

"I  exchange  J  for  ^." 

"A  and  A  are  -&." 
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"2  and  1  are  3." 

"The  sum  is  3^." 

Note  2. — The  written  dictations  in  the  vertical 
work,  the  constructions,  and  the  adding,  are  vertical. 
In  all  other  respects — the  "leader,"  the  "writer"  at 
the  blackboard,  the  oral  work,  and  the  uses  of  concrete 
work — it  follows  the  plan  suggested  for  horizontal 
solutions. 

(2)  Arrangement  of  Written  Work. 

The  teacher  in  developing  the  objective 
work  should  complete  the  dictation  on  the 
blackboard — 

2^  =  2^*- 
-\-i±  =  T-3- 

TM         M2 


3 12 

Afterwards,  the  "writer"  at  the  black- 
board in  the  class  concert  work  arranges  the 
written  work  in  the  same  form. 

b.  Written  Work  without  Objects 

(1)  Exercises  in  which  one  child  and  then 
another  is  sent  to  the  blackboard  to  do  the 
work  of  both  "leader"  and  ''writer"  as  in 
2  (b)  above.  There  should  be  many  such 
exercises.  At  least  one  exercise  of  this  kind 
should  be  given  every  day  for  several  weeks. 
This  is  particularly  for  the  oral  work. 

(2)  Seat  written  work  in  which  many  dicta- 
tions are  written  on  the  blackboard  and  pupils 
left  to  write  out  the  solutions  on  their  papers. 
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4.  Mixed  Horizontal  and  Vertical  Exercises — 
without  Objects 

a.  Written  Dictations 

Some  dictations  should  be  given  in  vertical 
form : — 

3i  H  4* 

+2i  -f-if  +3i 


When  dictations  are  given  in  this  way  the 
solutions  should  be  in  the  same  form. 
Other  dictations  may  be  given  as  follows: 
4i  +2i=  5i+^=(V) 

2^r+ii  =  (V)  4i+2i  = 

This  means  that  when  marked  (V)  the 
pupil  must  write  it  in  vertical  form  and  solve 
it  vertically.  The  pupils  should  have  much 
of  this  work. 

b.  Oral  Dictations 

Exercises  should  be  given  very  frequently 
in  which  the  teacher  dictates  the  numbers 
orally,  stating  in  the  dictation  whether  to 
solve  horizontally  or  vertically. 

Summary  : 

Adding  fractional  numbers.    (A .) 
Object  work. 

Exercises  in  constructions  with  solu- 
tions (with    =).     The  aim  is  to  let 
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the  pupils  discover  that  to  avoid  an 
"impossible"  number  the  fractions 
must  have  or  be  reduced  to  a  common 
denominator. 
In  this  way  experience  teaches  him 
the  addition  process.  (A,  i  b  and 
Note  2.) 
The  oral  work  and  the  written  analysis. 

(A,  i  b  and  Note  3.) 
The  terms  add  and  addition. 

Exercises  in  which  the  pupil  is  required 
to  use  the  lowest  common  denomina- 
tor.   (A,  1  c.) 
Work  without  objects. 

Exercises  in  adding  fractions — using  the 
lowest  common  denominator.    {A,  2.) 
Adding  mixed  numbers.    (B.) 
Object  work. 

Horizontal  solutions.    (B,  2  a.) 
The  construction  form. 
The  oral  work. 

The    arrangement    of    the    analysis 
statements. 
Vertical  solutions.     (B,  3.) 

The  construction  form.     (B,  3  a.) 
The  oral  work.     (B,  3  a  (1).) 
The  arrangement  of  the  written  anal- 
ysis.   (B,  3  a  (2).) 
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Work  without  objects. 

Horizontal  solutions.     (B,  2  b.) 
Vertical  solutions.    (B,  j  b.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XVII,  five  days.  Total  time 
for  the  work  of  Chapters  II-XVIII,  eighty-six  days. 


CHAPTER  XIX 
SUBTRACTION 

Topics: — The  Terms  Subtract,  Less,  Minus,  Subtraction,  Minuend, 
Subtrahend,  Remainder,  Difference,  Introduced  and  Denned. 
The  Need  of  Common  Denominators.  Subtraction  with 
Mixed  Numbers.  "Borrowing" — (i)  In  Horizontal  Form. 
(2)  In  Vertical  Form 

This  subject  is  so  simple  after  the  concrete 
work  in  common  denominator  and  addition 
that  no  development  work  except  for  vocabu- 
lary will  be  necessary.  The  instruction  prob- 
lems are  (1)  the  subdivision  of  the  subject  into 
elementary  teaching  steps,  (2)  the  oral  lan- 
guage of  subtraction,  and  (3)  the  introduction 
of  terms — subtract,  less,  minus,  remainder, 
difference,  minuend,  and  subtrahend. 

The  teaching  steps  are  as  follows  arranged 
in  their  order  of  sequence: 

A.  Exercises  for  subtraction  language. 

B.  Exercises  in  which  the  denominator  of 
the  minuend  only  must  be  changed — f  —  J  = , 

2.—JL  —      4. 3_  _      5. 5_  _      p+p 

3        6   —>    5        10   ~ »    6        12  ~t    CLL/* 

C.  Exercises  in  which  the  denominator  of 
the   subtrahend   only   must   be   changed   — 

5.  _i  —     7.-3.—       9 3  _     3._JL_     IX— 2.—     p+P 

6        3  —  »  8        4  ~»   10        5  —  >  4        2  ~f   12        3   ~1  Clu 

D.  Exercises  in  which  both  denominators 

must  be  changed — §--£=,  f-f  =,  f-i=, 
i 

3" 


i  = ,  etc 
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E.  Exercises  with  mixed  numbers  in  which 
both  denominators  must  be  changed — 
(i)  Horizontal  Solutions 

7i  _TI_      aZ—oX—      e  7. 9I- 

(ii)  Vertical  Solutions 

5*        4*        6}  7f        8$ 

-2j     -ii     -1 A     -2i     -2|,  etc. 


F.  Exercises  which  involve  "borrowing 
(i)  Horizontal  Solutions 

5i-2f  =  ,  6i-2f=,9f-2i,  etc. 
(ii)  Vertical  Solutions 

7i        8f      10J        5+ 

-2f     -if     -3|     -2f,  etc. 


(7.  Exercises  without  objects. 

H.  The  long  way  and  the  short  way. 

A.  Exercises  for  Subtraction  Language. 

Aim. — (i)  To  give  the  child's  thinking  a 
subtracting  trend  and  (ii)  to  introduce  sub- 
tract, minuend,  subtrahend,  subtracted,  re- 
mainder, and  difference. 

(1)  The  teacher  writes  f  —J  =  on  the  black- 
board. 

One  pupil  is  chosen  to  stand  at  his  desk  and 
construct  and  "talk"  and  one  is  sent  to  the 
blackboard  to  write — following  the  plan  used 
in  additions. 
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(To  the  leader)  "What  does  it  say?" 

("It  tells  me  to  take  five  sixths  and  take 
away  one  sixth.") 

"You  may  construct  and  talk." 

("I  take  f") 

He  and  with  him  the  other  pupils  take  j  in 
concert.     The  "writer"  simply  points  r=n, 
to  the  f  that  is  written  on  the  black-  [  Tr^1 
board —  HJj| 

("I  take  away  J.") 

(Every  one  takes  away  the  J  and  puts  it  in 
proper  position.  The  "writer"  points  to  the 
written  £.)  j-^ 


A 
j_ 

1-1  6 


(The  "writer"  completes  the  written  ex- 
pression f -£=!•) 

("Five  sixths  take  away  one  sixth  leaves 
four  sixths.") 

"Instead  of  saying  take  away  I  want  you  to 
use  the  word  subtract.  Subtract  means  take 
away.  Instead  of  the  expression  is  left  or 
leaves  I  want  you  to  use  the  word  remainder  or 
difference.  You  may  use  either  the  one  or  the 
other." 

Note  i. — This  is  the  beginning  of  the  introduction 
of  the  subtraction  terms.  These  words  as  they  are 
introduced  one  after  the  other  should  be  written  on  the 
blackboard  and  should  remain  there  several  days.    When 


SUBTRACTION 


287 


this  word  is  given  to  the  class  it  is  written  on  the  black- 
board, subtract — take  away.     As  soon  as  remainder 
and  difference  are  introduced  this  written  list  will  be — 
Subtract — to  take  away. 

„._  f  what  is  left  when  we  subtract 

Difference  J 

"Show  me  what  you  took." 
(The  pupil  puts  his  original  f  together  and 
replies, 

"I  took  f." 

He  points  to  this  f  group  as  he  says  it.) 


m, 


"What  did  you  subtract?" 
("I  subtracted  J.") 

He  puts  the  J  back  in  its  proper  place  as  he 
says  it.  r-i 


"What  did  you  subtract  it  from?" 
(The  child  restores  the  f  group  and  replies, 
pointing  to  this  group, 


"I  subtracted  it  from  f.") 
"Show  me  the  remainder." 
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(The  child  restores  the  subtraction  construc- 
tion, and,  pointing  to  the  proper  group  (|) 
says, 


n.  6 


Eel 


"The  remainder  is  £.") 

"People  in  speaking  of  what  is  subtracted 
call  it  the  subtrahend." 

"Show  me  the  subtrahend." 

(The  child  points  to  the  ^  and  says, 

"This  is  the  subtrahend.") 

When  subtrahend  is  introduced  the  word  is 
added  to  the  list,  "Subtrahend — what  we  take 
away."  The  other  terms  are  added  as  they  are 
introduced  until  the  list  is  complete.  In  the 
oral  work,  the  oral  statements  of  definitions 
which  are  daily  required,  the  pupil  gives  the 
meanings  as  they  are  written — 

"What  is  meant  by  the  subtrahend?" 

("Subtrahend  is  what  we  take  away  when 
we  subtract." 

"What  does  remainder  mean?" 

("It  means  what  is  left  when  we  subtract.") 

"Show  me  the  written  subtrahend." 

(The  pupil  goes  to  the  blackboard  and  points 
out  the  J  in  what  the  "writer"  has  written.) 

"Show  me  the  subtrahend  construction  on 
your  desk." 
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"Show  me  the  written  remainder." 

(The  child  goes  to  the  blackboard  and  points 

to  the  f .) 

"Show  me  the  remainder  construction." 
(The  child  points  to  his  objective  f.) 
"Show  me  the  written  number  that  tells 

what  you  took." 

(The  child  goes  to  the  blackboard  and  points 

to  the  written  f .) 

"Show  me  with  your  objects  what  you  took." 

(The  f  construction  is  restored.) 

"People  call  the  number  that  we  subtract 

from,  the  number  we  take,  the  minuend." 
("Minuend — the  number  that  we  subtract 

from,"  is  now  put  into  the  list  of  terms  on  the 

blackboard.) 

(2)  $  —  §  =  (Written  on  the  blackboard.) 
The    teacher    selects    a    "leader"    and    a 

"writer." 
"You  may  begin."     (This  to  the  leader.) 

Note  2. — This  means  that  the  leader  is  to  begin  at 
the  beginning  of  the  oral  work  and  lead  the  class  through 
the  full  construction — the  writer  at  the  same  time  to 
point  to  the  terms  of  the  dictation,  as  the  leader  pro- 
ceeds, and  to  complete  the  full  written  statement  as  the 
leader  performs  the  act  of  subtraction. 

The  leader  begins  to  talk — 
("This  tells  me  to  take  -J  and  subtract  -§.") 
("Take  $.") 
19 
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All  take  f  with  him  and  the  "writer"  points 


to  the  •§•  of  the  dictation. 


("Subtract  f.") 
All  take  away  ■ 


and  the  "writer"  writes 


the  f ,  completing  the  dictation  J  —  f  =f, 


Wk, 


"Show  me  the  subtrahend." 

(All  point  to  the  f  of  the  construction,  the 
"writer"  to  the  written  f.) 

"Show  me  the  minuend." 

All  restore  the  objects  to  the  original  form 
"taken"  and  point  to  it,  the  "writer"  pointing 
to  the  J  of  the  dictation. 


T.      -L 

4.  8 


"Show  me  the  remainder." 

All  make  again  the  subtraction  construction 
and  point  to  the  f ,  the  "writer"  simply  point- 
ing to  the  f  of  the  full  written  statement. 

(3)  This  is  to  be  a  class  exercise,  no  ' '  leader  " 
or  "writer." 

"I  am  thinking  of  an  expression  in  subtrac- 
tion. The  minuend  is  f ,  the  subtrahend  is  f . 
Construct  it." 
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(If  a  pupil  hesitates,  the  only  suggestion  to 
him  should  be,  "Think  what  minuend  is,  and 
what  subtrahend  is.") 


Wh 


-minuend 


:-rema/nder 

subtrahend 


-K 


"Each  of  you  may  now  write  the  full  ex- 
pression."    (f  —  f  =f.) 

"What  is  the  f?" 

("It  is  the  remainder.") 

"What  is  the  i?" 

("The  subtrahend.") 

"What  is  the  f?" 

("The  minuend.") 

(4)  "I  am  thinking  of  a  subtraction  ex- 
pression. The  difference  is  f,  the  subtrahend 
•J.    Construct  it." 

"What  is  the  minuend?" 

("Itisf.") 

"You  may  write  the  full  expression." 

\7         7        7'J 

Several  exercises  like  (3)  and  (4)  should  be 
given  to  establish  the  terms  already  introduced 
and  to  introduce  minus  and  less.  The  list  of 
terms  on  the  blackboard  will  now  include — 
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Subtract  ] 

Minus      >  take  away. 
Less        J 
The  dictations  may  be  in  the  forms — 
1 '  I  am  thinking  of  f  minus  f .    Construct  it. " 
"I  am  thinking  of  §  less  f.  Construct  it." 
"Construct   an   expression   that   will   say, 
4  Minus  §,'  tell  me  what  it  is,  and  then  write 
it." 

(For  this  last,  of  course,  there  would  be 
various  constructions — f  —  §  = ,  f  —  §  = ,  ^  — 
-f=,etc.) 

Exercises  on  written  dictations  without  con- 
structions should  be  given  also. 

_9 4_  _ 

12         12  ~ 

"What  is  this?"  (pointing  to  the  &.) 
("It  is  the  minuend.") 
"What  is  this?"  (pointing  to  the  TV) 
("The  subtrahend.") 

B.  Exercises  in  which  the  Denominator  of  the  Minuend 
only  must  be  Changed 

(i)  The  Need  of  a  Change  Discovered. 

(<0  1-4  = 

(This  is  written  on  the  blackboard.) 
The  teacher  asks  one  of  the  pupils  to  tell 
what  it  says. 

("It  tells  me  to  take  f  and  subtract  J-.") 
"What  is  the  subtrahend?" 
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"What  do  we  mean  by  subtrahend?" 

"What  is  the  minuend?" 

"Meaning  of  minuend?" 

"You  may  construct." 

(Each  pupil  will  take  f  and  attempt  to 
construct.) 

The  plan  of  construction  is  to  leave  the 
child  to  work  out  for  himself  the  problem  of 
this  subtraction.  It  is  very  plain  that  the 
child  will  find  himself  unable  to  subtract  (to 
take)  ^  from  objects  that  are  4/ths.  Most 
children  will  exchange  one  of  the  zj-ths  for  f 
and  attempt  to  make  the  construction  in  that 
way.  As  soon,  however,  as  he  tries  to  con- 
struct he  finds  the  concrete  "remainder"  to 
be  a  group  having  two  fourths  and  one  eighth 
— an  impossible  mixed  number.  This  will 
show  him  that  his  subtraction  is  wrong. 

The  teacher  must  resist  every  temptation 
to  suggest  or  assist.  The  child  can  and  should 
work  out  the  problem.  It  may  take  three,  or 
four,  or  five  minutes;  but  he  will  discover  for 
himself  that  he  must  exchange  all  of  the  three 
fourths  for  eighths  and  that  then  he  can  sub- 
tract and  have  a  possible  difference.  The 
problem  has  in  it  but  one  unknown  element — 
that  of  how  many  of  his  fourths  to  change  into 
eighths.  The  child  should  have  the  privilege 
and  pleasure  of  discovering  this. 


294  NUMBER  BY  DEVELOPMENT 

As  soon  as  the  pupils  have  completed  the 
construction  they  should  be  asked  to  state 
what  they  did. 

("I  exchanged  the  f  for  f  and  then  sub- 
tracted.") 

The  blackboard  dictation  should  now  be 

completed — 

3.  _i  _  5* 

4         8  ~~  8 

3.  _  6. 

■i  —  8 

6.  __JL  —5. 

8         8  ~  8 

This  form  of  work  follows  that  which  the 
pupil  used  in  addition. 

(2)  The  Oral  Work  Developed. 

to  t-i- 

The  pupil  states  what  the  dictation  tells 
him;  the  teacher  questions  as  to  minuend, 
subtrahend,  etc.;  and  the  pupil  then  proceeds 
with  the  construction. 

There  will  be  less  delay  with  this  construc- 
tion. It  will  take  but  a  minute  for  the  child 
to  decide  that  he  must  change  all  of  his  3ds 
to  6ths  and  then  subtract.  The  construction 
finished,  a  pupil  is  sent  to  the  blackboard  to 
complete  the  written  statement  in  accordance 

with  the  construction — 

5.  _  1  _  9 

3  6   ~    6 

5  _  10. 

3   —    6 

10  _J,  _    9. 
6  6   —    6 


*Copied  back  from  the  3rd  statement. 
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"How  did  the  change  of  J  to  y  affect  the 
two  fractions  in  the  expression  as  to  their 
denominators?" 

("It  gave  them  their  lowest  common  de- 
nominator.") 

(»)t-i- 

The  same  plan  as  in  (a)  is  to  be  followed 
with  this,  pupils  stating  what  it  says  the 
teacher  questioning  as  to  names  of  the  terms, 
the  pupils  constructing,  and  the  written  state- 
ment completed — 

-3.-3   _3 

2       4      T 

3  =3. 
2        4 

.6  _3.  _  3. 

4        4   ~~  4 

"What  did  the  change  of  §  to  f  do?" 
("It  gave  the  fractions  their  lowest  common 
denominator.") 

(A    3 K  = 

\°)    5      10 

In  this  expression  the  teacher  should  use  a 
1 '  leader  "  and  a  "  writer. ' '  The  "leader' '  should 
give  the  full  oral  work,  constructing  as  he 
talks,  the  others  constructing  with  him.  The 
"writer"  should  point  out  and  write  the  terms 
as  the  construction  goes  on. 

("This  tells  me  to  take  f  and  subtract  ^. 
I  take  f.  I  cannot  subtract  ioths  from  5ths 
so  I  exchange  the  f  for  ^-.  The  minuend  and 
subtrahend  now  have  a  common  denominator. 
^  minus  -^  leaves  115-.    My  remainder  is  iV-") 
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The  "writer"  following  the  "leader's"  oral 
work  has  completed  the  written  work — 


3 

5 

_    5     _    1 

10   ~10 

3     _    6 
5     ""10 

I  0' 

_    5     _    1 
10   "~  1  0 

Several  more  exercise,  should  be  given  for 
construction,  oral  work,  and  writing — the 
teacher  being  careful  to  require  full  oral  work 
with  each  exercise,  including  the  fullest  pos- 
sible use  of  the  subtraction  terms  that  have 
been  learned. 

C.  Exercises  in  which  the  Denominator  of  the  Sub= 
trahend  only  must  be  Changed 

9 3  _ 

10      5  — 

This  work  should  be  taken  up  directly  by  a 
"leader"  and  "writer."  It  is  very  rare  that 
a  pupil  hesitates  on  this  step. 

("This  tells  me  to  take  ^  and  subtract 
f  from  it.  I  take  -j^-.  I  cannot  take  5ths  from 
ioths  so  I  think  the  f  to  t6q.  The  fractions 
now  have  their  lowest  common  denominator 
^0  less  ^  leaves  ^.    My  remainder  is  iV") 

Note. — It  will  be  necessary  to  help  the  pupil  over 
this  part  of  the  language.  He  has  no  §  to  change.  It 
is  not  constructed  except  as  it  is  in  the  minuend  before 
the  act  of  subtraction.  The  child  thinks  the  subtrahend 
always.     So  here,  he  is  taught  to  say,  "I  think  the  f 

to  -6-  " 

10    10' 
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The  "writer"  has  followed  the  construction 

as  follows: 

9  _  3   _  3 
10      5   — 10 

3.  — js 
5   — 10 

_9 6_  _    3 

10         10   ~  10 

Several  additional  exercises  should  be  given 
until  the  construction  and  oral  work  are 
established  satisfactorily. 

D.  Exercises  in  which  Both  Denominators  must  be 
Changed 

2.  _i  _ 
3      4  — 

This  step  is  a  repetition  in  a  single  exercise 
of  B  and  C.  It  involves  nothing  new  except  a 
fourth  equation  in  the  written  statement.  The 
teacher  writes  the  dictation  and  appoints  a 
"leader"  and  a  "writer." 

("This  tells  us  to  take  §  and  subtract  J. 
Take  f .  I  cannot  take  4ths  from  3ds.  I  must 
change  them  to  a  common  denominator — the 
lowest.  Can  I  change  them  to  8ths?  No. 
Can  I  make  them  into  i2ths?  Yes.  I  ex- 
change §  for  -j^.  I  think  \  to  f^.  ■£%  minus  f\ 
leaves  -f^-    The  difference  is  tV) 

When  the  leader  says,  "I  exchange  §  for 
-&,"  the  "writer"  writes  the  f  =-&.  When  he 
says,  "I  think  \  to  T32,"  the  "writer"  writes 
the  }  =A-    With  the  ' '  ^  minus  '-fy  leaves  T52 , ' ' 
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the  T2—f32"  =  A  is  written.     The  blackboard 
written  work  is  now — 

2  _  JL    _ 

3  4     ~ 

2  _  8 
3~  —  1  2 
1—3 
4     —  T2 

__8 3_  _    51 

12         12   ~~  12 

Several  such  exercises  should  follow,  care 
being  given  to  the  oral  and  the  written  work. 
The  questions  involving  the  subtraction  terms 
— minuend,  subtrahend,  minus,  remainder, 
etc. — should  be  asked  in  connection  with  each 
exercise. 

E.  Exercises  with   Mixed   Numbers   in   which   Both 
Fractions  must  be  Changed 

These  exercises  are  like  those  under  D  so 
far  as  concerns  fractions.  No  outlines,  there- 
fore, need  be  given. 

The  "leader"  and  "writer"  plan  as  before. 

("This  tells  me  to  take  3|  and  subtract  ij. 
Take  3|.  I  cannot  take  3ds  from  8ths  and  so 
I  change  the  fractions  to  their  lowest  common 
denominator.  Can  I  make  them  into  i6ths? 
No.  Can  I  change  them  to  24ths?  Yes.  I 
exchange  J  for  -Jf .  I  now  have  3^f .  I  think 
the  i  to  284-  My  subtrahend  is  now  ^ .  |f 
less  ^  leaves  ^.  3  less  1  leaves  2.  My 
remainder  is  2  2V" 
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The  written  work  by  the  ' '  writer ' '  following 
the  oral  work  is  — 

3 1  — I-J-  =2^z  (This  remainder  is  written 
3 1  =  3M  after  the  solution  is  com- 
l£    =I2¥         pleted.) 

0^4        A  24        ^24 

Many  exercises  under  D  and  E  should  be 
given.  The  questions  should  be  asked  with 
each  exercise.  There  should  be  also  a  full  use 
of  subtraction  terms. 

F.  Exercises  which  Involve  "  Borrowing  " 

It  must  be  assumed  that  the  pupil  long 
before  this  time  was  taught  subtraction  with 
integral  numbers  in  which  he  used  the  prin- 
ciple^ ' '  borrowing  " — 

34  92  182  512 

-16         -33         -  49         -134 


Borrowing,  therefore,  with  fractions  will  not 
seem  to  him  to  be  strange.  He  will  recognize 
it  in  the  following  exercises  as  a  new  applica- 
tion of  an  old  principle. 

1.  Horizontal  Subtraction 

The  "leader"  and  "writer"  are  selected  as 
before. 


3oo 
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("This  tells  us  to  take  5^  and  subtract  2§. 
I  take  5j.  I  cannot  take  3ds  from  halves ;  there- 
fore I  change  them  to  a  common  denominator. 
Can  I  change  them  to  6ths?  Yes.  I  exchange 
I  now  have  5f .    I  think  f  to  f .    My 


1  for  -3 

2  iU1    6 


A 
H  6 


subtrahend  is  now  2f .  f  from  f 1  cannot  take ; 
so  I  take  one  of  my  wholes,  leaving  4  wholes, 
and  exchange  it  for  § .") 

(As  he  says  this  he  takes  up  one  of  the  5 
wholes,  puts  it  back  into  the  supply,  and  brings 
back  to  his  minuend  group  f.) 


("This  makes  my  minuend  4$. 


I  less 


leaves  f 


4  less  2  leaves  2.") 


The  construc- 
tion is  now — 


Ik 


ri — ITT  <~'(0 


A 

HJSL 


("My  remainder  is  2f.") 


1 

A 

4 1 — "-J 

A 
1 
6 
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The  "writer's"  work  at  the  blackboard  will 
show  the  following  at  the  moment  the  "leader" 
finishes  his  oral  work  as  above — 


G) 

(ii) 
(iii) 

(iv) 

(v) 


02        ^3 


cl  _  r  3, 
02  — 06 


2*  as  ?-*■ 
^3        ^6 

06        ^6 

4l3  —  2¥  =  2¥ 

The  "writer"  now  completes  the  written 
work  by  inserting  the  2  J  as  the  second  member 
of  equation  I  and  IV. 

2.   Vertical  Subtraction 

The  suggestions  for  horizontal  and  vertical 
additions  in  Chapter  XVIII  B,  2  a  and  b,  are 
sufficient  to  guide  the  teachers  in  these  forms 
of  solutions  in  subtraction.  The  oral  work  in 
vertical  subtraction  is,  of  course,  exactly  like 
that  for  the  horizontal. 

6i 


—  2 


The  construction  has  but  one  group  and,  of 
course,  can  be  neither  horizontal  nor  vertical — 


H  A 
I 
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The  construction  after  changing  to  lowest 
common  denomi-   «- — t 
nator  is —  n==^h 


The    construction    after    "borrowing"    is 
simply  the  group  5f§. 

The  construction  after  subtraction  is  the 
regular  form  for  such  expression. 

<h5] 


(The  teacher  will  note  that  on  account  of 
the  fact  that  subtraction,  unlike  addition  and 
multiplication,  shows  practically  only  one 
term,  the  minuend,  the  terms  horizontal  and 
vertical  refer  to  the  forms  of  the  written  work 
and  not  to  the  form-  of  the  concrete  expression.) 

The  "writer's"  work  on  the  blackboard  will 
appear  as  follows  when  the  leader  reaches  the 
conclusion  of  his  oral  work: 

u3   u12   0l2 

_t!  _  T_9_  _  T_9_ 

x4    *  12  _112 


4T2 
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Q.  Exercises  without  Objects 

These  are  of  two  kinds : 

(1)  Seat  work  in  written  solutions,  hori- 
zontal and  vertical,  in  the  full  form  suggested 
for  the  "writer's"  work  in  F,  1  and  2  above. 
The  teacher  gives  a  dictation  on  the  black- 
board of  a  dozen  or  more  examples,  each  pupil 
writing  the  solutions  on  his  paper  as  a  study 
exercise.  The  dictation  should  be  in  form  as 
follows : — 

6i-2f  =  (h)  8f-4J  =  (h) 

5i  ~  ii  =  (v)  9f  take  away  2\  =  (v) 

51  less  2f  =  (v)  7i  from  9^  =  (h) 

7-J-  minus  3f  =  (v)         From  8^  take  2  J  =  (h) 
7f  less  2-f  =  (h)  9J  minus  2^-  =  (v) 

The  minuend  is  7  J,  the  subtrahend  2f. 
The  (h)  and  (v)  mean  horizontal  form  and 
vertical  form  respectively.    If  an  example  has 
no  suggestion  after  it  as  to  (h)  and  ( v) ,  the  child 
exercises  his  choice  as  to  the  form  of  solution. 

(2)  Exercises  for  oral  work. 

This  oral  work  is  exactly  like  that  of  the 
"leader"  in  F,  1  and  2.  The  fact  that  he  does 
not  "take"  objects  does  not  affect  the  form 
of  his  oral  work.  An  example  8|-  —  2J-J  =(h), 
perhaps,  is  written  on  the  blackboard  or 
dictated  orally,  and  a  pupil  is  sent  to  the  board 
to  "talk"  and  "write."  He  does  the  work  of 
"leader"    and    "writer,"    the   written   work 
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going  along  with  the  oral.  One  pupil,  then 
another,  and  then  another  are  sent  to  the 
board  for  an  exercise  of  this  kind.  The  oral 
directions  should  make  use  of  less,  minus, 
minuend,  and  subtrahend,  as  suggested  for 
the  written  dictations  in  (1)  above. 

H.  "  Long  Way  "  and  "  Short  Way  " 

All  the  solutions  thus  far  in  subtraction  have 
been  in  what  we  may  call  the   "long"  form — 

3%-2f    =(441)     (0 
7fV=6fl        (ii) 

2f    =  2H        (iii) 

°24        ^24=       424  V-V 

This  "long  way"  in  horizontal  solutions 
should  be  used  exclusively  for  two  or  three 
weeks.  At  the  end  of  that  time  the  pupils 
should  be  required  to  solve  one  then  another 
exercise  by  leaving  out  of  the  written  work 
statements  (ii)  and  (iii) — making  the  changes 
to  the  common  denominator  directly  from  (i) 
to  (iv).  The  four-statement  solution — (i),  (ii), 
(iii),  and  (iv) — may  be  called  the  "long  way"; 
the  two-statement  solution,  the  "short  way." 

In  the  vertical  solutions  the  "short  way  "  has 
the  first  and  third  statements  (P.  302).  Here- 
after the  dictations  will  be  (h.)  (1.  w.),  or  (v) 
(1.  w.),  or  (v.)  (s.  w.),  or  (h.)  (s.  w.),  meaning 
horizontal  long  way  or  vertical  long  way,  etc. 
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Later,  the  "short  way"  will  consist  of  a 
single  line — the  child  changing  to  a  common 
denominator  and  subtracting  mentally  and 
writing  only  the  difference.  The  "long  way" 
will  then  have  two  statements  only.  The  oral 
work  at  the  blackboard  when  the  pupil  "talks" 
and  "writes"  will  not  change.  Under  all  cir- 
cumstances it  remains  as  in  the  objective  work 
— in  unabridged  form. 

All  pupils  in  a  class  cannot  begin  the  single 
line  solutions  at  one  time.  When  the  teacher 
wishes  to  try  this  form  she  will. simply  ask  the 
pupils  to  complete  the  first  statement  without 
writing  the  second.  One  or  two  pupils  will  do 
it.  Later,  others  will  write  it  as  easily.  It 
will  come  gradually.  Some  pupils  will  require 
more  "long  way"  experience  than  others 
before  they  are  able  to  meet  the  mental  de- 
mands of  the  single  line  work.  In  the  mean- 
time, such  pupils  must  not  by  word,  look,  or 
act  be  discredited.  Slowness  is  far  from  being 
a  sign  of  weakness. 

In  the  end,  all  simple  solutions  should  be 
made  in  this  short  form. 

Summary  : 

1 .  Object  work. 

a.  Exercises  with  fractions  having  a 
common  denominator  to  introduce 
the    subtraction    terms — subtract, 
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minuend,  subtrahend,  subtraction, 
remainder,  difference,  minus,  less; 
to  define  these  terms;  and  to  apply 
them  to  the  objective  expression  as 
well  as  to  the  written.    (A.) 

b.  Exercises  in  which  one  of  the  denom- 

inators must  be  changed — that  of 

the  minuend. 
In  these  exercises  the  child  finds  a 

need  of  a  common  denominator  to 

avoid  "impossible"  numbers.     He 

makes  the  change  in  order  to  effect 

the  subtraction.     (B.) 
He  is  taught  to  arrange  the  solutions 

in  analysis  form.    (B.) 

c.  Exercises  in  which  the  denominator  of 

the  subtrahend  must  be  changed. 
The  child  finds  that  to  avoid  an  "  im- 
possible" number  a  change  must  be 
made  as  before.     (C.) 

d.  Exercises  in  which  both  fractions  must 

be  changed  in  reducing  to  a  common 
denominator.    (D.) 

e.  Exercises  with  mixed  numbers — both 

denominators  changing  in  the  com- 
mon denominator.    (£.) 
/.   Exercises  involving  "borrowing" — 
1st.  Horizontal  form.    (F,  I.) 
2nd.  Vertical  form.    (F,  2.) 
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2.  Work  without  objects. 

a.  Exercises  in  solutions,  using  fractions 

and  mixed  numbers.     (G.) 
(1)  Horizontal    solutions — fractions, 

mixed  numbers. 
(2) '  Vertical    solutions — mixed    num- 
bers. 

b.  Exercises    in    "short    way"    and    in 

"long  way"  solutions.    (H.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XVIII,  five  days.  Total 
time  for  the  work  of  Chapters  II-XIX,  ninety-one 
days. 


CHAPTER  XX 

REDUCING  FRACTIONS  TO  LOWER 
DENOMINATORS 

Topics: — The  Form  of  Objective  Reductions.  The  Terms  Reduce, 
Series  of  Lower  Equivalents,  Series  of  Higher  Equivalents, 
Higher  Terms,  Lower  Terms,  Lowest  Terms,  Proper  Fraction, 
Improper  Fraction.    Orderly  Methods  of  Reductions 

In  the  presentation  of  this  work  the  word 
"reduce"  should  be  "exchange."  We  ex- 
change §  for  I  whole,  §  for  3  fourths  (f),  -^  for 
1  whole  and  2  thirds  (if),  etc.  The  objective 
work  is  that  of  exchanging,  the  word  "reduce" 
having  no  meaning  expressive  of  construction 
acts  except  as  it  takes  the  place  of  "exchange" 
later  as  a  synonym. 

1.  Imagery 

The  form  of  constructions  in  reducing  to 

lower  terms  or  lowest  terms,  if  the  imagery  is 

to  be  accurate,  is  of  utmost  importance.    In 

exchanging,  for  illustration,  f  for  larger  (lower) 

fractional  units  the  child  must  exchange  a 

group  (-§)  for  a  unit  (£),  then  another  group 

(f)  for  a  unit  (£),  then  another  group  for  a 
308 
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unit,  and  then  he  must  make  one  group  of  the 
three  4ths.  The  group  to  be  exchanged  was  f . — 

fife. 


L  8 


The  form  of  the  objects  after  exchange  is — 


m 


the  group  f  becoming  by  the  exchange  f . 

In  exchanging,  for  further  illustration,  -}-g 
for  larger  (lower)  units,  the  exchange  may  be 
by  4's — A"  f°r  h  another  y^  for  J,  and  the  other 
■^q  for  \,  making  a  new  group  of  three  4ths 
(the  original  group,  y§ — 


the    new    group, 


m 


or  by  2's — 


^  for  £,  another  ^  for  J,  another  ^  for  J,  etc., 
making  the  new  group  of  f — 

Ik. 

w 


3io 
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In  either  case  the  exchange  gives  lower  units, 
the  former  giving  lowest  units. 

In  exchanging  f|  for  larger  (lower)  units, 
the  exchange  may  be  by  12's,  the  new  group 
being  1  ^ —  r- 


or  by  4's,  the  new  group  being  j- 


rSx 


or  by  2 's,  the  new  group  being  f- 


A  second  exchange  in  the  iT\  (■£$  for  J) 
would  give  a  final  group  of  1  J. 

A  second  exchange  in  the  f  (f  for  1)  would 
also  give  a  final  group  of  ij. 

A  regrouping  of  f  by  6's  and  then  by  2's, 
or  by  2 's  and  then  by  3's,  would  give  the  same 
form,  1  J. 

The  essential  feature  of  the  construction  is 
that  the  original  group  is  made  into  one 
equivalent  group. 
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2.  Method  of  Presentation 

The  subject  and  the  presentation  are  simple 
and  will  require  but  a  comparatively  short 
period  of  time.  It  must  be  given,  however,  in 
three  distinct  steps: 

a.  Reduction  of  Fractions  that  are  Equiva- 
lent to  Integers— |,  ^,  \ ,  ^-,  ££,  etc. 

In  the  reduction  of  such  fractions,  there  is  no 
tendency — hardly  an  opportunity — to  make 
more  than  one  form  of  grouping  in  a  construc- 
tion. In  exchanging  -}f ,  for  illustration,  the 
child  will  group  the  whole  \\  by  12's,  by  6's, 
by  4's,  by  3's,  or  by  2's.  It  does  not  occur  to 
him  to  regroup  a  part  of  the  f|  in  one  way  (by 
2's  perhaps)  and  the  rest  by  4's  or  3's. 

Construction  with  such  fractions,  because 
of  their  simplicity  and  directness,  is  properly 
selected,  therefore,  for  the  introductory  work 
— the  development  of  the  mechanical  features 
of  concrete  reduction  (how  to  exchange), 
orderly  methods  of  exchange,  the  proper  ar- 
rangement of  equivalent  terms,  and  the  oral 
work  which  must  go  with  reductions  to  lower 
and  lowest  units. 

b.  Exchanging  Groups  that  are  Equivalent 
to  Mixed  Numbers. 

This  class  of  reductions  is  made  a  separate 
step  because  in  many  of  such  exercises  there 
is  a  new  element  in  construction — a  part  of 
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the  group  to  be  reduced  is  exchanged  in  one 
form,  the  rest  being  regrouped  differently  or 
not  at  all.  The  first  (lowest)  term,  for  illus- 
tration, of  the  series  of  lower  equivalents  of 
-^  is  i  J,  the  construction  of  which  requires 
the  exchange  of  part  of  it  (f )  by  8's,  and  the 
rest  (§)  by  2's.  In  the  same  way,  in  reducing  f , 
part  of  it  (f)  is  exchanged  by  8's  and  the  rest 
(J)  is  not  exchanged  but  used  in  its  original 
form — I  =  1^. 

A  new  element,  therefore,  enters  into  the 
reduction  of  fractions  having  mixed  number 
equivalents,  making  necessary,  from  a  teach- 
ing standpoint,  a  separate  development  step. 

c.  Exchanging  Groups  which  are  Less  than 
a  Whole. 

Proper  fraction  reductions — f ,  yf,  ^§,  yf , 
etc. — must  be  given  a  separate  development 
step  in  order  that,  after  his  work  with  fractions 
equivalent  to  mixed  numbers,  the  child's  con- 
struction experiences  will  force  upon  his  at- 
tention that  the  two-form  and  the  part-group 
forms  of  exchanges,  which  are  necessary  there, 
are  impossible  in  fractions  of  this  kind. 

A.  Exchanging  Groups  Equivalent  to  Integers 

I.  Introduction 
"Takef." 

(Each  child  takes  f  putting  the  objects,  of 
course,  in  proper  group  form.) 
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"I  want  each  of  you  to  exchange  your 
objects  for  the  equivalent  in  larger  pieces." 

Some  will  doubtless  exchange  for  1 ;  others, 
possibly,  for  f ;  others  for  f .  The  teacher  must 
examine  the  construction  as  quickly  as  pos- 
sible to  see  (1)  that  the  exchanges  are  for 
equivalents  and  (2)  that  the  result  of  the  ex- 
change in  each  case  is  a  single  group.  If  the 
child  has  exchanged  for  something  that  is  not 
an  equivalent  the  proper  suggestion  is,  That 
was  not  a  fair  exchange.  The  child  should 
find  and  correct  his  errors.  If  the  result  has 
not  been  arranged  as  one  group  the  informa- 
tion must  be  given  the  child  that  he  must  so 
arrange  it. 

"  The  f  is  one  number.  What  you  exchange 
them  for  must  also  be  one  number." 

The  teacher  now  passes  upon  the  construc- 
tions,— now  one,  now  another: 

To  one  pupil — "You  exchanged  your  f  by 
4's — I  for  -J,  the  other  f  for  another  |.  You 
have  f .    Which  is  greater,  the  §  or  the  f  ?  " 

("They  are  equivalents.") 

The  teacher  asks  the  pupil  to  write  on  the 
blackboard  a  statement  that  the  f  and  the 
number  thus  exchanged  for  it  are  equivalents 

(8  _  2\ 

To  another  pupil — "You  exchanged  your 
f  by  8's — I  for  1.    Which  is  greater,  the  f  or 
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the  I?"     "You  may  write  on  the  blackboard 
that  the  f  and  what  you  have  are  equivalents. " 

(t=i). 

To  another  pupil — You  exchanged  your  f 
by  2's — |  for  J,  another  f  for  another  f, 
another  f  for  another  \,  another  f  for  another 
\.  Which  is  greater  in  quantity,  the  f  or 
the  J? 

"You  may  write  on  the  blackboard  that  the 
f  and  what  you  have  are  equivalents  (f  =  j-). " 

"Take  {-§  and  exchange  for  larger  pieces." 

Then  follows  the  same  examination  of  indi- 
vidual constructions  as  to  exchange  for  equiva- 
lents and  arrangement  in  single  groups,  and 
the  same  form  of  comment  as  to  form  of  ex- 
change by  1 2's,  by  6's,  etc.  This  time,  as 
before,  one  child  and  then  another  should  be 
sent  to  the  blackboard  to  write  in  full  the 
result  of  his  exchange — -f|  =£,  f§  =  I ,  or  J§  =  § , 
etc.  The  question,  How  many  groups  do  we 
have  after  the  exchange?  should  now  be  de- 
veloped and  asked  repeatedly  in  const  ructions. 
The  child's  reply  to  it  is,  of  course,  that  he 
has  one  group.  Several  other  similar  exercises 
should  follow— fa,  |,  i%,  V.  U>  ¥,  etc. 

The  forms  of  dictations  should  be — 
f  to  larger  units. 
J^-  to  lower  units. 
\%  to  lower  denominator. 
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(The  terms  denominator,  lower  units,  etc., 
are  more  or  less  familiar  to  the  child  from  his 
work  on  fraction  series.  He  will  understand 
the  meaning.  They  should  have  constant  use 
here.  The  term  higher  units  must  also  be  used. 
It  helps  to  give  meaning  to  lower  units. 

In  connection  with  this  work  there  are  the 
following  very  important 

2.  Teaching  Points 

a.  Exchanging  by  Units. 

In  the  child's  construction  work  he  must  be 
required  to  exchange  by  single  groups.  In 
other  words,  when  he  exchanges  f  by  2's,  he 
must  exchange  f  for  J,  then  another  §  for  J, 
etc.  In  exchanging  by  4' s  he  exchanges  f  for  \ 
then  the  other  -J  for  \. 

b.  Making  as  Many  Exchanges  as  Possible. 
When  the  child  has  made  one  exchange  (in 

Jf,  exchanging  by  6's  perhaps),  he  must  be 
taught  to  look  for  other  possible  forms  of 
exchange,  and,  if  he  finds  one,  to  take  another 
group  (^|  in  this  case)  and  make  the  exchange. 
The  child  must  find  all  the  ways  in  which,  in  a 
given  group,  exchanges  may  be  made,  and 
must  make  all  of  such  exchanges. 

c.  Arranging  Exchanges  in  Order — Lowest 
First. 

In  the  exchange  from  f$  the  child's  objects 
must  be  arranged  in  order — 2,  f,  ±g-.    If  not 
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made  in  such  order  the  results  must  after- 
wards be  so  arranged.  These  results  arranged 
in  order  form  a  series  of  equivalents. 

d.  Oral  Work  of  Exchanging. 

There  should  be  oral  work  and  written  work 
with  "leader"  and  "writer"  just  as  in  other 
number  developments.  The  "leader"  stands 
at  his  desk  and  constructs  and  talks.  The 
"writer"  at  the  blackboard  does  the  writing 
as  the  "talking"  progresses. 

The  oral  work  for  -f  is: 

"I  take  f.  I  exchange  by  6's — |  for  i.  I 
take  another  -f.  I  exchange  by  3's — |  for  J 
and  the  other  f  for  -J-.  I  have  f .  I  take  another 
f .  I  exchange  by  2's — §  for  -J,  another  f  for  -J-, 
the  other  §  for  J.  I  have  f .  The  series  of 
lower  equivalents  has  three  terms — 1 ,  §,  and  f . 
The  lowest  is  1." 

When  the  "leader"  says  at  the  beginning,  "I 
take  §,"  the  "writer"  writes  f.  As  he  says, 
"f  for  1"  the  "writer"  writes  I,  making  the 
blackboard  show  f  =  1 .  When  the  leader  says 
"I  have  §,"  the  writer  adds  this  to  the  written 
work  (f  =1  =§).  When  the  leader  says,  "I 
have  § ,"  the  writer  adds  this  to  the  written 
work(f=i=f  =  f). 

e.  Making  Exchanges  in  Order — Lowest 
First. 

The  child  must  discover  in  advance  the 
possible  exchanges  in  a  group  in  order  (lowest 
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equivalent  term  first)  and  must  make  his 
exchanges  in  that  order.  In  -}f ,  his  construc- 
tions must  be  in  the  order  1,  J,  f,  etc.  The 
results  of  exchanges  must  be  arranged  invari- 
ably in  this  order — from  the  lowest  up.  Many- 
such  exercises  must  be  given. 

Note. — Teacher  and  pupils  must  use  the  terms 
"series"  and  "terms" — series  of  lower  equivalents, 
two  terms  in  the  series  of  lower  equivalents,  the  lowest 
term  in  the  series  of  lower  equivalents,  etc.  The  child 
must  be  led  to  recognize  that  he  now  has  two  kinds  of 
series  of  equivalents.  He  must  learn  to  speak  of  them 
as  higher  equivalents  and  lower  equivalents.  This 
involves  the  teaching  of  "higher"  and  "lower"  as  ap- 
plied to  fractions.  Halves  are  lower  than  3ds,  6ths  are 
higher  than  3ds  or  4ths  or  5ths,  ioths  are  lower  than 
i2ths,  ioths  are  higher  than  8ths  or  halves  or  oths.etc. 
The  term  "reduce"  must  be  gradually  introduced  to 
take  the  place  of  change.  The  dictation  form,  Change 
fi  to  its  series  of  lower  equivalents,  becomes,  Reduce 
ft  to  its  series,  etc.  The  teacher  should  make  frequent 
use  of  the  term  reduction  in  referring  to  this  work  so  as 
to  put  it  into  the  child's  vocabulary  as  quickly  as 
possible.  Reduce  and  reduction  are  of  frequent  use  in 
number,  hence  their  importance  in  the  child's  ready 
vocabulary.  Reduce  means  change — change  in  the 
sense  that  it  has  been  used  in  this  connection. 

/.  Forms  of  Questions  to  be  Used. 

These  questions  illustrate  the  kind  to  be 
used  with  all  constructions  here  and  later 
with  written  work  after  objects  have  been  laid 
aside. 
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(i)  In  how  many  ways  may  8ths  be  ex- 
changed? (8ths  may  be  exchanged  by  8's, 
giving  wholes ;  by  4's,  giving  halves ;  and  by  2's, 
giving  4ths.) 

(ii)  When  we  exchange  ioths  by  2*s,  what 
do  we  get?    By  5's?    By  io's? 

(iii)  What  are  the  possible  lower  terms  from 
I2ths?    (Wholes,  halves,  3ds,  4ths,  and  6ths.) 

(iv)  What  is  the  series  of  lower  equivalents 
from (the  group  to  be  reduced)  ? 

B.  Exchanging  Groups  Having  Mixed  Number  Equiva= 
lents 

1.  The  Development  Plan 

The  teacher  writes  a  fraction  as  -^  on  the 
blackboard  and  directs  the  pupils  in  terms  of 
reduce — 

"Reduce  to  lower  terms." 

The  pupils  will  exchange  first  by  8's  because 
this  is  what  they  have  been  doing.  The  con- 
struction on  almost  every  desk  will  be  that 
of  1  \ — exchanging  f  for  1  and  the  f  for  \. 
Some  however,  will  have  if. 

"Take  another  ±g-  and  construct  another 
term  of  a  series  if  you  can." 

The  constructions  will  now  be,  doubtless, 
if  and  1 1 — those  having  \\  for  the  first  con- 
struction now  having  if,  and  those  with  if  at 
first  now  having  1^.     Each  pupil's  two  con- 
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structions  must  now  be  arranged  in  proper 
order — the  "lowest  first."  This  is  to  be  done 
by  the  pupil  himself — the  teacher  simply  call- 
ing attention  to  the  fact  that  there  is  a  proper 
order,  that  they  have  been  taught  what  that 
order  is,  and  that  that  order  must  always  be 
observed. 

"How  did  you"  (to  one  pupil  and  then  an- 
other) "make  your  first  exchange?" 

("By  8's,  exchanging  f  for  1,  and  by  2's, 
exchanging  f  for  ^.    This  gave  me  ij.") 

"Your  second  exchange?" 

("By  8's,  exchanging  f  f or  1.  This  made  my 
number  if.") 

Another  pupil  with  the  other  order  of  con- 
struction will  answer  these  two  questions  in 
the  reverse  order. 

"Which  of  these  two  terms  is  the  lower?" 

("The  ii.") 

"Who  of  you  made  \\  for  your  first  con- 
struction?" 

Another  dictation  as  f  should  now  be  given 
and  the  constructions  made  in  the  same  man- 
ner. Another  dictation  is  given  as  f .  (In  this 
construction  the  pupils  will  be  unable  to  find 
a  second  term  of  the  series.)  Another  dicta- 
tion as  -^f  is  given.  The  constructions  here 
should  show  1^,  if,  ^,  and  f  arranged  in  that 
order. 
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2.   The  Oral  Work 

It  is  very  important  here,  as  in  fact  in  all 
work,  that  the  oral  work  with  "leader"  and 
"writer"  be  made  a  constant  feature  of  the 
development.  A  leader's  oral  work  should  be — 

"I  take  f .  I  group  by  8's,  exchanging  §  for 
I.  I  group  the  §  by  2's,  exchanging  the  § 
for  \.    My  number  is  ij." 

"  I  take  another  f .  I  group  by  8's,  exchang- 
ing §  for  1.  I  leave  the  §  unchanged.  My 
number  is  if." 

"I  take  -§.  I  group  by  8's,  exchanging  f 
for  1.  -J  is  in  its  lowest  form.  My  number 
is  i-J.    This  is  the  lowest  form." 

The   "writer's"   blackboard  written  work 

bllUUlU  Ue  6   -14,   igjs   — 18»U1    12   —  x  3 »   16»   3»  6> 

following  corresponding  oral  work  by  the 
leader. 

j.  Questions  to  be  Used 

The  questions  suggested  in  A,  2  f  above 
must  not  be  overlooked  here.  Other  forms  of 
questions : 

How  many  terms  in  the  series  of  lower 
equivalents  of ? 

What  is  the  lowest  term  in  the  series  of 

lower  equivalents  from ?     What  is  the 

2d  term  in  the  series  of  lower  equivalents 
from ? 
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4.  Exercises 

Many  exercises  in  reductions  of  improper 
fractions,  as  above,  should  be  given. 

t  5.  Improper  Fractions  and  Proper 
Fractions — the  Terms  Introduced 

Teach  pupils  to  speak  of  these  fractions  as 
"improper."  Teach  to  define  "improper"  as 
applied  to  fractions:  "An  improper  fraction  is 
one  that  would  have  a  whole  number  or  mixed 
number  equivalent."  "A  proper  fraction  is 
one  that  is  less  than    a  whole." 

C.  Exchanges  with  Proper  Fractions 

There  is  nothing  new  in  development  here. 
The  feature  of  this  step  is  that  the  child  is 
left  to  learn  through  construction  experiences 
that  a  lower  term  by  two  forms  of  grouping, 
as  in  fractions  whose  equivalents  are  mixed 
numbers,  is  impossible — that  two-form  group- 
ings produce  impossible  numbers. 

1.  Object  Work 

The  teacher  dictates  a  proper  fraction  as  -f| 
on  the  blackboard. 

"You  may  construct  the  first  term  of  the 
series  of  lower  equivalents." 

(Some  may  try  exchanging  by  8's  and  the 
remainder  by  4's.    This  would  be  natural  after 
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the  experiences  of  the  last  step.  This  attempt, 
however,  to  put  the  resulting  J  and  J  into  one 
group — to  make  one  number  as  all  lower  term 
constructions  require — will  show  him  that  the 
exchanges  are  impossible.  The  -J  and  \  form 
an  impossible  number.) 

Everyone's  final  lowest  term  construction 
will  be  | — an  exchange  by  4's.  In  the  same 
way,  taking  another  -}-§  for  a  second  term  of 
the  series,  the  pupil  will  find  but  one  form  of 
exchange  possible — an  exchange  by  2's,  mak- 
ing f. 

Another  dictation  is  written  as  \%. 

In  the  same  way  the  child  finds  that  the 
lowest  equivalent  term  (and  the  only  lower 
term)  is  | — an  exchange  by  2's. 

Other  dictations  are  given  and  the  construc- 
tions made  in  the  same  manner.  Some  of  these 
dictations  should  be  fractions  that  are  already 
in  their  lowest  terms — the  pupil  to  discover 
and  state  the  fact. 

The  oral  work  with  "leader"  and  "writer" 
as  suggested  in  A,  2  d;  and  in  B,  2  must  be  a 
feature  of  the  work  also. 

The  questions  suggested  in  A,  2 /,  and  in 
B,  3  above  must  be  in  constant  use. 

The  definitions  of  proper  fractions  and 
improper  fractions  must  be  called  for  fre- 
quently. 
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2.  Exercises  without  Objects 

Very  many  exercises  without  objects  in 
reductions  to  lower  terms  should  be  given. 
Some  of  these  dictations  should  require  simply 
the  lowest  equivalent  term,  others  should  re- 
quire the  full  series  of  lower  terms.  All  the 
questions  suggested  for  use  with  the  objective 
work  must  be  continued  here  just  the  same  as 
if  objects  were  in  use.  Oral  work  like  that  with 
objects — work  in  which  the  "leader"  goes  to 
the  blackboard  to  do  the  work  of  both  "leader" 
and  "writer"  but  without  the  objects — must 
be  required  very  frequently,  first  one  child 
and  then  another  being  sent  to  the  blackboard 
with  an  exercise.  These  exercises  should 
involve  reductions  of  improper  fractions  and 
proper  fractions — all  of  the  forms  of  work 
presented  in  B  and  C  above. 

D.  Applications    of    Reductions — Seat    Exercises    in 
Addition 

This  subject  of  addition  was  developed  in 
Chapter  XVIII,  but  in  that  work  we  were 
careful  to  use  no  exercises  where  the  sum  had 
an  improper  fraction.  Now  that  changing  to 
lowest  terms  has  been  developed,  we  are  ready 
to  complete  the  work  of  addition  as  an  appli- 
cation of  reduction  work.  Development  work 
is  unnecessary  because  there  is  no  new  imagery 
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or  language.  Class  exercises  with  objects 
should  be  given,  however,  occasionally  for 
months  for  the  sake  of  keeping  the  construc- 
tion work  fresh.  Except  for  this  purpose 
objects  should  not  be  used.  The  work  of  this 
section  will  differ  from  that  in  Chapter  XVIII 
only  in  reducing  each  sum  to  its  lowest  terms. 
In  the  addition  of  mixed  numbers,  exercises 
must  be  given,  as  in  Chapter  XVIII,  in  "verti- 
cal" and  in  "horizontal"  solutions.  Pupils 
should  be  able  to  use  either  form  as  directed. 

FORMS   OF   EXERCISES 

There  are  three  forms  of  exercises  under  this 
section — 

(i)  Class  exercises  with  objects  for  the  con- 
struction work  and  for  the  oral  language. 
Exercises  with  "leader"  and  "writer"  as  in 
Chapter  XVIII  B,  i  a  and  b.  Such  exercises 
are  to  be  given  frequently. 

(2)  Class  exercises  without  objects  for  oral 
work — one  child  and  then  another  going  to  the 
blackboard  to  do  the  work  of  both  "leader" 
and  "writer." 

("I  take  3f  and  2-|.  I  cannot  add  f  and  f 
because  the  pieces  are  not  alike — they  do  not 
have  a  common  denominator.  I  exchange  f 
for  T92  and  f  for  f§.    ^  and  jf  are  |f.    This 
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is  equivalent  to  i^.  I  write  down  the  -fa. 
3  and  2  and  1  are  6.    I  have  6j^.") 

The  horizontal  solutions  should  be  written 
out  in  "short  form"  (Chap.  XVIII,  B,ib  (II)) 
occasionally  as  the  teacher  shall  direct. 

(3)  Seat  work  without  objects  in  adding 
mixed  numbers.  This  work  should  involve 
horizontal  and  vertical  solutions.  The  dicta- 
tions should  indicate  whether  the  solution  is 
to  be  written  out  horizontally  or  vertically. 
In  the  dictations  for  horizontal  solutions  the 
teacher  should  indicate  that  it  should  be  in 
"long  form"  if  she  wishes  that  form  used. 
If  no  form  is  suggested  in  such  dictations  the 
pupil  should  use  the  "short  form."  (Chap. 
XVIII  B,  1  b  (II) .) 

Forms  of  dictations: 

2^+31=  &i        H        51 

5i  +  i$=  Gong  way).     +2*     +2|     +2 J 

4*+*£  =  

Summary: 

1.  Object  Work. 

a.  An  outline  of  the  form  that  object 

work  must  necessarily  take  in  re- 
ductions to  lower  terms.     (1.) 

b.  Constructions   in   reducing   to   lower 

terms  fractions  whose  lowest  form 
is  an  integer — fractions  like  f ,  *£-, 
etc.    The  aims  of  this  work  are — 
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(i)  That  the  pupil  may  learn  to  work 
out  systematically  the  problem 
of  constructing  every  possible 
lower  equivalent  of  any  frac- 
tion of  this  kind.    (A,  2  a  and  b) 

(ii)  That  he  may  learn  to  arrange 
these  equivalents  in  order,  the 
lowest  first.    (2  A,  2  c  and  e.) 

(iii)  To  put  into  the  working  vocabu- 
lary the  terms  reduce,  series  of 
lower  equivalents,  series  of 
higher  equivalents,  higher 
terms,  lower  terms,  and  lowest 
terms.    (.4,  Note.) 

c.  Constructions    in    the    reduction    of 

fractions  whose  lowest   form'  is   a 
mixed  number.     (B.) 
This  has  for  its  aims — 

(i)  The  further  use  of  the  terms, 
(ii)  The  special  form  of  the  reduc- 
tion with  such  fractions. 

d.  The  terms  proper  fraction  and   im- 

proper fraction  developed  and  de- 
fined.    (5,5.) 
The  reduction  of  proper  fractions  to 
lower  and  to  lowest  forms.    (C.) 
2.  Work  without  Objects.    (C,  2  ) 

a.  The  application  of  reductions  to  lower 
and  to  lowest  terms  to  addition  of 
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fractions  using  problems  in  which 
the  sums  or  amounts  are  improper 
fractions  or  proper  fractions  not  in 
lowest  forms.  (D.)  (See  Chapter 
XVIII,  Aim.) 
b.  Adding  mixed  numbers — horizontal 
and  vertical  forms.     (D,  (j).) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XIX,  ten  days.  Total  time 
for  the  work  of  Chapters  I-XX,  10 1  days. 


CHAPTER  XXI 
MULTIPLICATION  WITH  INTEGRAL  MULTIPLIERS 

Topic: — The  Forms  and  the  Language  of  the  Object  Work 

Introductory  Note. — Multiplication  of  fractions 
from  the  standpoint  of  objective  development  is  divided 
into  two  parts — (i)  exercises  in  which  the  multiplier  is 
an  integer  and  (2)  those  in  which  it  is  a  mixed  number 
or  fraction.  The  former  in  nature  and  consequently 
in  form  of  concrete  expression  is  so  much  like  addition 
that  it  logically  follows  that  subject  as  a  sequel  or 
supplement.  In  addition  to  this,  partition  develop- 
ment requires  a  knowledge  of  this  kind  of  multiplication. 
Multiplication  when  both  factors  are  fractions  or  mixed 
numbers  must  be  made  for  a  similar  reason  a  supplement 
to  partition. 

This  is  the  reason  for  the  introduction  of  this  part 
of  multiplication  here  following  addition  and  preced- 
ing partition.  There  is  little  in  the  section  that  is  essen- 
tially new.  It  practically  adds  to  the  work  of  Chapter 
XVIII  only  vertical  solutions  and  the  reduction  of 
mixed  number  products  to  lowest  terms.  No  intro- 
ductory development  work  will  be  necessary. 

A.  Objective  Work 

This  is  of  two  kinds: 

(i)  Reading  statements  forwards  and  back- 
wards. 
328 
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(ii)  Class  exercises  with  "leader"  and 
"writer"  for  oral  work  and  the  forms  of  writ- 
ten solutions — horizontal  and  vertical. 

i.  Reading  Statements  Forwards  and  Backwards 
The  teacher  writes  statements  on  the  black- 
board and  calls  upon  individuals  to  read  them 
forwards  and  backwards. 

2X3|  = 

("This  means  two  three  and  three-fourths.") 

("It  means  two  times  three  and  three- 
fourths.") 

("It  means  three  and  three-fourths  two 
times,"  or  "twice".) 

"How  would  you  construct  2  X3f  ?" 


I  c   1  Pc 

\c\  fc 

.    -L  L    -L 

t    4  1    4 


("I  would  make  3f  twice.") 
"Each  of  you  may  make  it." 

2.  Class  Exercises  for  Oral  and  Written  Work — 
Horizontal  Form 
3Xi  = 
("This  means  three  times  -J.") 
("It  means  J  three  times.") 
("The    =  means  that  after  the  groups  are 
made  we  must  put  them  together.") 
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"You"  (to  some  pupil)  "may  do  what  it 
tells  you,  and  talk." 

("First  I  make  three  halves. 


c  c  c 

_L  J-  J_ 

2  2  2 


I  put  them  together.") 


c 

i 


(In  work  of  this  kind,  a  "leader"  construct- 
ing and  talking,  there  must  be  a  "writer"  at 
the  blackboard.) 
3X2f  = 

"You"  (designating  some  pupil)  "may  con- 
struct and  talk." 

("This  says  3  times  2§.  It  says  three  two 
and  two-fifths.  It  says  that  2§  is  to  be  made 
three  times.") 

("I  take  2f  three  times.") 


A  V 
L]  5 


("I  put  them  together.") 
("Three  times  f  are  f .") 


A 
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("Three  times  2 
are  6.") 


("I  have  6  and 

5-     ) 


1  rr^i , 

4.         A 

H|5 


("I  exchange  f 
f or  1 .     I  now  have  L 
7andi.") 


nn 


l_5j 


The  writer's  work  at  the  blackboard  ac- 
companying this  construction  and  oral  work 
will  be  as  follows: 
3X2f  = 

(This  is  written  when  he  first  goes  to  the 
board.  It  is  simply  the  problem  that  is  to  be 
constructed.  Nothing  is  added  to  this  when 
the  "leader"  says,  "I  take  2f  three  times," 
nor  when  he  says, "  put  them  together."  When 
he  says,  "Three  times  f  are  §,"  the  writer's 
board  work  is  given  the  form  3  Xf  =§ .  When 
he  says,  "Three  times  2  are  6,"  the  writer's 
board  work  reads  3  X2f  =-6f.    When  he  says, 
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"I  now  have  7  and  J,"  the  writer's  board  work 
is  made  to  read — 3  X2f  =6f  =  7-5-.) 

(The  above  shows  the  general  form  of  the 
objective,  the  oral,  and  the  solution  forms  of 
the  work  of  this  part  of  this  section.) 

j.   Class  Exercises  for  Oral  and  Written  Work — 
Vertical  Form 

In  the  vertical  solutions  the  oral  work  of 
the  "leader"  will  be  exactly  the  same  as  for 
the   horizontal.      The   construction   and   the 
"writer's"  work,  however,  will  be  vertical. 
a.  The  "Leader's"  Work 
If 
X3 


("This  means  three  one  and  three  fourths.") 
("It  means  if  taken  3  times.") 
("I  take  if  three  times.") 


(1) 


This  shows  the  seat 
construction. 


MULTIPLICATION 


333 


("I  put  them  together.") 

("Three  times  f  are  £.") 

(2) 


This  shows  how  (i)  is 
changed  when  the  pu- 
pil says,  "three  times 
I  are  i" 


B 
44 


("Three  times  I  are  3.") 
(3) 


B 
j_ 

4  4. 


("Ihave3f.") 
(4)    Tr, 


This  shows  the  con- 
struction with  "Three 
times  1  are  3";  (2)  is 
changed  to  (3). 


This  shows  the  change 
from  (3)  as  the  pupil 
says,  "I  have  3|." 


("I  exchange  f  for  2.    I  have  5j.") 

(5)     "i=Y        The  final  form 


B 

HTb" 
_4_ 
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(The  above  shows  the  oral  work,  the  con- 
struction, and  the  direction  and  form  of  the 
"putting  together."  The  teacher  will  note 
that  the  objective  work  is  like  the  written 
solutions  in  direction — both  vertical.) 

b.  The  "Writer's"  Work 

The  "writer's"  blackboard  work  should  be 
as  follows: 

if       The    problem    copied    before    the 
X3     "leader"  begins. 


if      As  the  blackboard  will  look  when 
X5^  the  leader  says,  "Three  times  f  are  f ." 


if      As  the  blackboard  will  be  made  to 
X3     look  as  the  "leader"  says,  "I  have  3 
-  and  f ." 


3f 


if      As  the  blackboard  is  made  to  look 
X3     as  the  "leader"  says,  "I  have  5J." 


3i  —  54 

v 


B.  Seat  Work  without  Objects 

Exercises  in  which  one  pupil  and  then  an- 
other goes  to  the  blackboard  to  do  the  work  of 
1 '  leader ' '  and  ' '  writer. ' '  Such  exercises  should 
be  given  frequently  for  many  weeks.     These 
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exercises  should  be  about  equally  divided 
between  the  horizontal  and  the  vertical  forms. 
The  oral  work  should  be  exactly  the  same  as  if 
objects  were  being  used.  The  child  reads  the 
problem  forwards  and  then  backwards  and 

then  begins,  "I  take times,  etc." 

The  written  work  follows  the  form  used  by 
the  "writer"  in  the  class  work  with  objects. 

KINDS    OF    EXERCISES 

The  dictations  should  be  as  follows: 

31 


3X  i  = 

4X  f  = 

7Xif  = 

5X2f  = 

6X  f  = 

Summary: 

3  05 


X4  X5 


3f  5* 

X5  X4 


1 .  Introductory  note  stating  the  relation  of 

the  subject  to  addition  and  partition. 

2.  Object  work.     (A.) 

a.  Exercises  in  oral  statements  of  the 

meanings  of  written  expression — 
reading  them  forwards  and  back- 
wards— with  constructions. 

b.  Horizontal  solutions — objective,  oral, 

and  written  work.     (A,  2.) 

c.  Vertical     solutions — objective,     oral, 

and  written  work.     (A,  3.) 
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3.  Work  without  objects.     (B). 
Written  work  with  analysis. 

Exercises  for  horizontal  solutions. 
Exercises  for  vertical  solutions. 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XX,  four  days.  Total  time 
for  Chapters  II-XXI,  105  days. 


CHAPTER  XXII 
EVEN   PARTITION   WITH   ANALYSIS 

Topic: — The  Construction  and  the  Analysis  forms. 

A.  Preliminary  Considerations 

i.  What  the  Child  Knows 

As  fraction  development  work  (or  any  other 
line  of  development  for  that  matter)  advances, 
it  is  assumed  that  the  teacher  keeps  each  step 
fresh  by  occasional  review  exercises.  On  this 
assumption  we  may  safely  take  up  the  work 
of  partition  where  Chapter  X  left  it.  We  may 
assume  that  the  child  is  fresh  in  the  con- 
struction forms  and  in  the  language  of  even 
partition  with  integral  and  fractional  numbers. 
He  knows  what  any  given  even  partition  ex- 
pression, as  j  of  12,  means;  will  construct  it; 
and  will  give  the  oral  work  ("I  take  12,  make 
them  into  4  equal  groups,  show  three  of  these 
groups,  and  hide  one").  He  knows  also  what 
11  =  "  means. 

This  knowledge  covers  these  particulars: 

(1)  How  many  objects  to  take. 

(2)  How  many  groups  to  make. 

(3)  How  many  groups  to  show. 

(4)  How  many  groups  to  hide. 

22  337 
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(5)  The  groups  must  be  equal. 

(6)  The  "="  tells  us  to  put  the  "seen 
groups"  together. 

2.  Questions  on  Partition 

There  are  several  questions  that  the  teacher 
must  ask  again  and  again  during  this  con- 
struction work  whether  with  or  without  analy- 
sis. The  questions  will  force  deeper  into  the 
mind  the  essential  features  of  partition: 

What  tells  how  many  to  take? 

What  tells  how  many  groups  to  make? 

What  tells  how  many  groups  to  show? 

How  many  groups  must  we  hide? 

What  does (the  number)  tell? 

What  does (the  denominator)  tell? 

What  does (the  numerator)  tell? 

When  we  say,  "Take  ,  make  it  into 

equal  groups,  show ,  and  hide ," 

what  is  the  word  that  we  must  emphasize 
most  strongly ?    ("  Equal . " ) 

3.  The  Partition  of  Chapter  X  as  Modified  by 
Chapter  XX 

a.  The  "Leader's"  Work 

Let  us  for  illustration  take,  f  of  -^  = . 
Under  Chapter  X  the  "leader's"  construc- 
tion and  oral  work  would  have  been  as  follows : 
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("This  tells  me  to  take  ^,  make  them  into 
five  equal  groups,  show  three,  hide  two,  and 
then  put  the  'seen  groups'  together.") 

("I  take  ^°-.") 

(He  takes  a  group  of  ±£-.) 

("I  make  them  into  five  equal  groups,  show 
three,  and  hide  two.") 


1 

a  \ 

.    i 
c 
i 

2 

I 

c 

1 

2 

"<J-|<\J 

"U-|<M 

1 

("I  now  put  the  'seen  groups'  together.") 


U-|fNJ 

U-|(M 

1 

c 

1 
T-    2 

1 

1 

Under  Chapter  XX  this  construction  and 
the  oral  work  would  be  supplemented  by  an 
exchange  of  §  for  3. 


b.  The  "Writer's"  Work 

Under  Chapter  X  the  "writer's"  complete 
written  work  would  have  been  §  of  -^  =§ . 
Under  Chapter  XX  this  written  statement 
would  be  extended  as  follows:    f  of  -^  =§  =3. 

Note. — The  aim  of  3  is  to  show  at  this  time,  before 
the  introduction  of  the  analysis  work  of  partition  in  B, 
what  the  construction  and  oral  forms  are. 
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B.  The  Analysis — Objective 

7.  Its  Basis 

It  is  this  "putting  together"  that  the  child 
must  learn  to  analyze.  In  his  work  in  applied 
problems  he  has  doubtless  been  trained  in 
diagraming  analytical  processes,  the  three 
classes  of  which  are  as  follows: 

a.  Problems  in  the  form  of — 


□ 

DDD 


If    one    box    holds 
7  lbs. 

3   boxes    will    hold 
3X7  lbs.  =21  lbs. 

b.  Problems  in  the  form  of — 

DDDD  "i0™868  cost 

1  will  cost  £  of  1 20 

c.  Problems  in  the  form  of — 

If  2  horses  eat   12 

qts.  of  grain 

1  will  eat  £of  12  qts. 
=  6  qts. 

I       I    I       1    I       1    3  will  eat  3  X  6  qts. 

The  child  thus  trained  will  easily  recognize 
its  application   here  and   no  special  instruc- 


□ 


DD 
□ 
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tion  will  be  needed.  If  he  has  not  been  so 
trained,  time  will  have  to  be  given  to  analysis 
development. 

2.  The  "Writer's"  Diagram  and  Written  Work 

The  following  is  the  "writer's"  diagram 
and  the  form  of  his  written  work  on  the  black- 
board in  the  analysis  of  f  of  -^  = ,  based  on  the 
work  in  applied  problem  analysis: 


1   2 


<-(U 


<-|cvi 


<-|Cvj 

r1 


<-|<\j 


l0f  H 
5    U1      2 


A  A 

J_  1 

L    2  L    2 


<-|<\j 


<-|C\J 


f  of  V 

2.  _  6.  _  ? 

2   —  2    ~~  O' 


3X 


Note. — The  above,  the  diagram  and  the  written 
work,  is  what  the  "writer"  always  puts  on  the  black- 
board in  a  class  exercise  in  analysis  when  the  class  is 
working  with  objects  or  diagrams.  If  the  class  is  not 
using  objects  or  diagrams  and  the  teacher  does  not  call 
for  a  diagram,  he  puts  on  the  written  work  only.  No 
other  directions  for  the  "writer's"  work  in  analysis 
exercises  are  needed. 

If  the  "leader"  is  told  to  show  the  "analysis  con- 
struction," his  concrete  work  on  his  desk  is  in  the  form 
as  shown  in  the  diagram — the  first  construction  showing 
one  "seen  group,"  the  second  showing  the  regular  con- 
struction for  the  expression.  The  result  of  a  partition 
solution  should  be  called  its  quotient.  Dividend  is 
the  proper  term  to  apply  to  the  quantity  to  be 
partitioned. 
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j.  The  "Leader"  in  Analysis  Work 

There  are  two  forms  in  which  the  "leader" 
may  show  his  objective  analysis.  These  may 
be  called  the  full  form  and  the  short  form. 
Both  forms  should  be  taught,  the  short  form 
for  it?  own  sake,  the  full  form  because  it  is 
best  adapted  for  exercises  in  which  the  groups 
are  mixed  numbers. 


a.  The  Full  Form 

The  following  shows  the  "leader's"  con- 
struction and  oral  work: 

t  of  v  = 

("This  tells  me  to  take  ^,  make  them  into 
eight  equal  groups,  show  three,  hide  five,  and 
then  put  the  'seen  groups'  together.  My 
dividend  is  -1/.") 

("I  made  i  of -V6-.") 


<-|m 
i 


<t-|m 


<-m 


is 


("I  now  make  f  of-1/.") 


A 
45 


I 


<-|m 


<-|m 


<-|m 


.     V 


("One  eighth  of  sixteen  fifths  is  two  fifths.") 
(As  the  leader  says  this  he  places  his  index 

finger  on  the  "seen  group,"  the  -J,  in  the  first 

construction.) 
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("Three  eighths  of  sixteen  fifths  are  three 
times  two  fifths  which  are  six  fifths.  My 
quotient  is  six  fifths.") 

(As  the  leader  says  this  he  puts  the  three 
"seen  groups"  together.) 


Gt. 


AJ 


<_m 


<_m 


<-|ir> 


("Six  fifths  is  an  improper  fraction.  So  I 
exchange  five  fifths  for  one.  I  have  one  and 
one  fifth.") 


<-|m 


<-m 


,  i1 


<-|in 


b.  The  Short  Form 

The  following  shows  the  "leader's"  short 
form: 

(It  is  unnecessary  to  repeat  the  "leader's" 
oral  statements  because  the  oral  work  for  the 
two  forms  is  one  and  the  same — no  difference 
whatever.) 

When  he  says,  "I  make  J  of  sixteen  fifths," 
he  constructs — 


m 


<-in 


i 


"«-|m 

"<-h 

<-|lO 

<-|if> 

I 

i 

i 

as  in  the  full  form. 
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I  now  make  |-  of  sixteen 


When  he  says, 
fifths,"  he  changes  the  first  and  second 
"hidden"  groups  to  the  " seen"  form,  making 
the  construction — 


L  5 


<-in 


<-K> 


<-|in 
J- 


He  then  puts  the  three  "seen"  groups 
together  and  changes  to  a  mixed  number  in 
exactly  the  same  way  as  in  the  full  form. 

The  difference,  therefore,  between  the  full 
and  the  short  forms  is  that  in  the  former  he 
actually  constructs  for  each  of  the  two  steps 
in  the  analysis,  while  in  the  latter  he  constructs 
the  first  "full  form"  statement  and  then  makes 
changes  in  this  statement  for  his  second 
analysis  step. 

4.  Analysis  Developed — Full  Form 

These  should  all  be  in  "class  exercise"  form 
with  a  "leader"  and  a  "writer." 


a.  Introduction 

The  instruction  is  given  through  an  oral 
exercise. 

"How  many  in  f  of  8?" 

("Six.") 

"Analyze  it  to  show  that  it  is  six." 
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("i  of  eight  is  two.  £  of  eight  is  3  times 
2  which  is  6.") 

The  teacher  directs  the  "leader"  (and  those 
at  their  seats)  to  show  both  of  the  statements 
in  the  analysis  with  objects.  She  directs  the 
"writer"  to  show  the  same  with  a  diagram. 

The  "leader's"  constructions  are — 


The  1  of  8 


CO 


DQ 


The  I  of  8 


00 


The  f  of  8 


CD 


The  "writer's"  diagram  will  show  the  first 
two  statements  only.  The  "writer"  does  not 
diagram  the  group  which  results  from  putting 
the  "seen"  groups  together.  The  "writer" 
will,  of  course,  write  out  the  analysis  as  the 
leader  gives  it  orally.  Another  exercise  and 
then  another  are  given  in  the  same  manner. 
(The  teacher  must  refer  to  the  constructions 
as  "full  form"  constructions.  The  work 
should  be  called  by  teacher  and  pupil  "analy- 
sis work."  This  will  bring  the  terms  "full 
form"  and  "analysis"  into  regular  use.) 
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Each  statement  of  the  writer's  analysis 
should  be  opposite  the  corresponding  part  of 
the  diagram  as  follows: 


n  fi 


CD 


1  of  8=2. 


CD 


fof8=3 
X2=6. 


b.  Exercises  for  Class  Use 


f  of 

I  of  15  = 

fof^  = 

8    Ui     7 

IX  0f  13.  = 
8     Ui    1  2 


6  =       f  of  14  = 


of  ±£  = 


|of¥  = 

fof-V-  = 
I  of  15  = 
t  of¥  = 


8 
5. 
6 
4 
3 
10 
7 


J  of  24  = 

Of  12  = 

of    9  = 

of¥  = 


5.  Analysis  Developed — Short  Form 

This  is  entirely  "class  exercise"  work  with 
leader"  and  "writer." 


a.  Introduction 

The  teacher  will  remember  that  in  analysis 
work  the  "writer's"  diagram  and  written 
forms  are  the  same  for  the  "short  form"  as 
for  the  "full  form."  (See  Note  under  2 
above.) 

This  introduction,  therefore,  will  consist  in 
teaching  the  pupils  how  to  make  the  short 
form   constructions  for  the  oral  work.     For 
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illustration,  in  f  of  -^  = ,  the  construction 
would  be  that  of  \  of  ^  =  for  the  first  state- 
ment of  the  analysis,  and  then  for  the  con- 
struction for  the  second  statement  he  would 
merely  change  the  first  and  second  "unseen" 
groups  to  "seen"  groups.  This  introduction 
is  simple  and  the  work  is  quickly  brought  into 

use. 

b.  Exercises  for  Class  Use 


These  are  like  those  for  the 

"full  form": 

H¥-      -Vof  f  = 

£  of    X  = 

7    Ui       8 

fof-V-        "V-of    f  = 

-|of    |  = 

Jof^=           T720fl2  = 

f  of  15  = 

C.  Written  Work  without  Objects  or  Diagrams 

1.  Class  Exercises 

In  these  exercises  one  pupil  and  then  an- 
other is  sent  to  the  blackboard  to  give  the  oral 
work  as  if  with  objects  and  also  the  work  of 
the  "writer"  without  the  diagram. 

Of  course,  there  is  no  full  form  nor  short 
form  in  this,  the  written  work  in  analysis 
being  given  always  in  full  statements  as  in 
B  2  above. 

2.  Seat  Analysis  Work 

These  are  exercises  in  which  each  pupil 
writes  out  the  work  on  paper  using  the  analysis 
statements. 
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Dictations  for  Seat  Work: 

I  of    f=        fof    f=  J^ofi2  = 

fof    9=        iof¥-  Aof^  = 

f  of  4f  =        J  of  ¥  =  I  of  45  = 

10   nf  3J3.  _  JL3.  nf  2_i  5.  of  A-0-  = 

D.  Mental  Solutions 

Dictations  like  those  in  B,  4  b  above  are 
given  for  oral  solutions  in  analysis  form.  These 
oral  solutions  are  in  the  same  form  as  the 
written. 

Summary. 

1.  Object  work. 

a.  A  brief  review  of  constructions  and 

oral  work  in  even  partition  of  inte- 
gers and  fractions  without  analysis 
in  preparation  for  the  development 
of  the  constructions  and  written 
work  of  partition  analysis.    (A .) 

b.  Reviews  or  instruction  in  the  diagram 

forms  and  the  accompanying  writ- 
ten analysis  forms  of  the  three  types 
of  problems  illustrated  in  partition 
analysis.    (B,  1.) 

c.  The    development    of    objective    (or 

diagram)  partition,  analysis,  and 
the  written  analysis  statements. 
(B,  2  to  5.) 
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(i)  Long  form.    (B,  3  a  and  4.) 
(ii)  Short  form.    (B,  3  b  and  5.) 

2.  Work  without  objects. 

Exercises  with  full  written  analysis. 
(C.) 

3.  Mental  solutions — full  oral  analysis.  (D.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XXI,  five  days.  Total  time 
for  Chapters  II-XXII,  no  days. 


CHAPTER  XXIII 
UNEVEN    PARTITION 

Topics: — The  Constructions  and  the  Oral  and  Written  Language 

(Analytical).    All-Fraction  and  Part-Fraction  Forms  of 

Partition 

A.  Exercises  having  One  Extra  Unit 

i.  Constructions  without  Solutions 

The  first  difficulty  that  the  pupil  meets  in 
uneven  partition  is  that  of  constructions. 
These  exercises  in  concrete  expression  are 
given  that  he  may  have  experiences  in  this 
work  unhampered  by  considerations  of  analy- 
sis or  forms  of  statements. 

a.  Naming  the  denominator  of  the  fraction 
after  the  construction. 

The  teacher  dictates  on  the  blackboard  an 
expression,  as  §  of  9,  and  asks  the  pupils  to 
construct  it.  The  child  will  distribute  the 
8  into  4  equal  groups  but  may  be  at  a  loss  to 
distribute  the  extra  unit.  If  the  work  in 
Section  84  of  Vol.  1  *  has  been  kept  occasion- 
ally reviewed  since  it  was  given,  the  children 
will  not  be  at  a  loss  to  know  what  to  do.    The 


*  See  also  Chapter  X,  A  Note. 
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child  that  hesitates  should  not  be  told.  He 
should  be  left  to  work  out  his  problem  alone. 
The  only  assistance  at  all  allowable  would  be 
to  ask, 

"What  does  the  expression  tell  you?" 

("It  tells  me  to  take  9,  make  them  into  4 
equal  groups,  etc.") 

"What  word  do  we  emphasize  in  that?" 

("Equal.") 

"The  groups  must  be  equal  and  you  must 
use  all  of  your  paper." 

When  the  extra  whole  has  finally  been  made 
into  4ths  and  properly  distributed  there  are 
two  questions  *  to  be  asked — 


il  c  \J 

1 

4~ 


c 

tTcTL 

J_ 

4  , 


<H* 


"Into  what  did  you  make  your  extra  unit? " 

("I  made  it  into  4ths.") 

"How  many  have  you  in  each  group?" 

("Ihave2i") 

§  of  7. 
The  child  will  distribute   the   6  and   will 
doubtless  make  the  extra  whole  into  3ds  with- 
out hesitation. 


*  These  questions  must  be  asked  after  each  con- 
struction in  this  step. 
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"Into  what  did  you  make  the  extra  unit?" 
("Intends.") 

"How  many  in  each  group?" 

f  of  15. 

The  14  are  distributed  and  then  the  extra 
unit.  The  question  as  above  must  be  asked 
and  the  pupil  required  to  read  one  of  his 
groups. 


I  of  6. 


(The  pupil  is  assumed  to  know  that  J  of  6 
means  "all  of  the  thirds  of  6,  and  one  of  the 
thirds  of  another  6."  (See  Vol.  I,  Sections  1 1 1 
and  113.)    The  teacher  begins  by  asking, 

"What  does  this  mean? " 

("This  means  all  of  the  3ds  of  6  and  one 
of  the  thirds  of  another  6.") 

"You  may  construct." 


Fl 


(If  the  pupils  are  not  perfectly  fresh  in  these 
even  partition  expressions,  several  exercises  of 
this  kind  must  be  given  before  taking  up  such 
work  in  uneven  partition.  The  question, 
"What  does  this  mean?"  must  be  asked  with 
every  dictation.) 
f  of  9, 

"What  does  this  mean?" 
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("This  means  all  of  the  4ths  of  9,  etc.") 
"You  may  construct." 


m 


1    A 
I 


A  U 

4 


HTaU 


1 

4J 


[    AJ 


■ 

<  <-k 


<     <-k 


(The  constructions  of  this  kind  offer  no 
greater  difficulties  than  those  in  the  exercises 
above.) 

The  questions,  "Into  what  did  you  make 
your  extra  unit?"  and  "How  many  have  you 
in  each  group?"  must  not  be  neglected. 

Other  similar  exercises  should  follow : 


fof  II 

iof  19 

fof    9 

fof    1 

fof  13 

fof    1 

fof    1 

y  of  10 

f  of  13 

fof    4 

fof  13 

^of    8 

fof    7 

fof    9 

fof  15 

J  of  10 

The  questions  should  follow  each  construc- 
tion. 

Following  this,  constructions  should  be 
given,  in  the  same  manner  and  with  the  same 
questions,*  involving  fractions  whose  numera- 
tors are  1. 


*The  word  unit  in  the  question,  "  Into  what  did  you 
make  your  extra  units,"   will,   of  course,  refer  to  a 
fractional  unit. 
23 
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4   ui    2 

4  of  4 

6   Ui    4 

Inf  I 

3   Ui    6 

£  of  i 

4   Ui   8 

£  of  i 

3   {Jl    5 

io£| 

I  ofi 

Inf  I 
3    Ui    2 

5-  of  i 

5   Ui    3 

l<*i 

|ofi 

4  of  i 

5  Ui    4 

■3-  Of  i 
2   Ui   5 

fofi 

t.rf* 

9   Ui    2 

Note  i  . — The  partition  of  fractions  whose  numera- 
tors are  greater  than  unity  (f  of  -f ,  -f-  of  f ,  f  of  -§,  etc.) 
must  naturally  follow  the  work  with  the  partition  of 
corresponding  integral  numbers  (f  of  2,  ■§-  of  4,  §  of  2, 
etc.)-  Partition  work,  however,  like  f  of  f ,  f  of  f ,  f  of  f , 
etc.,  in  which  the  numerator  of  the  fraction  to  be 
divided  is  numerically  greater  than  the  denominator  of 
the  first  term  of  the  partition  expression,  offers,  in  con- 
struction work,  difficulties  so  severe  that  the  work  must 
be  made  a  later  development  step — a  separate  step. 

b.  Anticipating  the  denominator  of  the 
fraction. 

In  all  work  thus  far,  that  under  (a),  the 
pupil  has  named  the  fraction  which  he  made 
from  the  extra  integral  unit  or  from  the  single 
fractional  unit  after  the  construction.  In  this 
step,  the  teacher  asks  the  first  question,  "Into 
what  did  you  make  the  extra  unit?"  before 
the  construction.  The  second  question,  "How 
many  have  you  in  each  group?"  is  asked,  as 
before,  after  the  construction.  However,  the 
first  question  is  necessarily  modified  slightly 
for  this  step.  It  is  now,  "  Into  what  must  you 
make  your  extra  unit?"  because  of  its  being 
asked  in  advance  of  the  construction.  These 
exercises  are  like  those  in  (a) — 
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£  of  II 

fofi 

fof  17 

*o£  19 

fof  17 

£  of  10 

fofi 

■U,  of  4 

9   Ui  2 

£  of  4- 

3   Ui    6 

fofi 

3    Ui  4 

fof  15 

2.   Constructions  with  Solutions 
a.  Character  of  the  Work 

The  exercises  are  like  those  in  1  a  above, 
excepting  that  in  this  step  the  solutions  are  an 
added  feature.  The  dictations  are  with  the 
sign  =. 

The  work  is  objective,  therefore  the  con- 
structions must  be  in  analysis  form — some  in 
"full  form"  the  rest  in  the  "short  form." 

The  work  must  be  in  the  form  of  class  exer- 
cises with  "leader"  and  "writer." 

The  "writer's"  work  must  be  in  accordance 
with  Chapter  XXII.    (B,  2,  Note.) 

The  "leader"  must  state  in  advance  of  con- 
struction the  denominator  of  the  fraction  to 
be  made  from  the  extra  unit. 

The  "writer's"  construction  and  oral  work 
will,  in  general,  follow  the  suggestions  in 
Chapter  XXII.    (B,  2,  Note.) 

b.  Illustrative  of  Construction  and  Oral  Work 

(1)  The  following  is  the  "leader's"  con- 
struction and  oral  work  on  -J  of  \  =  (full  form) . 
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"This  means  that  we  are  to  make  all  the 
5ths  of  J,  two  of  the  5ths  of  another  half,  and 
then  put  them  together." 

"  We  must  first  make  J  of  \  and  then  J  of  J." 


"I  take -J." 


We  cannot  make  \  into  five  equal  groups." 
;I  exchange  \  for  fV" 
I  make  \  of  &." 


cd-|o       jaq-|o[      03-12       (co-[Q 


"I  take  another  \  and  exchange  it  for 
then  another  \  and  exchange  for  ^." 
"I  make  £  of  A." 


5 
10» 


B 
1 

10 

B 
1 
10 

CO-JO 

<D_|0 

El 


"I  put  them  together." 

"One  fifth  of  i%=1l." 

"Seven  fifths  of  -^  =  7  times  -^  =1%." 


The  "writer's"  work  as  before  stated  is — 
1 .  A  diagram  of  -5-  of  -J  corresponding  to  the 
"leader's  "construction  above,  and  a  diagram 
of  }  of  J  corresponding  to  the   "leader's" 
construction. 
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2.  The    statement    A    of    J  =■§•    of    ^ 


10 


written  opposite  its  diagram,  and  the  state- 
ment Jof-^=7Xro=i3o*  written  opposite  its 
diagram. 

The  "writer"  makes  no  diagram  of  the 
groups  "put  together." 

(i)  The  following  illustrates  the  "leader's" 
work  with  f  of  7  =  (full  form). 

"This  means  that  we  make  all  the  3ds  of  7, 
two  of  the  3ds  of  another  7,  and  then  put  them 
together." 

"We  must  first  make  J  of  7  and  then  -§-  of  7." 

"Take  7." 

"I  must  make  J  of  6,  then  exchange  1  for  J, 
and  then  complete  the  groups." 


Gj  Gfe 


u 


u-[n 


W  If  n 


"I  take  two  7's  and  make  J  of  7." 


^TcP         HTcTJ 


T4  C 

3 


T|   C  P 
3 


u-|n 


"I  put  them  together." 
"Five  times  J  are  five  thirds." 


*This  is  the  writer's  form  of  statement  in  all 
exercises  in  which  the  "extra  unit"  is  a  fraction;  as 
inf  of{  =  ,  |=|,  I  of  |=,  etc. 
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Five  times  2  are  ten." 
I  have  ten  and  five  3ds." 


c 
H3 


"This  is  an  improper  fraction." 
"I  exchange  §  for  1." 
"I  have  11  andf." 


The  writer's  work  will  show — 
(i)  A  two  statement  diagram,  and 
(ii)  A  written  statement  opposite  each  part 
of  the  diagram. 
Jof  7=2\ 

f  of  7=5X2i  =  iof  =nf. 
(2)  The  "leader's"  work  in  "short  form" 
construction. 


f  of  9 


(short  form). 
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"This  means  that  we  must  take  9,  make 
them  into  4  equal  groups,  show  3,  and  hide  1." 

"Take  9." 

"I  must  make  £  of  8,  exchange  the  extra 
unit  for  |,  and  then  complete  the  groups." 

"I  make  first  £  of  9." 

(i)  (ii)  (iii)         (iv)* 


m 


OQ-kt 


■ u 

CO 

<D-H 

_> 

.  u 

CD 

\     ' 

_l 

"One  fourth  of  9=  2^." 

"Three  fourths  of  9  =3  times  2\  =6|." 


B 


MJ  B  [i 

x 

4 


The  pupil  completes  the  oral  work  and  the 
construction  in  the  form  as  shown  in  2  b  1 
above. 

The  "writer's"  work  is  the  diagrams  and 
statements  as  in  2  b  /"and  2.  The  "writer's" 
work  is  the  same  for  "short  form"  as  for 
"long  form." 


*As  the  leader  says,  "I  make  first  i  of  9,"  he 
makes  this  construction.  Then  with  the  first  part 
"three  fourths  of  9"  of  his  next  statement  he  changes 
(ii)  and  (iii)  of  this  construction  to  "seen"  groups 
changing  the  construction. 
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(j)  Seat  Work  without  Objects — Analysis 

Form 
This  work  is  in  two  forms — - 

a.  Class  Exercises 

The  teacher  sends  one  and  then  another 
pupil  to  the  board  to  do  the  work  of  "leader" 
and  "writer."  This  pupil  gives  the  oral  work 
the  same  as  with  the  objects.  His  written 
work  is  the  "writer's"  two  written  statements 
as  in  A  2  b  2  above.  The  diagrams  are  not 
made,  of  course,  because  this  is  work  without 
objects. 

b.  Seat  Solutions 

These  are  exercises  for  practice  in  which  the 
pupils  write  out  the  solutions  on  their  papers 
in  the  "writer's"  two-statements  (analysis) 
form. 

FORM    OF    THE    EXERCISES 

The  dictations  are  like  those  suggested  in 
A  1  a  and  b  above  excepting  that  the  =  is 
used  with  each  —  for  solutions. 

(4)  Mental  Solutions — Analysis  Form 
These  are  exercises  like  those  in  A  1  a  and  b 
(using  =)  for  pupils  to  give  the  solutions  in 
the  two-statement  (analysis)  form — the  same 
as  that  for  written  work.  Mental  work  begins 
after  the  pupil's  written  work  without  objects 
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has  become  somewhat  rapid.    The  dictations 
should  be  mostly  written. 

The  oral  statement  should  be  as  brief  as 
possible : — 


9 
f 

of  7  = 

1 

3 

of  7  is  2 J.    fof7=2 

i  times  2\ 

or  4$ 

2 
3 

off- 

1 

a 

of  f  is  i  of  A  or  A- 

2 
3 

of  §  is  2  times  ^  or 

4 

15' 

7 

6 

ofi  = 

1 

6 

of  i  is  i  of  ^  or  iV. 

7 
6 

is  7  times  ^  or  ^. 

8 
2 

ofi  = 

1 
2 

of  £  is  £  of  f  or  £. 

8 
2 

is  8  times  ^  or  §  or  1 

1 
3* 

Very  many  mental  exercises  should  be  given. 
B.  Exercises  having  Two  or  More  Extra  Units  * 

1.  Constructions  without  Solutions 

a.  Aim. — The  work  of  this  step  is  like  that 
in  (A)  excepting  that  there  the  unit  that  for 

*  These  exercises  include  the  partition  of  integral 
numbers  of  all  kinds  whether  with  2,  3,  4,  5,  or 
any  other  number  of  extra  units  (units  that  can  be 
partitioned  only  by  changing  them  to  fractions);  and 
fractional  numbers  having  numerators  of  2,  3,  4,  5,  or 
any  other  number  of  units,  provided  that  this  number 
is  smaller  than  the  denominator  of  the  partitioning  frac- 
tion.    Take,  for  illustration,  the  expression  f  of  7  =  . 
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the  grouping  had  to  be  made  into  a  fraction 
(or  into  a  higher  fraction  as  in  the  case  of  the 
partition  of  a  fraction)  was  naturally  ex- 
changed for  fractional  units  having  the  same 
denominator  as  the  partitioning  fraction, 
while  here  that  denomination  would  often  be 
too  high — the  rule  of  construction  being  that 
the  exchange  must  be  for  the  largest  (lowest) 
fractional  units  that  will  meet  the  require- 
ments of  the  partition. 

If  we  give  the  child  a  partition  exercise  like 
f  of  6,  he  will  proceed  at  once,  after  his  experi- 
ences in  (A),  to  construct  f  of  4,  then  to  make 
the  2  into  zj-ths,  and  then  to  complete  the 

The  numerator  (2)  of  the  number  to  be  partitioned  is 
numerically  smaller  than  the  denominator  (5)  of  the 
partitioning  fraction.  This  expression,  therefore,  is  one 
that  may  be  used  in  this  step.  On  the  other  hand,  in 
the  expression  f  of  5  = ,  the  numerator  (4)  of  the  num- 
ber is  numerically  larger  than  the  denominator  (3)  of 
the  partitioning  fraction.  The  expression,  therefore, 
is  one  that  may  not  be  used  in  this  step. 

The  difficulties  in  this  step  in  partition  are  wholly 
in  the  const  ructions.  Integral  numbers  of  two  or  more 
units,  and  fractional  numbers  having  numerators  that 
are  less  than  the  denominator  of  the  partitioning  frac- 
tion, offer  one  and  the  same  kind  of  construction  diffi- 
culty ;  while  in  fractions  having  numerators  larger  than 
the  denominator  of  the  partitioning  fraction  the  child 
is  confronted  with  a  new  problem  in  construction. 
Hence  two  development  steps. 
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groups  with  the  eight  4-ths.  Now,  while  this 
is  a  true  partition,  it  is  very  loose  construction 
and,  as  number  development  work,  must  not 
be  tolerated.  The  extra  units  could  have  been 
made  into  larger  units  (halves)  for  the  com- 
pletion of  the  group.  Halves  being  larger 
units  this  construction  would  be  correct,  the 
former  faulty. 

The  aim  of  this  section  is  to  teach  the  child 
that  in  a  partition  involving  fractions  the  con- 
struction is  faulty  if  the  fraction  units  put 
into  the  groups  are  not  in  the  lowest  terms 
consistent  with  the  partition  requirements. 

b.  Method  of  Presentation 
(i)  The  teacher  writes  on  the  blackboard 
f  of  6. 

"How  many  extra  units  in  this  expression? " 

("Two.") 

"You  may  construct  it." 

The  construction  will  be — 


A  Y 
I 


A 
J_ 

44 


A 


A 
J_ 

4J 


"You    have    used    higher    fractions    than 
necessary." 

"What  is  the  series  of  fractions  from  2?" 
("Itis|,f,f,  Y,  etc.") 
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"You  used  f.  Could  you  have  made  a 
lower  fraction  than  f  into  4  equal  groups?" 

("I  could  have  used  f.") 

"You  used  the  wrong  fraction,  then.  We 
must  always  use  the  lowest  one  possible." 

"You  may  put  your  objects  back  and  con- 
struct again." 

(ii)  f  of  8. 

"How  many  units  to  be  made  into  frac- 
tions?" 

("Two.") 

"You  must  tell  me  in  advance  what  you 
will  make  the  2  into." 

"Give  me  the  fraction  series  from  2." 

("The  series  is  J,  f,  f,  ^,  ^,  etc.") 

"  What  is  the  lowest  term  that  you  can  use?  " 

("I  must  use  f.") 

"You  may  construct." 

The  pupils  distribute  the  6,  then  exchange 
the  2  for  f ,  then  complete  the  groups. 

"How  many  in  your  first  group?" 

("ii") 

(iii)  £  of  4. 

"Can  you  make  4  into  8  equal  groups?" 

"Into  what  must  you  make  the  4?" 

("Into  halves.") 

"Which  term  of  the  fraction  series  in  this?" 

("The  first.") 

"You  may  construct." 
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(The  constructions  are  made.) 

"How  many  in  the  first  group?" 

("One  half.") 

(iv)  f  of  f. 

"What  is  the  series  of  equivalents  of  § ?" 

("A.  s.  _j_  etc  ") 

V  6»    9»    1  2»  ct*-"     / 

"Which  must  we  use  for  our  partition?" 

("The  first,  -f,  because  it  is  the  lowest.") 

"You  may  construct." 

(The  pupils  exchange  the  f  for  -J  and  con- 
struct.) 

"  How  many  in  the  first  group? " 

("Owe  sixth.") 

(v)  f  of  f . 

"Can  you  make  §  into  3  equal  groups?" 

"Into  what  must  you  change  it?" 

("Into*.") 

"Which  term  of  the  series  of  higher  equiva- 
lents is  f?" 

("The  third.") 

"You  may  construct." 

"How  many  in  the  first  group?" 

V  f'     ) 

c.  The  Oral  Work 
The  teacher  develops  the  oral  work  by 
choosing  one,  then  another,  and  then  another, 
to  stand  at  his  desk  and  "talk"  as  he  con- 
structs— the  other  pupils  constructing  as  his 
oral  work  proceeds. 
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(i)  The  teacher  dictates  on  the  blackboard 
an  exercise  as  §  of  1 1 .    The  ' '  leader ' '  is  chosen. 

("This  means  that  we  make  1 1  into  3  groups 
and  show  2.  I  take  11.  I  must  make  f  of  9 
and  then  -§  of  2.     I  make  §  of  9.") 

He  now  makes  the  §  of  9,  all  the  other 
pupils  doing  the  same. 

("I  cannot  make  2  into  3  equal  groups  so 
I  think  *  the  2  into  ■§.  I  cannot  make  f  into  3 
equal  groups  so  I  think  the  2  into  f .  I  can 
use  the  f  and  complete  the  groups.") 

"How  many  in  your  first  group?" 

("3l-") 

(ii)  f  of  f . 

The  "leader"  is  selected. 

("This  means  that  we  make  §  into  3  equal 
groups  and  show  2.  I  cannot  make  §  into  3 
equal  groups,  so  I  think  it  into  ^.  I  cannot 
make  ^  into  3  equal  groups,  so  I  think  the 

*  The  teacher  may  prefer,  for  a  few  exercises, 
to  have  the  pupil  actually  exchange  2  for  1.  and 
decide  from  the  concrete  expression  that  the  partition 
cannot  be  made,  then  to  put  back  the  2  and  exchange 
the  2  for  f .  It  seems  hardly  necessary,  however,  after 
the  child  has  had  so  much  fraction  experience,  to  have 
him  make  such  actual  exchange.  To  think  the  exchange 
is  simply  the  series  work  of  Chapter  XVII — work  that 
was  carefully  developed  objectively  and  with  which  he 
should  have  been  kept  familiar  by  occasional  exercises 
since. 
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§  into  1^-.  I  can  use  -f's.  I  exchange  my 
f  for  -^  and  make  the  groups.  I  show  2  and 
hide  1.") 

This  illustrates  the  form  of  the  oral  work. 
Very  many  exercises  of  this  kind  should  be 
given  in  the  partition  of  both  integral  and 
fractional  numbers. 

d.  Exercises  for  Oral  Work 
fof2         ^ofA     J  of  5       £ofi3 
foff       A  of*       foff     Aof# 
»ofi4     Hoff       foff     A  of* 
J  of  12       foff       foff     Hofi6 


fofi7       fofi3     J  of*       fof 


2.  Constructions  with  Solutions — Analysis  Form 
These  exercises  are  like  those  in  z  c  and 
d  above  excepting  that  the  sign  is  added  to 
indicate  a  solution — the  putting  together  of 
the  "seen"  groups.  The  work  being  objective 
must  be  in  analysis  form. 

a.  Class  Exercises  with  "Leader"  and  "Writer" 
The  illustrations  of  the  leader's  "full  form" 
and  "short  form"  work  and  the  writer's 
diagram  and  written  work  in  A,  2  b  above 
suffice  for  the  corresponding  work  here.  This 
step,  apart  from  the  series  work  to  determine 
the  lowest  denominator,  is  in  all  respects  very 
much  like  that.  The  work  here  should  follow 
that  outline. 
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b.  Forms  of  Written  Work 

The  following  solutions  show  the  writer's 
work  and  the  forms  of  the  seat  work  without 
objects  in  3  below — 

■5.  of  -5-  =  i  nf  ^)  - 

8    Ui    6  5    Ui   z  ~ 

i_  nf  5.  _l  nf  ^a  -_5_  jl  nf  ?  _l  nf  io  _  2 

8ui6— 8Ui48~48  5Ui^—5Ui     5     —  5 

5.  nf   5.  _  c  y_5_  _  2.5  Jl  of  9  -A  *^  — -S.  -  T^ 

8U16— 0^48— 48  5UW-4A5-5-l5 

f  of  IO  = 

|  of  io  =4  of  7^  =  11 
f  of  ia=3Xif  =3f  =4? 

3.  Seat  Work  without  Objects — Analysis  Form 

The  suggestions  for  this  work  are  the  same 
as  for  the  corresponding  work  in  A ,  3  a  and  b 
above  and  need  not  be  repeated  here.  For 
forms  of  written  work  see  2,  b  above. 

4.  Mental  Solutions — Analysis  Form 

The  teacher  is  referred  to  A,  4  above  for 
full  suggestions  for  this  work. 

5.  Exercises  for  Class  Use 

The  following  are  exercises  for  use  under 
2,  3  and  4  above: — 


f  Of  12  = 

7.  of  A      - 
9    Ul    7       — 

3.  of  -3       _ 

4   Ul   8       — 

f  of  IO  = 

foff    = 

_5_  of  -§-  = 
12   Ui    10 

2   of  3.     = 
9   Ui   8 

fof8    = 

f  off    - 

ii  of  £     - 
12    Ui    3 

-2-  of  -3-     = 

15   Ui    6 

*<**- 

■5-  of  %■     — 

3ui    9       — 

foff    = 

f  Of  12  = 

*of  15  = 

f  °i  15  = 

J  of  9   = 

1    of  14  = 

fof*    = 
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C.  Exercises  with  Miscellaneous  Fractions 

1.  Constructions  without  Solutions 
a.  Aim. — This  step  has  to  do  with  the  par- 
tition of  fractions  whose  numerators  are  num- 
erically larger  than  the  denominator  of  the 
partitioning  fraction  *  like  -f  of  -J.  It  offers 
the  child  his  first  real  construction  problem. 
In  constructing  §  of  5  he  constructed  §  of  3 
and  then  by  exchanging  the  2  for  §  completed 
the  groups.  In  the  same  manner  in  f  of  10  he 
constructed  f  of  8,  exchanged  the  2  for  ^-, 
and  completed  the  partition. 

When  in  this  step  he  is  given  a  dictation  like 
§  of  f ,  he  will  almost  certainly  construct  the 
§  of  f  and  then,  after  exchanging  the  f  for  T62, 


B 
4~ 

B 
1 

4 

oo-h 

attempt  to  complete  the  groups.  The  moment 
he  attempts  to  put  the  ^  into  the  groups  with 
the  4ths  he  will  discover  that  he  is  constructing 
an  "impossible"  number.  He  will  begin  to 
realize  at  once  that  §  of  5  and  f  of  f  are  two 
very  different  constructions  and  that  he  has  a 
problem  before  him — a  problem  of  a  construc- 
tion from  f  of  f  that  will  not  be  "impossible." 
The  teacher  should  leave  the  pupils  to 
master  the  difficulty  alone,  each  for  himself. 

*  Compare  foot-note,  page  361, 
24 
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When  a  pupil  finds  that  his  exchange  and  con- 
struction are  wrong,  he  should  be  told  to  ex- 
change back  for  his  original  number  (concrete) 
and  try  again. 

He  will  solve  the  problem  if  left  to  his  own 
resources.  The  second  attempt  will  be  suc- 
cessful in  most  cases. 

b.  Method  of  Presentation 

This  is  in  the  form  of  a  "class  exercise"  in 
which  each  child  works  at  constructions  inde- 
pendently. The  teacher  writes  a  dictation  on 
the  blackboard — 

(i)  f  of  | . 

"You  may  construct  it." 

As  stated  in  a,  the   pupils  will  construct 


2.   0f    3. 
3    Ul    2 


<-|f\j 


and  then,  having 


exchanged  -J-  for  f ,  will  attempt  to  complete 
the  groups  with  6ths. 

As  one  and  then  another  pupil  indicates  by 
look  and  action  that  his  construction  will  not 
"go  together,"  it  would  be  well  for  the  teacher 
to  suggest  to  the  individual  that  he  would 
better  exchange  back  and  try  again.  In  a  few 
minutes  all  will  have  discovered  that  this  is 
their  old  problem  of  finding  the  proper  term 
of  the  series  of  equivalents  of  -§  (^)  and  con- 
struct with  all  one  kind  of  units. 
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(ii)  t  of  f . 

The  same  plan  is  to  be  followed  with  this. 
Very  few  will  repeat  the  error  of  the  work 
on  (1). 

(iii)  i  of  «. 

The  same  plan  again.  All  will  construct  this 
at  once. 

(iv)  i  of  7. 

This  is  to  bring  the  pupil  back  to  the  work 
with  integers.  He  must  find  f  of  5  and  com- 
plete the  groups  with  ^. 

(v)  foff. 

This  brings  him  back  to  the  fraction  par- 
tition in  (B). 

(vi)  f  of  £. 

This  is  (1)  repeated.  It  brings  the  child 
back  to  his  new  problem. 

c.  Mixed  Exercises  for  Construction 
Addition  exercises  should  be  given  before 
the  oral  work  (d)  is  attempted.     These  must 
be  mixed  integral  and  fractional  exercises : — 
|ofTV        £of6  fof-A-        AofAf 

§0f2  i  Off  J  Of  10  A  Of  12 

foff  fofV        JofJ£        A  of  18 

fof8  i  of  6  I  of  5  Aof^ 

d.  The  Oral  Work 
This  is  exactly  like  that  in  B,  1  c  (i)  and  (ii) 
above  and  need  not  be  repeated  here. 
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e.  Exercises  for  Oral  Work 


|  off  foff  fofi        Hofi5 

fof5  *of8  J  of  3        Hof^ 


10 

3 


tof«       fo£i2         fof9         I  of 
I  off         fofV       A  off         fofio 


2.  Constructions  with  Solutions — Analysis 
Form 

This  work  is  in  all  respects  like  that  in  B  2 
above  and  the  suggestions  as  to  the  character 
and  form  of  the  work  and  as  to  "Exercises  with 
Leader  and  Writer"  apply  here.  It  is  not 
necessary  to  repeat  them.  The  exercises  in  i  c 
and  e  above  may  be  used  here  by  adding  the 
solution  sign  (  =)  to  each. 

j.  Seat  Work  without  Objects — Analysis  Form 

For  suggestions  on  this  work  see  A,  3,  a  and 
b;  and  B,  2  above.    For  exercises  see  (5)  below. 

4.  Mental  Solutions 

For  full  suggestions  applicable  to  this,  see 
A,  4  above.  For  exercises,  see  (5)  below.  The 
dictations,  at  least  most  of  them,  should  be 
written.  By  changing  them  to  solution  form 
(adding  =),  the  exercises  in  1  c  and  e  above 
may  be  used. 


off    = 

1.  of  St.     - 
9   Ui   2 

faff   - 

■S-  of  * 

8    Ui    3 

of  7    = 

5    0f   2.      _ 
3   Ui    5 

toff    - 

1  of  £ 
9    Ui    4 

<*»- 

_9_  0f  A      _ 

10    Ui    7 

faff    = 

Jof^ 

off    = 

|  Of  12  = 

f-off    = 

fof-J 

Of  2     = 

f  Of  II  = 

frfV- 

fof| 
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5.  Exercises  for  Class  Use* 

2. 
5 
3. 
4 
5 

8 

12 

A 
5 

D.  Exercises  in  Part=Fraction  and  AlUFraction  Par- 
tition 

1.  Constructions  with  Solutions — Analysis 
Form 

a.  Aim. — This  step  is  to  introduce  these 
terms  and  to  give  the  pupil  experience  in  the 
partition  in  fraction  form  of  integral  numbers 
whose  numerical  value  is  greater  than  that  of 
the  denominator  of  the  partitioning  fraction. 

*Most  of  the  pupils  will  doubtless  have  discovered 
by  this  time  that  the  result  of  a  solution  may  be 
anticipated  by  taking  the  products  of  the  numerators 
and  the  denominators.  To  test  the  pupils  in  this  matter 
the  teacher  should  ask :  Can  you  tell  me  now  in  advance 
what  the  result  of  this  solution  will  be  ?  If  the  answers 
indicate  that  they  have  made  the  discovery,  she  should 
hereafter  go  through  the  lists  of  the  exercises  for  each 
day's  work  in  advance  of  the  regular  solutions  and  ask 
this  question  upon  each  of  the  problems.  The  pupils 
after  this  exercise  will  proceed  to  the  work  of  the  solu- 
tions, written  or  mental,  in  the  regular  way.  This  is  a 
preparation  for  the  short  processes  later — Chapter 
XXVII. 
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It  is  simple,  practically  involves  no  new  form 
of  construction,  and  is  easily  learned.  In  f  of 
5,  the  pupil  has  been  constructing  f  of  4,  then 
exchanging  1  for  4ths,  and  then  completing 
the  groups.  That  form  of  construction  we 
shall  call  part -fraction  work.  The  aim  in  this 
section  is  to  teach  him  another  way  of  parti- 
tioning such  an  expression — by  changing  all  to 
fractional  form,  exchanging,  in  this  case,  5  for 
4ths,  and  constructing  the  groups  wholly  with 
the  fractions.  In  fact,  it  gives  the  same  form 
to  the  construction  of  f  of  7  as  to  the  con- 
struction of  -f  of  \. 

The  pupil  will  be  taught  to  speak  of  these 
two  forms  of  the  partition  of  integral  numbers 
as  part-fraction  form  and  all-fraction  form. 

b.  Class  Exercises  with  "Leader"  and  "Writer" 

(i)  f  of  I  = 

The  leader  and  writer  go  through  the  con- 
struction and  oral  work  as  usual  (A,  2  b  1)  and 
reduce  the  result  to  lowest  terms. 

"What  did  you  exchange?" 

(This  question  is  to  apply  only  to  the  ex- 
change for  the  partition  and  not  to  that  which 
reduces  to  lowest  terms.) 

("I  exchanged  all  for  fractions.") 

(The  writer's  written  work  is  not  to  be 
erased.    It  is  left  on  the  blackboard. 
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(ii)   f  of  2  = 

The  leader  and  writer  go  through  the  con- 
struction and  oral  work  as  before. 

''What  did  you  exchange?" 

("I  exchanged  2  for  f .") 

"Did  you  exchange  all  or  part  of  the  num- 
ber for  fractions?" 

("I  exchanged  all  for  fractions.") 

(The  writer's  work  is  left  on  the  blackboard.) 

(iii)  I  of  8  = 

The  leader's  and  the  writer's  work  are 
followed,  as  before,  by  the  questions — - 

"What  did  you  exchange?" 

("I  exchanged  2  for  3ds.") 

"Did  you  exchange  all  or  part  of  the  number 
for  fractions?" 

("I  exchanged  only  a  part  for  fractions.") 

"In  §  of  §  =and  in  f  of  2  =  you  exchanged 
all  for  fractions.  In  f  of  8  =  you  exchanged 
only  a  part.  This  was  proper,  but  I  want  you 
to  take  -|  of  8  again  and  see  if  you  can  partition 
by  exchanging  all  for  fractions." 

(iv)  I  of  6  = 

The  leader  and  the  writer  do  their  work  as 
before. 

"What  did  you  exchange?" 

("2iorf.") 

"Did  you  exchange  all  or  only  a  part  of  the 
number  for  fractions?" 
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("I  exchanged  only  a  part  for  fractions.") 
"You  may  construct  f  of  6  =  "all-fraction" 

(V)    i  Of  2  - 

The  work  of  the  leader  and  writer  as  before. 
The  questions  are  asked,  the  pupil  replying 
that  he  used  the  all-fraction  form. 

"You  may  construct  it  by  exchanging  only 
a  part  of  it  for  a  fraction." 

This  the  pupils  will  decide  to  be  impossible. 

(vi)  f  of  ¥  = 

Following  the  plan  as  in  (5),  asking  the 
pupils  after  their  construction  to  try  the  other 
form,  they  will  decide  that  this  construction 
is  possible  only  by  an  all-fraction  partition. 
The  pupils  must  be  required  to  use  the  terms 
all-fraction  and  part-fraction  wherever  they 
may  be  applied. 

(vii)  f  of  4  = 

Following  the  same  plan,  asking  the  pupils 
after  their  construction  to  try  the  other  form, 
they  will  decide  that  this  construction  can  be 
made  only  by  all-fraction  partition.  The 
pupils  use  the  terms. 

(viii)  f  of  7  = 

Following  the  same  plan,  the  pupils  will 
find  it  possible  to  construct  by  part-fraction 
and  also  by  all-fraction  partition.  The  pupils 
should  so  state — using  the  terms. 
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This  work  is  to  be  continued  until  the  pupils 
are  able  to  state  in  advance  which  form  of 
partition  should  be  used  and  whether  the  other 
form  is  or  is  not  possible. 

c.  Exercises  for  Class  Use 

These  are  to  be  used  with  leader  and  writer 
for  work  as  in  (b). 


fof  11  = 

fof     2  = 

fof  2  = 

A  Of  18  = 

toff  - 

A  of  15  = 

foff  = 

A  of  V  = 

3.  nf   5.      _ 
7   Ui   8 

ft  off   - 

fof  8  = 

fof  8    = 

7  0f  JLQ.  _ 

8  Ui    12 

_5_  of  i£  - 
12   Ui     9 

6  of  £-  - 

7  UI   9 

foff    = 

£  of  i-2-  - 
9  Ui     7 

1%  of  16  = 

A  of  3  = 

fof  3    = 

2.  Seat  Work  without  Objects — Analysis  Form 

This  is  work  that  in  (1)  above  which  the 
pupils  do  on  paper  at  their  seats — prac- 
tice work  in  all-fraction  and  part-fraction 
partition. 

In  these  exercises  the  pupil  writes  out  the 
solutions  and  writes  opposite  each  whether  the 
partition  was  in  all-fraction  or  part-fraction 
form. 

Each  exercise  that  can  be  solved  in  either 
of  the  two  forms  is  given  two  solutions,  one  in 
each  form.  This  is  a  test  of  the  pupil's  grasp 
of  the  subject. 

Very  many  exercises  of  this  kind  should  be 
given.    Pupils  should  learn  to  know  instantly 
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whether  a  problem  admits  of  only  one  or  of 
both  forms  of  partition. 

j.  Mental  Solutions 

After  the  pupils  have  mastered  the  step  in 
written  solutions,  the  teacher  should  begin  to 
give  written  dictations  for  mental  solutions, 
the  pupil  stating  the  form  of  his  partition  in 
each  case  and  giving  hvo  solutions,  as  in  (2) ,  of 
those  exercises  which  admit  of  either  form. 
The  teacher  must  seek  for  brevity  in  this 
mental  work. 

4.  Exercises  for  Class  Use 


J  of  4   = 

1  of  £     - 

9    Ui    3 

A  of  15  = 

foff 

iof8    = 

.6    0f    12   = 

5    Ui    10 

UL   of  J_5-  = 
12    Ui     4 

f  of  5 

faftf- 

1_2   0f  JL6.  - 

8     Ui    14 

_3_  of   6      _ 

12    Ui    4 

|of  6 

*<*■¥■- 

fof|    = 

11    U1    7 

■*■  of  $ 

2   Ui    7 

|of|    = 

fof8    = 

■S.  of  i    - 

2   Ui    6 

8    nf    12 
¥  OI  T3 

E.  Exercises  with  Mixed  Numbers 

/.  Oral  Work — without  Objects 

a.  Aim. — This  step  is  for  experience  in  the 
partition  of  mixed  numbers,  the  pupils  using 
the  all-fraction  form  with  every  exercise  and 
giving  a  second  solution  in  part-fraction  form 
in  each  exercise  that  admits  of  part-fraction 
partition.  Emphasis  is  thus  laid  upon  the  two 
forms  of  construction  in  order  that  as  a  result 
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of  the  experiences  in  this  step  the  pupil  will 
become  so  familiar  with  both  of  them  that  in 
later  work  he  will,  in  problems  which  admit  of 
partition  in  either  form,  choose  now  one  now 
the  other  according  as  the  problem  lends  itself 
better  to  the  one  or  to  the  other. 

b.  Objective  Work  Not  Necessary 
The  child  has  now  so  much  experience  in 
partition  and  other  constructions  that  we  may 
safely  rely  upon  his  imagery  being  so  well 
developed  that  he  will  be  able  to  "think"  the 
objective  work  with  perfect  clearness.  More- 
over, this  plan  is  almost  necessary  because  the 
all-fraction  partition  construction  of  mixed 
numbers  easily  involves  fractions  with  large 
denominators.  Objective  work  with  large 
numbers  should  not  be  given  unless  it  is  posi- 
tively necessary.  Imagery  may  be  developed 
with  small  numbers  and  it  is  imagery  not 
number  facts  that  fraction  work  with  objects 
aims  for. 

The  oral  work  of  this  step  will  be  exactly 
the  same  as  if  objects  were  in  use.  The 
writer's  work  will,  of  course,  be  without  the 
diagram. 

c.  Blackboard  Oral  and  Written  Work 
This  work  is  conducted  by  one  pupil  and 
then  another  being  sent  to  the  blackboard 
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with  an  exercise  to  "talk"  and  write — doing 
the  work  of  leader  and  writer. 

ffi  t  of  If  = 

A  pupil  is  selected  to  go  to  the  blackboard 
to  talk  and  write. 

"This  tells  me  to  partition  ij  into  3  groups 
and  show  2."  I  will  use  the  all-fraction  form. 
The  part-fraction  form  can  not  be  used. 

"I  think  the  ij  unto  its  higher  series — §, 

4>    6»   ct*-- 

"I  can  use  f. 

J-  of  i-J  is  ^  of  f  or  J  (oral) . 
"§  of  1 J  is  2  times  J  of  f  (oral). 
"f  of  i^=2Xj  =f  =  1    (written  under  the 
dictation). 

"I  exchange  f  f or  1 "  (oral). 

Note. — After  stating  and  writing  the  second  analysts 
statement  the  pupil  writes  the  partition  result  (quo- 
tient) after  the  =  in  the  original  problem. 

(ii)  iof5f  = 

A  pupil  is  selected  for  the  work  at  the 

blackboard. 

"This  tells  me  to  partition  5!  into  4  groups 
and  show  3. 

"I  will  use  the  part-fraction  partition. 

"I  of  4  is  1. 

"The  higher  series  from  if  is  f,  ^?,  ^,  H, 
etc. 

"I  can  use  the  4th  term — f-J. 
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"i 


J  of  4  is  I 

i  of  ff  is  -J 


4    ^i-    12    «    12* 

Therefore,  i  of  5§  =  1  A- 


"8 

4 


of  5f  is  3  times  I&  or  3|f . 


"I  exchange  H-  f°r  *>  and  A  f°r  i-  I 
have  4^." 

The  pupil's  written  work  on  the  blackboard 
as  he  completes  the  oral  work  is  as  follows — 

f  of  5§  = part-fraction. 

iof4   = 1 

4  (JI  i3  -4oi  12-    12 

,"•*<*  5l- iA* 

i  of  5t=3XiA=3«=4i. 

The  problem  above  should  now  have  this 
written  after  it  to  show  its  answer — f  of  5§  =4^. 

When  in  his  oral  work  he  says,  "J  of  4  is  1," 
his  written  quotient  begins  to  take  form  \  of 

5f-i- 

When  he  says,  "  |  of  ff  is  A>"  the  statement 
becomes  \  of  5f  =  1  A- 

Inasmuch  as  this  problem  admits  of  all- 
fraction  solution  the  pupil  at  the  board  should 
at  once  proceed  to  that  form  of  solution. 

("This  tells  me,  etc.") 

"I  will  use  the  all-fraction  partition. 

"  I  will  think  the  series  of  higher  equivalents 


The  sign  .'.  means  therefore. 
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of  5§' '  (or  he  may  say,  "I  will  write  them  on 
the  board.") 


They  are  ^  * 


6  >      9  >    12> 


I  can  use  ^, 


"±of  15*  is  i  of  f|or||or  i&. 

"i  of  I5f  =3  times  iT52  or  3|§  or  3|. " 

His  written  work  on  the  board  would  be — 

f  °f  5§  =  all-fraction. 

i  of  s-2-  =i  of  &&  =iX  -  t-§- 

4   Ui03        4   Ui    12   ~12  —  x12* 
T  OI  03  -3  *T¥  -3T2  -  J  4- 

These  illustrations  suffice  for  the  written 
and  oral  work  in  mixed  number  partition. 
2.  Seat  Work  without  Objects 

No  special  suggestions  are  needed  for  this 
work.  The  teacher  writes  the  dictations  on 
the  blackboard  for  the  pupils  to  solve  on  their 
papers. 

It  is  advisable  to  require  at  first  that  the 
pupil  make  two  solutions  of  all  dictations  that 
admit  of  part-fraction  and  all-fraction  parti- 
tion. Afterwards  the  child  should  choose  the 
form  of  his  partition  unless  the  dictation 
specifies  one  or  the  other  form.  If  the  teacher 
finds  that  pupils  are  neglecting  the  part- 
fraction  form  she  should  specify  this  form 
very  frequently.    //  is  the  practical  form. 

The  form  of  the  pupil's  work  in  these 
written  solutions  should  be  that  given  in  I 
d  above. 
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EXERCISES 

FOR    CLASS    USE 

fof 

3*- 

J  of  jgi 

=       f0f2t  = 

Aofii 

fof 

7i  = 

fof   3*' 

=      fof8f  = 

fof  I  ^ 

fof 

9f  = 

A  of  7i 

=        |0f2j  = 

fof  if 

fof 

5i  = 

A  of  if 

=    ¥of3i  = 

£of6J 

J  of 

\2\  = 

fof   4i 

=      fof7i  = 

fof.  5* 

3.  Mental  Solutions — without  Analysis 
Very  many  exercises  should  be  given  in 
mental  solutions  especially  in  the  part-fraction 
form.  The  solutions  should  be  brief  in  form, 
being  shorn  of  much  of  the  analysis  work  of 
the  written  solutions. 

a.  In  f  of  5-2"-=,  the  child  should  give  it, 
"J  of  4  is  3,  f  of  ^  is  ^  -3T32  or  3i." 

b.  In  I  of  £J  =  the  child  should  give  it, 
"fof  6  is  5,  I  of  f§  is  ff  or  2TV  -7tX2- 

The  teacher  will  note  that  the  analysis  is 
not  used.  The  pupil  states  what  he  is  doing 
with  the  result  of  his  mental  calculations,  first 
the  parts  of  the  work,  then  the  final  result. 


c.  1  of  I|  = 

"5  Qf  I_6  {s  5. 
6  Ui     9     lb  6 

of 

2  7   U1    *  2  7  * 

EXERCISES    FOR    CLASS 

USE 

fof     If- 

J  Of  2lf  = 

fof     I}  = 

f  Of  22     = 

f  of  37i  = 

|  of  19    = 

f  of  23    = 

fof  i6J  = 

£  of  10J  = 

*  of  46i  = 

T?2   0f27      = 

J  of  29-1-  = 

fof  34    = 

fof  25    * 

■A  of  25J  = 

Hof26    - 

f  of  23!  = 

fof     If  = 

384  NUMBER  BY  DEVELOPMENT 

Summary. 

1.  Exercises  in  which  there  is  but  one  unit 

to  be  subdivided. 

(1)  Object  work  without  solutions  (with- 

out  =  )  for  imagery.    (A,  1.) 

(2)  Object  work  with  solutions  (with  = ) 

for  the  oral  and  the  written  language 
(analytical).     (A,  2.) 

(3)  Work  without  objects  with  solutions 

(with  = )  for  analysis — 

(a)  Written  solutions.    (A,  3.) 

(b)  Mental  solutions.    (A,  4.) 

2.  Exercises  in  which  there  are  two  or  more 

units  to  be  subdivided — the  divi- 
dends, when  fractional,  having  num- 
erators that  are  numerically  limited. 
(B,  Note  1.) 
This  is  to  develop  that  when  units  are 
subdivided  in  partition,  the  exchange 
must  be  for  units  having  the  lowest 
possible  denominator.     (B,  1  a.) 

(1)  Object  work  without   solutions  for 

imagery.    (B,  1.) 

(2)  Object  work  with  solutions  for  the 

oral    and    the    written    language 
(analytical).    (B,  2.) 

(3)  Work  without  objects — written  (B, 

3),  and  mental  {B,  4). 
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3.  Exercises  in  the  partition  of  miscellane- 

ous fractions.  This  presents  the  prob- 
lem of  the  partition  of  fractions  whose 
numerators  are  not  limited  numeri- 
cally.    (C,  1  a.) 

4.  Exercises  in  part-fraction  and  all-fraction 

partitions. 
This  is  to  develop  the  two  methods  of 
partition  and  to  teach  to  choose  be- 
tween them  in  regular  work,  using  the 
part-fraction  method  when  practicable. 
(D,  1  a.) 

(1)  Objective  work  for  the  development 

of  the  terms.    (D,  1.) 

(2)  Work    without    objects    for    double 

solutions  and  for  training  in  choice 
of  method.    (D,  2.) 

(3)  Mental  solutions  for  double  solutions 

or  choosing.     (D  3.) 
5.  Mixed  number  exercises. 

These  are  for  training  in  oral  and  in 
written  solutions  in  the  two  forms  to 
the  end  that  the  pupil  may  develop 
the  power  to  choose  and  the  habit  of 
choosing  the  proper  method  for  each 
problem  to  be  solved.    (E.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XXII,  twenty  days.  Total 
time  for  Chapters  II-XXIII,  130  days. 

25 


CHAPTER  XXIV 

MULTIPLICATION  OF   FRACTIONS 

Topics: — The    Forms    of    the    Constructions.      Multiplication 

Terms.    How  to  Discriminate  Multiplier  and  Multiplicand. 

The  Form  of  Multiplication  Analysis 

A.  The  Multiplier  a  Fraction — Constructions  in 
"  Horizontal "  Form 

i.  Constructions  without  Solutions 
a.  Aim. — This  step  is  primarily  to  give  ex- 
perience in  constructions  of  dictations  in  which 
the  multipliers  are  fractions  or  mixed  numbers. 
It  continues  the  work  of  Chapter  XXI,  com- 
pleting the  construction  work  of  the  subject. 
Incidentally  it  introduces  the  term  multipli- 
cand, continues  the  use  of  the  other  multi- 
plication expressions — multiply,  multiply  by, 
multiplier,  and  product — and  continues  the 
reading  of  exercises  backward  and  forward. 
(See  Chapter  XXI,  Introductory  Note.) 

b.  Method  of  Presentation 
This  work  is  to  be  in  the  form  of  class  exer- 
cises, each  pupil  constructing  under  a  leader 
(first  one  and  then  another  being  selected  for 
this  work)  who  "talks"  and  constructs,  the 
other  members  of  the  class  timing  their  con- 
structions with  this  leader's  oral  work. 
386 
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The  dictations  as  suggested  below  involve 
nothing  that  is  new  in  reading  or  constructions 
until  the  dictation  JXf  is  reached.  The 
method  of  presentation  consists  of  exercises 
(review)  arranged  in  sequence  leading  up  to 
this  -J  Xf .  The  pupil  will  easily  infer  the  mean- 
ing. Usually  the  form  of  the  construction  will 
have  to  be  taught.  The  pupil  is  repeatedly  led 
up  to  such  forms  of  construction. 

(i)  5X| 

"This  means  5  times 
thirds  5  times. 

5  times." 


5  two- thirds,  two- 


"I  make  f 


A 

11  3 


A 
J_ 

M   3 


A 

J- 

M  3 


(ii)   3Xf 


"This  means  3  times  f,  3  two-thirds,  f  3 

times.  r — ■     r- — ,    J — , 

"I  make  f  3  times."      JL       A    I 
a  u  «-   3       L    3      L 


(iii)    2  Xf 

"  This  means  2  times  f ,  twice  f ,  f  twice.  * 


"I  make  §  twice." 


A 

I 

M  3 


*  If  the  pupil  uses  the  expression  "2  times"  lead 
him  to  say  it  in  another  way  also.  We  must  bring 
"twice"  and  "once"  into  use.  These  two  words  are 
more  common  and  vivid  than  "two  times"  and  "one 
time."  "Twice"  and  "once"  materially  assist  the 
inference  when  he  faces  ?X"i. 
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(iv)   iXf. 

"This  means   once  f,  §  once.     I   make  § 


once. 


A 
I 

U  3 


(v) 


1  v2 


"This  means  \  times 
make  %  half  a  time." 


half  a  time.     I 


«-h 


Note  i. — It  is  here  that  some  assistance  may  be 
required  as  to  the  form  of  the  concrete  expression.  The 
pupil  will  almost  certainly  show  the  '  'half  a  time, ' '  . 
but  he  may  have  to  be  shown  that  in  expressing  j  JL  J 
the  "half  a  time"  called  for,  he  must  show  also  *— ' 
the  other  "half  a  time" — the  "unseen"  half. 

This  one  construction  having  been  given  him  he  will 
appreciate,  in  the  light  of  his  concrete  partition  experi- 
ences, that  the  "1  taken  half-a-time"  must  necessarily 
have  an  "unseen"  feature — that  there  must  be  the 
"half-a-time"  called  for  and  the  "half-a-time"  not 
called  for  and  consequently  "hidden." 

We  sometimes  hear  it  in  schools  that  "of"  means 
times.  That  this  is  not  strictly  true  becomes  apparent 
in  the  concrete  expression  of  multiplication.  As  a 
matter  of  fact,  construction  develops  that  instead  of 
"of"  meaning  times  or  X,  the  reverse  is  true — times 
or  X,  when  the  multiplier  is  a  fraction,  has  the  effect 
of  "of" — partition. 

(vi)  The  same  work  is  now  continued  using 
the  following  exercises  in  order: 
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(1)  3x4       (2)  ixf        (3)  fxH 

TV*  2.  v  6.  2  yt! 

1  A  7  3^7  3  ^  A  2 

1  v*  T  Via  IyjI 


3  4  A13 

O  *4  5  A   3  3  A17 

T  Yl  i  vi2  5  yI  h 

1A4  6^15  6"  ^  2 

2  v3  _5  yI  5  v2_ 

2^4  8^9  8^3 

(4)  fxf        (5)  fx 


4 
2 

a:  X  I"o  ir  X  It 


4A12  8  ^x4 

7  A16  9  ^^2 

^  V  T  2.  4  yI 

7  ^  l  3  5"  ^  8 

5    \/  o  2  5  \/  5 

12  A  Z"3  "6  A  7 

5.  Ytl  A  N/3 

9  A15  7  ^4 

Note  2.  77*e  Terms  in  Multiplication. — It  is  very 
important  that  the  teacher  in  connection  with  this  work 
make  the  fullest  possible  use  of  the  terms  multiplica- 
tion, multiply,  multiply  by,  multiplier,  multiplicand, 
and  product.  The  dictations  should  frequently  be 
given  in  these  terms:  multiply  if  by  2\\  what  is  the 
product  of  2\  multiplied  by  \\1  the  multiplier  is  \\,  the 
multiplicand  3|;  etc.  She  may  be  compelled  to  go  out 
of  her  way,  almost, to  make  use  of  them;  but  the  special 
effort  should  be  made,  if  necessary,  in  order  to  bring 
the  terms  into  use  by  the  pupils. 

There  is  much  of  looseness  and  inconsistency  in  the 
use  of  the  terms  multiplier  and  multiplicand  due  to  the 
fact  that  ordinarily  they  are  not  developed  or  taught, 
but  are  simply  thrown  into  use  without  regard  to  the 
measuring  acts  which  they  express  when  put  to  the 
test  of  organized  objective  work.     It  is  with  strict 


*  When  the  leader  reaches  this  dictation  he  will  follow  the  ex- 
periences of  partition  and  "exchange"  the  \  for  the  6th  term  of 
the  \  series—  ft.  This  statement  of  the  "exchange"  must  enter 
into  his  oral  work. 
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reference  to  meanings  determined  under  such  a  test 
that  they  should  come  into  use. 

The  question  arises,  Which  is  which  in  4X5?  Is  4 
the  multiplicand  and  5  the  multiplier,  or  is  5  the  multi- 
plicand? Shall  we  write  a  given  applied  problem 
4X5  or  5X4?  Does  it  matter  which  of  the  two  forms 
we  use  ?  To  permit  now  one  and  now  the  other  form 
would  be  to  confuse  all  "times"  imagery  under  any 
objective  number  system.  Objective  work,  whatever 
its  basis,  if  consistent  with  itself,  compels  the  one  or  the 
other  form  exclusively — compels  it  in  integral  and  in 
fractional  work  wherever  "  X  "  is  used  to  express  an  act 
of  measurement.  It  should  be  said,  however,  that 
it  matters  less  which  way  the  question  is  settled  than 
that  having  settled  it  we  adhere  strictly  to  that  form 
in  all  class  work. 

The  question  to  be  settled  now  is,  Which  of  these 
two  interpretations  of  4  X  5  bears  the  test  of  harmony 
with  natural  untechnical  speech  when  applied  to  physi- 
cal acts  of  measuring? 

When  the  child  in  his  earliest  number  training  was 
asked,  without  explanation  of  the  term,  to  show  32's, 
3  5's,  2  4's,  or  other  similar  concrete  expression,  he 
proceeded  at  once  to  the  construction.  It  was  natural, 
untechnical  language  and  he  easily  inferred  its  meaning. 
When  later  he  was  told  that  his  written  4  5's  could  be 
written  also  4X5,  he  saw  in  this  technical  form  of  ex- 
pression no  serious  or  confusing  change.  There  was 
nothing  out  of  the  natural  in  reading  4X5  as  4  5's. 
Later  the  reading  of  4X  5  in  regular  technical  language, 
as  4  times  5,  made  merely  another  simple  link  in  the 
chain.  In  each  of  the  forms  of  expression,  the  second 
was  the  concrete  term — the  multiplicand. 

Now  4  5's  with  the  second  term  as  the  multiplicand 
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is  the  only  common  familiar  language  in  which  we  can 
express  in  number  signs  four  groups  of  five  units  each. 

If  on  the  other  hand  we  attempt  to  lead  the  child 
from  the  familiar  4  5's  to  the  other  technical  form, 
5X4,  with  its  oral  expression,  5  multiplied  by  4,  its 
change  of  form  and  its  highly  technical '  'multiplied  by  " 
will  rob  it  of  every  semblance  of  the  original  4  5*s.  The 
4  5  's  and  the  5  multiplied  by  4  cannot  be  made  parts  of 
the  same  objective  system,  there  being  no  inter-connect- 
ing link  in  familiar  language  or  written  form. 

Any  scheme  of  objective  number  teaching  that  would 
aspire  to  the  dignity  of  a  system  must  provide  that  the 
second  term  of  such  an  expression  as  4  X  5  shall  be  the 
multiplicand  in  all  cases. 

If  the  problem  for  solution  relates  to  six  horses  at 
$  1 40  each,  the  statement  must  be  6  X  $  1 40.  If  it  relates 
to  140  hats  at  $6  each,  it  must  take  the  form  i4oX$6. 

In  a  multiplication  in  vertical  form  as  w^  the  mul- 
tiplicand may  be  the  upper  number  or  the  lower  number 
according  to  convenience.    In  the  horse  problem  above, 

we  solve  it  thus  w     *■  without  regard  to  which  of  the 

factors  is  concrete.     In  the  hat  problem,  we  use  the 

same  form  y     ,  the  $  not  being  attached. 

All  applied  problems  should  be  solved  in  horizontal 
form.  If  we  are  computing  the  value  of  125  boxes  at 
$24  each,  our  statement  should  be  horizontal  125  X 
$25  =  .  The  multiplication  of  24X125  should  be  per- 
formed on  separate  paper  or  in  a  separate  part  of  the 

same  paper   ^     *   and  the  result  written  in  the  hori- 

A     24 

zontal  statement.  Vertical  multiplications  should  be 
regarded  as  a  means  to  an  end  and  the  factors  not 
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marked  as  concrete  and  abstract — as  multiplier  and 
multiplicand.     (See  p.  484  Note.) 

2.  Constructions  with  Solutions — Analysis  Form 

a.  Aim. — This  work  has  to  do  with  solutions 
of  the  class  of  exercises  constructed  in  1  above. 
The  constructions  as  well  as  the  solutions  in 
this  step  must  be  in  analysis  form  after  the 
plan  of  the  partition  work  in  Chapter  XXIII 
(A,  2  b  (i)  and  (ii).) 
b.  Class  Exercises  with   "Leader  and  Writer" 

The  "leader's"  work  will  be  as  follows: 

(i)  |X|  = 

"This  means  §  times  f,  f  three  fifths  of  a 
time. 

"I  must  make  §  one  fifth  of  a  time,  then 
three-fifths  of  a  time. 

"First  I  exchange  §  for  ^f ,  the  5th  term  of 
the  §  series. 

"I  make  f ,  J  of  a  time." 

nh   g|p   [E3p  [Eg   [fElp 

-kkl 

"I  make  f,  f  of  a  time." 


ii   [fElp  [EEg 


One-fifth  times  *  f  is  i  times  *||or^. 


*  After  two  or    three    exercises,  the    teacher  will 
discover  that  the    pupils  in  oral  work  and  later  in 
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Three  fifths  times  §  is  3  times  -2%  or  ^ ,  I  ex- 
change the  T65  for  f .    I  have  §.") 

The  "writer's"  work  will  be  as  follows: 
jXf  =f.     (The  f  is  written  here  after  the 
solution.) 

lyi  -iof  ifl-  =  -2- 
5  ^  3  ~~  5  ul  1  5        1  5  * 

3  v/2  _<}  v   2     __§_  _  2. 
5  A3   — O  A15  — 15   —  5' 

(ii)  |Xii  = 

The  "leader's"  oral  work  is  not  unlike  that 
given  in  (i)  above  for  f-  Xf  = .  The  statements 
of  the  meaning,  the  series,  the  exchange,  and 
the  two  constructions  and  statements  for  the 
analysis  are  in  the  same  form.  The  "writer's " 
work  is  as  follows: 

|Xii=iJ.  (The  1 1  is  written  after  the 
solution.) 

written  analysis  will  want  to  use  "of  "  instead  of  "times" 
or  X  in  this  part  of  an  analysis.  It  should  not  be 
discouraged.  It  is  the  natural  word  or  sign.  There 
is  no  objection  to  a  proper  interchange.  The  '  'writer's ' ' 
work  in  this  analysis  should  be  accepted  if  as  follows : 

1  of  2  =  1   nf  1  °  —  2 
S  OI  S      t  OI  IT- TS 

3  v  2  —  •}  V  2     _    6    —  2 

The  very  greatest  freedom  that  is  allowable  in  such 
an  analysis,  however,  is  as  follows: 

SV2- 

1   of  2  =  1    nf   1  0  _    2 
Z  OI  ^      "5"  or   IS  ~  TS 
3r>f2  =  -2v2==6— 2 
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l  of  t!  -1  of  3.  - i  of  i^  =4 

3  vt  1  _  <2  V-3.  —3-  —  rX 
T^x2  — 0^8  ~~  8  — 18* 

(iii)  Exercises  for  class  use. 


2  yl       — 

3  ^2      — 

5  v2 

6  A3      ~" 

3  -^^4 

3  v3      _ 
5  ^4      — 

8  y3 

9  A8       "~ 

3yTl 
6  *■  l3 

4vl4_ 
7  ^15  ~~ 

3yTI_ 
7  Al2  — 

5    Vo2 
12  ^z5 

5  v    6     _ 

9  A10  ~ 

ivol- 
7  AZ3 

txii 

8    v5 
10  ^8      ~~ 

9yTl   _ 
8  M3   — 

J_vtI 
10  A14 

5  v  1  0   _ 
6^12   — 

6  v2I_ 
5  A^2 

iyTl 

3  A14 

Note  3. — The  suggestions  in  Chapter  XXIII  C, 
Note,  apply  here  and  to  all  exercises  hereafter  in  mul- 
tiplication of  fractions  horizontal  form. 

3.  Seat  Work  without  Objects — Analysis  Form 

These  exercises  are  written  out  by  the 
pupils  on  their  papers  in  analysis  form  as  in 
2  above. 

Exercises  For  Class  Use 

8  ^4  7  AJ2   —  12  A°2 

5  vi      4_  vol  _5  \/A2_  

7^9      ~~  3  ^^4   —  9AU3" 

10  All  ~  5  ^zb  ~  7  ^x3   — 

6.V2  iytl   _  7_Vo2_ 

5    vi      —  i  vl      _  5  vi      — 

12A8      ~  3  ^  8      ~"  6A8      ~ 

9^5      —  4  All   ~  "9/^12"~ 

iiYl  lv5      _  4.  v/5      _ 

12A8      —  9^3      —  2  <*>7      — 

5^7      —  5^3      —  3^4"      — 

9    v  5.      _  3.  vi      —  6.  \y_6     _ 

12A4       —  4^7       ~~  5A10~ 

_8_V-6_—  5- V-I      _  8\/7       _ 

10A12~  8^3       —  3  ^"2"      — 
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4ycI=  lyll     = 

3  AJ2   ~~  8  A   9 

6V7I-  -5-  YiS. 

5^  AJ4  ~~  12^11       — 


8    Aii4  11  A9 

L 

7 

3  yi  5.  V-12 

5  A4  3  A   8 

8  *3      —  ~8~  A   5 

12  yT5  _  2_1_  v5 

-3-  Al7   —  9    A4 

11  Yii-  1  8  y  T    3 
8    A   4     —  5    Al12 

12  v8      _  16  yi 


5  AJ3  —  9  A 


10 
11 
3^2      —  7^5 


11  V*      —  15  y  2. 

—  A  o      —  7     A , 


4.  Mental  Solutions — without  Analysis 
Aim. — This  should  not  be  purely  mental 
work  but  seat  written  work  with  mental  com- 
putations. In  practical  life  the  work  that 
must  be  mental  is  partition  for  the  most  part, 
not  multiplication,  hence  the  emphasis  on 
mental  partition  rather  than  multiplication. 

The  exercises  in  this  step  should  be  simple, 
should  not  be  given  until  after  very  much 
experience  under  j  above,  and  should  be  writ- 
ten in  the  briefest  possible  form. 

Form  of  Written  Work 


3y5_  3.  nf   20   _15   _ 
4  A6~4   Ui    24   "24   ~ 


In  this  solution,  no  questions  are  to  be  asked 
as  to  mental  processes.  When  the  child  does 
objective  work,  and  when  he  writes  out  his 
solutions  in  analysis  form,  the  mental  processes 
are    fully    evident.      In   this   writt en-mental 
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work  the  teacher  should  be  satisfied  with  cor- 
rect statements. 

5  yt!  -5Y3  _5.  nf   2_4  _i£. 
8  A12   —  8  A  2   — 8   U1    16   "~  1  6  • 

Exercises  for  Class  Use 


4vi     - 
3  A6      — 

fX4i  = 

7  A110   ~ 

7  v2      _ 
3  ^3       — 

4  y3       — 

5  A4       ~ 

|X2f  = 

|X3|   = 

12  y3      — 
11  A2       _ 

6y2I_ 
9  /N^2  — 

Ivii  _ 
8  /M8   — 

ttX3t    = 

.14  y_3_  _ 

2    All   _ 

4-  V^      - 
2  ^6 

12Vt3- 
5    A14   — 

8  v3 

5  A7          — 

16  s/^      - 
3    A7 

5  vTl   _ 

8A13~ 

2  v    9     — 

3  A10   _ 

9  v3 

4  A4          ~ 

12  v4       — 

8    A5      ~ 

B.  The    Multiplier    a    Mixed     Number — Horizontal 
Solutions 

i.  Constructions  with  " Leader"  and  "Writer" 
— Analysis  Form 
a.   "Horizontal"  Explained 

The  term  "horizontal"  solution  is  used  to 
designate  the  all-fraction  form  of  multiplying 
when  one  or  both  of  the  factors  are  mixed 
numbers.  When  we  multiply  i^Xi^  (for 
illustration)  by  reducing  both  of  them  to 
improper  fractions  and  then  dealing  with  the 
problem  as  we  deal  with  the  multiplication  of 
any  two  fractions,  we  call  it  the  horizontal 
form.  All  multiplication  of  fractional  (not 
mixed)  numbers  is  horizontal. 

When   mixed   numbers   are   multiplied   by 


i 


arranging  them  vertically  as         f    and    per- 

X2q 


MULTIPLICATION  OF  FRACTIONS     397 

forming  the  operations  with  them  in  that  form 
(see  C  below)  we  designate  it  as  the  vertical 
form. 

Aim. — To  extend  the  construction  and  oral 
work  in  "horizontal"  solutions  to  exercises 
with  mixed  number  multipliers.  The  work  in 
A  had  to  do  with  exercises  having  fractional 
or  mixed  number  multiplicands.  This  step 
has  to  do  with  exercises  in  which  both  factors 
are  mixed  numbers. 

b.  Class  Exercises  With  "Leader"  and  "Writer" 

The  teacher  chooses  a  "leader"  and  a 
"writer." 

The  "Leader's"  Work 

(i)  f*Xli  = 

"This  means  §  times  I  J,'  ij  taken  f  of  a 
time. 

"§  times  1  \  is  f  times  J. 
"First,  I  make  J  of  f  or  J-  of  ff. 

.12 


* 


This  is  not  representative  of  the  class  of  exer- 
cises with  which  the  step  deals,  the  multiplier  not 
being  a  mixed  number.  It  is  simply  introductory  to  (ii) 
below,  the  construction  and  oral  work  of  which  is 
exactly  the  same  in  form. 
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11 1  now  make  §  of  f . 


1  One  third  of  f  is  ^. 

f  of  f  is  2  times  ■£%  or  ri~ 


I  exchange  the  \%  for  f.    I  have  f." 


c 

6 


o-N 


The  ' 'Writer's"  Work 

When  the  leader  makes  his  construction  (i) 
of  J  of  f  and  (2)  of  |  of  f  the  "writer"  makes 
the  blackboard  diagrams  (see  Chapter  XXII 
{B,  Note.) 

The  "writer's"  written  work  will  be — 

3  A14 

3  "^  x  4  — 3^4=  — 3   Ui    12   —  12* 

IytI-2  V-5-  —  -3-0  —  & 
3^*4  —  ^  ^12   — 12   — 6* 

(ii)   l§Xli  = 

The  teacher  selects  the  "leader"  and  the 
"writer." 
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The  "  Leader's  "  Work 

"This  means  1^  times  ij,  13-  taken  1 J  times. 

"  ij  times  1 J  is  1 J  times  J. 

Note  i. — This  is  the  form  in  which  the  leader  and 
the  writer  will  give  this  statement.  The  reduction  of 
the  multiplier  to  the  improper  fraction  form  will  come 
two  or  three  exercises  later  as  the  pupils  find  by  experi- 
ence that  such  reduction  is  an  analysis  necessity.  The 
leader  finds  no  difficulty,  there  is  no  hesitation,  in  mak- 
ing his  first  analysis  statement  >l\  times  f  is,  etc.";  but 
when  he  comes  to  make  his  second  analysis  statement, 
he  finds  that  1^  is  not  usable — he  must  change  its  form 
to  four-thirds  (f  times  f  is,  etc.).  He  finds  that  he  can- 
not make  the  proper  statement  without  such  change. 
The  second  exercise  and  perhaps  the  third  may  be  given 
by  him  in  the  same  mixed  number  form,  but  after  the 
two  or  three  experiences  he  will  state  such  an  exercise 
properly — tl\\  times  1^  is  f  times  §." 

"First,  I  make  £  off. 


71 

c         0- 

HI 

o-|ir 

■) 

1 

5        ' '       L 

-     1 

"I  now  make  f  of  f. 

c 

-zn, 

c 

l 
c 

1 

C 

"u-|in 

■ 
u-|m 

7 

5         I 

5                I 

5 

1 

1 

"One-third  of  f  is  f . 

Four-thirds  of  f  is  4  times  f  or  f . 

]=h 

b,     r 

U-|m 

r 

u-|o 

.]_ 

A    L 

c 

1 
t    5 

r 

...  j 
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"I  exchange  five  fifths  for  one.    I  have  if." 


c 

re 

4.    5 


"u-l1^ 

u-|o 

1 

r 

Note  2. — This  is  what  he  says  finally  after  a  struggle, 
mental  and  with  his  objects. 

The  "  Writer's  "  Work 

tIVtI  —  -4  Yi  — 

~3  ^  *  5   ~~  3  ^  5   ~~  5  • 

.4  y  TX  —A  y  2_  -8  _T3 

3  /^X5   —4^5   — 5         15* 

2.  Seat  Work  without  Objects — Analysis  Form 

In  this,  the  pupils  write  the  exercises  on 
their  papers  from  written  dictations  using  the 
forms  of  statements  and  the  arrangement  as 
in  "The  Writer's  Work,"  in  1,  b  (ii)  above. 

Exercises  for  Class  Use 


23  X22  — 

4iX2f  = 

I*X2|  = 

4fXii 

ifX3i  = 

i*Xif  = 

3ixif  = 

i^X3f 

2iXlf  = 

lfX2+  = 

ltX2f  = 

2  3-  X2^ 

3fXii  = 

2~8  Xlf  = 

ifxi|  = 

ifxij 

3|Xif  = 

l|X2f  = 

2-2  X2^  = 

2g-  X.  I ~2 

C.  Both  Factors  Mixed  Numbers — Vertical  Solutions 

This  form  of  solution  was  fully  developed, 
as   to   arrangement    of    the    objects    in   the 
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concrete  work,  in  Chapter  XX.  Objective 
work  in  this  step  is,  therefore,  hardly  ne- 
cessary except  for  now  and  then  an  exercise, 
not  too  complicated,  to  keep  the  imagery 
fresh. 

The  pupil  will  use  this  form  of  multiplication 
(vertical)  later  on  in  practical  work  in  prefer- 
ence to  the  horizontal.  It  is  more  simple  and 
more  rapid. 

a.  Aim. — The  aim  is  to  teach  the  pupil  to 

perform  the  operation  indicated  in         *    in 

X2-3 

just  the  same  way  as  he  would  proceed  in 
multiplying  52  X43. 

In  the  latter  exercise,  the  multiplier  and 

52 

multiplicand    are    arranged    vertically  . 

The  operation  is — three  times  2,  then  3 
times  5,  then  4  times  2,  and  then  another  4 
times  5. 

In  the  vertical  multiplication  of  3^  by  2§ , 
the   operation  takes  exactly  the  same  form. 

t.     The  order  is — f  times  \,  then  §  times  3 , 

then  2  times  ^,  and  then  2  times  3.  No  de- 
viation   from    this    order    of    multiplying  is 

permitted. 
26 
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b.   Method  of   Presentation. 

The  method  of  introduction  is  simply  to 
send  a  pupil  to  the  blackboard  with  an  exer- 
cise, like  the  52  times  43  above,  to  "talk"  and 
write — pointing  to  each  number  as  he  speaks  it. 

52 
(i)  •     When  he  says,  "3  times  2,"  his 

finger  touches  the  3  and  then  the  2.  As  he 
says,  "3  times  5,"  his  finger  goes  to  the  3  and 
then  to  the  5.  As  he  says,  "4  times  2,"  his 
finger  touches  the  figures  in  order.  As  he  saysf 
"4  times  5,"  he  touches  the  4  and  then  the  5. 
Then  he  adds  the  partial  products. 

"Show  me  again  with  your  finger  without 
writing  how  you  multiplied." 

("I  said,  '3  times  2,  then  3  times  5,  then  4 
times  2,  and  then  4  times  5'.")  , 

1 '  How  would  you  multiply  in  this  ? ' ' —       r, 

("I  would  say,  'Once  6,  then  once  3,  then 
8  times  6,  then  8  times  3'.")  x 

(ii)  "I  want  you  to  multiply  this" —  | 
"in  exactly  the  same  way."  1 

("Two-thirds  times  \  is  £$  or  £. 

"Two-thirds  times  3  is  2. 

"Two  times  \  is  f  or  ^. 

"Two  times  3  is  6.") 

The  pupil  then  adds  the  partial  products. 


MULTIPLICATION  OF  FRACTIONS     403 

The  pupil's  written  work — the  partial  prod- 
ucts— as  he  talks  must  be  arranged  as  follows: 

3i 


X2| 

1 
6 

(1) 

2 

(2) 

"  1 
2 

(3) 

6 

(4) 

°3 

Another  exercise  is  given  for  some  pupil  to 
go  to  the  blackboard  to  give  the  oral  and  writ- 
ten work. 

cm) 


4i 

X2f 

(iv)         2f 

X4l 

A  (1) 

2i     (2) 

1      (3) 
8      (4) 

H    (1) 
li    (2) 

3      (3) 
8      (4) 

»fl 

1  an 

Three  or  four  such  exercises  are  given  before 
the  seat  written  work  is  taken  up. 

c.  Exercises  for  Class  Use 
2iX4f  =  (v)  *  Multiply  5^  by  2f  (v) 

*  The  form  that  the  pupil  is  to  use  in  multiplying 
(vertical  or  horizontal)  may  be  indicated  by  V  and  H. 
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5fX2f  =(v 

2fX3f=( 
7fX5*=(v 

6fX2j=(v 

4fX2|=(v 
8fX3i=(v 
4fX3f  =  (v 


Multiply  4|X2|  (v) 
Find  the  product  of  2f  multi- 
plied by  3 J  (v) 
The  product  of  2\  multiplied 
by  3i  00 

lfX2f=(h) 

ijxH=fr) 

8fX3|=(v) 

9iX2|=(v) 

3jX3i  =  (h) 

l0|X9j  =  (v) 

Summary. 

i.  Exercises  to   develop  the  form  of  the 
objective  expression  where  the  multi- 
plier is  a  fraction. 
(i)  Object  work. 

(a)  Constructions  without  solutions, 

for  imagery.    (A,  i.) 

(b)  Comparison  of  ' '  of  "  and  ' '  times' ' 

as  to  meaning.    (A,  Note  I.) 

(c)  The  terms  multiplicand,  multi- 

plier, product,  etc.  introduced 
and  how  to  discriminate  multi- 
plicand and  multiplier.  (A, 
Note  2.) 

(d)  Constructions  with  solutions. 
These  show  construction  forms, 

the  oral  work,  and  the  analy- 
sis.   (A,  2.) 
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(2)  Work  without  objects.    (A ,  3.) 

(3)  Mental  solutions — without  analysis. 

(A,  4.) 
2.  Exercises  to  develop  the  objective  forms, 
the   oral   work,   and   the   analysis   in 
solutions  having  mixed  number  mul- 
tipliers— 

(1)  Horizontal  solutions.    (B,  1  and  2.) 

(2)  Vertical  solutions.     (C.) 

Time  required  for  the  work  of  this  chapter,  including 
reviews  of  Chapters  II-XXIII,  fifteen  days.  Total 
time  for  Chapters  II-XXIV,  145  days. 


CHAPTER  XXV 
DIVISION 

Topic: — Quotients  with   Complex  Fractions  and  How  to  Avoid 
Them  in  Division  Processes 

A.  Constructions — Complex  and  Simple  Groups 

i  Aim. — The  aim  of  this  step  is  to  develop 
the  terms  complex  and  simple  as  applied  to 
fractional  groups  in  uneven  division. 

The  child  understands  division  construction 
and  terms  from  Chapter  XI.  There  remains 
(i)  the  constructions  in  which  dividend  or 
divisor  or  both  must  be  reduced  to  a  common 
denominator  before  the  construction  is  pos- 
sible, and  (ii)  experiences  in  making  such 
changes  in  dividend  and  divisor  as  are  neces- 
sary to  avoid  complex  fractional  groups  where 
the  divisor  is  uneven. 

The  aim  of  this  step  is  to  give  the  pupil  the 
opportunity  to  devise  means  of  avoiding  com- 
plex fractional  groups  rather  than  to  give  him 
the  information. 

2  Method  of  Presentation 

(a)  Complex  and  Simple  Developed. 

(i)   The   teacher  writes    3f-Mi  =    on  the 

blackboard  and  asks  the  pupil  to  construct  it. 

The  constructions  on  the  desks  will  be — 
406 
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U  B  P 
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4 
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A  pupil  is  asked  to  write  the  full  expression  on 
the  blackboard.    He  writes  3f  -m^  =3. 

"How  many  kinds  of  units  in  this  con- 
struction?" 

("Two.") 

Note  i  . — This  question  is  introduced  here  in  order 
to  teach  the  pupil  what  the  question,  which  is  to  be  in 
constant  use,  refers  to.  A  division  construction  may 
be  made  up  entirely  of  integral  units  as  in  9  -f-  4  = ,  of 
fractional  units  as  in  $-*-f=,  or  of  both  integral  and 
fractional  units  as  in  this  construction.  The  pupils 
must  be  told  what,  in  this  respect,  the  question  means. 
In  this  case,  the  construction  has  both  integral  and 
fractional  units — two  kinds. 

"Is  there  a  fractional  group?" 
("No,  there  are  three  full  groups.") 

(ii)  *+i- 

The  pupils  are, as  before, asked  to  construct; 
and  a  pupil  writes  the  full  expression,  f  -s-f  = 
2§,  on  the  blackboard. 

"How  many  kinds  of  units?"* 

*  This  question  always  relates  to  the  construction 
and  not  to  the  dictation.  It  means,  '  'How  many  lands 
of  units  in  the  concrete  expression."  In  answering  this 
question  here  or  in  any  other  construction  the  teacher 
must  insist  on  the  pupil  stating  also  which  kind,  frac- 
tional units  or  integral  units. 
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("One  kind,  fractional  units.") 

"Is  there  a  fractional  group?" 

("Yes,  two-thirds.") 

"What  does  the  numerator  tell  us?" 

("It  tells  us  how  many  are  left  over  to- 
ward another  group.") 

"What  does  the  denominator  tell?" 

("It  tells  us  how  many  in  a  full  group.") 

(iii)  6-5-4  = 

This,  as  before,  is  constructed  on  the  desks, 
the  full  expression  written  on  the  blackboard, 
and  the  four  questions  suggested  in  ii  asked. 

(iv)  4-ii  = 

The  constructions,  the  written  expression 
on  the  blackboard,  and  the  questions  as  before. 

The  constructions  will  be — 


BH 


There  will  be  some  hesitation  about  the 
written  expression.  The  pupils,  however,  must 
be  left  to  decide  for  themselves  how  to  express 
it.     They  will  decide  to  write  the  expression 

a  —  Tl  =2-1* 

*  The  only  part,  if  any,  permissible  for  the  teacher 
to  take  in  this  construction  or  in  the  written  fraction, 
if  pupils  hesitate,  would  be  to  ask  the  questions — 

"Is  there  a  fractional  group?" 
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"How  many  kinds  of  units?" 

("Two.") 

"Is  there  a  fractional  unit?" 

("Yes.") 

"What  does  the  numerator  tell?" 

("It  tells  how  many  left  over  to  make 
another  group.") 

"What  does  the  denominator  tell?" 

("It  tells  how  many  in  a  group.") 

"The  fraction  is  right,  but  it  is  a  mixed  up 
fraction.  We  have  them  frequently.  We  call 
this  a  complex  fraction." 

(The  term  is  written  on  the  blackboard — 
complex  fraction.) 

"The  fractions  that  are  not  complex  are 
called  simple  fractions." 

(This  term  simple  fraction  is  written  on  the 
blackboard  beside  the  other  term — 

fcomplex  fraction! 
(simple  fraction    J 

Note  2. — The  construction  work  of  44-1^-=  must 
be  left  on  each  desk — pushed  back  so  that  another  and 
then  another  construction  may  be  put  with  it  for 
reference  later.    The  plan  is  to  have  several  construc- 


"What  does  the  numerator  tell?" 

"What  does  the  denominator  tell?" 

It  is  not  ordinarily  necessary  for  the  teacher  to 
take  any  part — ask  any  questions — in  advance  of 
writing  ft.     The  teacher  should  wait. 
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tions  made,  the  written  expression  put  on  the  black- 
board (these  also  to  be  preserved  in  order)  and  the 
questions  asked  upon  each  as  before — some  of  these 
constructions  to  have  simple  fractions,  others  to  have 
complex  fractions.  After  these  several  exercises  have 
been  constructed,  written,  discussed  by  the  questions, 
and  laid  aside,  the  constructions  are  to  be  reviewed  one 
after  the  other  in  order  to  let  the  pupils  discover  the 
fact  that  fractional  groups  are  complex  when  and  only 
when  the  construction  has  two  kinds  of  units.  To  arrive 
at  this  very  important  conclusion  we  must  accumulate 
many  concrete  expressions  with  their  written  expres- 
sions in  order  that  we  may  examine  them  one  after 
another  in  quick  succession. 

The  teacher  will  notice  by  this  that  the  very  impor- 
tant question  of  the  four  is  that  which  asks  as  to  the 
number  of  kinds  of  units  in  the  concrete  expression.  It 
would  be  wise  to  ask  that  as  the  first  and  then  as  the 
fifth  question  with  each  construction.  In  other  words, 
ask  it  twice  each  time. 

(v)    6  4-2i  = 

The  constructions  are  made,  the  question  is 
asked,  the  full  expression  written  on  the  black- 
board, the  statement  made  by  the  pupils  that 
the  fractional  group  is  a  complex  fraction, 
the  concrete  expression  laid  aside  (see  Note  A 
below),  and  the  written  expression  preserved 
as  before. 

(vi)  !H  = 

This  is  dealt  with  in  the  same  way.  The  frac- 
tional group  will  be  found  to  be  a  simple  fraction. 
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(b)     Exercises  for  Construction  Experience: 
4**3   =  3i*ii  = 


6i- 

•  ^2 

42    •    x4 

5 

4 

.       3  _* 

'      8  — 

3     '       6 

7  +5   -  7^-3i 

These  exercises  are  used  in  the  same  way 
one  after  the  other  and  the  concrete  work  is 
set  aside  for  further  examination.  (See  Note 
A,  below). 

(c)     Constructions  Re-examined. 

The  teacher  takes  up  with  the  class  the 
re-examination  of  the  constructions  that  have 
been  laid  aside  on  the  desks  and  the  written 
solutions  for  them  which  remain  on  the  black- 
board.    (See  Note  2;  and  Note  A,  below.) 

"Let  us  look  at  our  first  construction — 
four  divided  by  one  and  one  half. " 

"How  many  kinds  of  units  in  your  con- 
struction?" 

("Two,  fractional  and  integral.") 

"Is  there  a  fractional  group?" 

("Yes.") 

"What  does  the  numerator  tell?" 

("It  tells  how  many  left  over  for  another 
group.") 

*  In  a  construction  of  this  kind  the  pupil  will  not 
hesitate  although  construction  is  not  possible  except 
by  exchanging  the  dividend  so  that  dividend  and 
divisor  have  a  common  denominator. 
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"What  does  the  denominator  tell?" 

("It  tells  how  many  in  a  group.") 

"Is  the  fractional  group  simple  or  complex?" 

("Complex.") 

"How  many  kinds  of  units  in  the  construc- 
tion?" 

("Two.") 

The  teacher  now  takes  up  another  and  then 
another  construction  in  the  same  way  asking 
the  first  question  (as  to  the  kinds  of  units  in 
the  construction)  the  second  time  in  each  case. 
This  brings  the  question  as  to  whether  the  frac- 
tional group  is  simple  or  complex  and  the  ques- 
tion as  to  the  kinds  of  units  in  the  construction 
close  together.  In  this  way  the  pupils  will 
eventually  note  the  connection — when  the  con- 
struction has  two  kinds  of  units,  the  fractional 
group,  if  any,  is  complex:  and  when  the  con- 
struction has  but  one  kind,  the  fractional  group 
is  simple. 

Note  A. — This  shows  the  constructions  that  the 
pupils  have  made  and  put  aside  on  their  desks  for  ex- 
amination later  as  explained  above  in  Note  2 .  It  shows 
also  the  corresponding  full  written  expressions  which 
were  left  on  the  blackboard  for  examination  with  the 
constructions  as  suggested  in  the  same  note. 
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(d)  The  Results  Summarized. — The  re- 
view of  the  constructions  being  completed,  the 
following  questions  designed  to  effect  a  sum- 
marizing by  the  pupil  of  the  results  of  this 
work  are  asked  one  after  the  other  with  a 
view  to  organizing  these  results  into  principles 
which  shall  govern  future  work  in  division. 

"When  is  the  fractional  group  always 
complex?" 

("When  the  groups  have  two  kinds  of 
units.") 

"When  is  the  fractional  group  always 
simple?" 

("When  the  groups  have  only  one  kind  of 
units.") 

"When  we  have  two  kinds  of  units  in  the 
groups,  what  of  the  fractional  group,  if  any?" 

("The  fractional  group  will  be  complex.") 

"When  we  have  only  one  kind  of  unit  in  the 

(*  If  the  pupil  should  construct  so  as  to  leave  the 
part-group  as  4ths  and  give  the  written  statement 
7^-s-3^  =  7f  -*-3i—  ajg  it  should  be  accepted  as  perfectly 
satisfactory.) 
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groups,  what  of  the  fractional  group,  if  any?" 
("The  fractional  group  will  be  simple.") 
"If  we  do  not  want  the  fractional  group,  if 
any,  to  be  complex,  what  may  be  done?" 

("We  must  put  only  one  kind  of  unit  into 
the  group.") 

As  this  matter  of  simple  and  complex  frac- 
tional groups  is  the  important  feature  of  divi- 
sion development,  these  questions,  applied  to 
the  constructions  in  Note  A  and  to  other  con- 
structions of  the  same  kind,  should  be  put 
to  several  if  not  to  all  members  of  the  class 
before  passing  to  the  next  step.  The  questions 
should  be  asked  again  to-morrow  and  the  next 
day  and  the  next.  The  aim  is  to  make  the 
pupil  self-dependent  in  future  division  work, 
acting  upon  the  principles  which  the  questions 
are  designed  to  establish. 

(3)  Complex  Fraction  Quotients 

(a)  The  rule  for  complex  groups. 

In  this  step  of  the  presentation  the  pupils 
are  told  that  people  do  not  want  the  fractional 
groups  in  a  division  exercise  to  be  complex. 
People  want  us  to  construct,  if  possible,  so 
that  the  groups  shall  not  be  complex.  This 
prohibition  of  complex  fractional  groups  may 
be  put  into  a  rule  form — "All  quotient  fractions 
must  be  simple." 
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(b)  Constructions  to  avoid  complex  groups. 

The  teacher  now  takes  up  again  the  con- 
structions on  the  pupils'  desks  (see  Note  A) 
with  a  view  to  give  each  child  an  opportunity 
to  test  his  ingenuity  in  so  reconstructing  the 
concrete  work,  when  necessary,  that  all  frac- 
tional groups  will  be  simple. 

This  is  done  by  calling  the  attention  of  each 
pupil  to  his  first  construction  (that  of  4  -mJ  = ) ; 
asking  again  the  questions  suggested  in  a  (ii) ; 
asking  for  the  rule  about  complex  fractional 
groups  ("All  quotient  fractions  must  be  sim- 
ple") ;  and  then,  "  Can  you  fix  this  construction 
so  that  the  fractional  group  will  be  simple?" 
Each  child  should  labor  upon  his  re-construc- 
tion until  he  succeeds  in  making  it  conform  to 
the  requirement  that  the  groups  have  only 
one  kind  of  unit.  This  unit  in  this  case  is,  of 
course,  a  half.  If  a  pupil  by  chance  exchanges 
for  a  unit  smaller  than  a  half,  it  must  not  be 
accepted.  "You  could  have  used  a  lower 
unit."  Pupils  will  soon  learn  that  they  must 
use  the  lowest  possible  unit. 

After  the  reconstruction,  the  written  state- 
ment must  be  changed  to  agree  with  the  new 
construction. 

(a  -^Ti  =£  —  -3-  =22-  ) 

The  questions  and  the  rule  may  be  repeated 
with  the  second  construction  (6  ^-2|-  =). 
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The  reconstruction  must  be  with  halves,  the 
new  statement  after  the  change  being  6  4-2-J  = 

X3  ^.5  =22 

With  the  third,  the  question  is,  "Is  the 
fractional  group  complex  or  simple?"  and, 
"Do  we  have  to  change  it?"  or,  "Is  it  proper 
as  it  is?" 

With  the  fourth  and  those  following,  there 
will  be  no  need  of  questions,  probably.  The 
pupils  each  for  himself  will  re-construct,  where 
necessary,  and  rewrite  the  full  written  state- 
ments of  the  re-constructed  expressions. 

(c)  Seat  work  in  avoiding  complex  groups. 

The  exercises  given  here  are  for  additional 
experience  in  constructing  so  as  to  avoid  com- 
plex fractional  groups.  The  pupil  should  be 
left  to  make  the  constructions  in  his  own  way. 
Some  pupils,  for  illustration,  may  construct 
the  expression  without  foreseeing  that  there 
will  be  a  complex  fractional  group,  and  finding 
one  may  break  up  the  construction  and  begin 
all  over  again.  Suggestions  are  out  of  order 
in  such  cases.  The  pupil  should  be  left  to 
work  out  the  problems  in  his  own  way  pro- 
vided that  the  fractional  unit  with  which  he 
forms  his  groups  finally  are  the  lowest  that  can 
be  used.  By  leaving  him  to  work  out  his 
own  problems  here,  we  give  him  an  opportu- 
nity to  discover  that  there  are  problems. 

27 
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The  pupil  constructs  and  from  the  concrete 
expression  writes  on  his  paper  the  full  division 
statement. 
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4.  Oral  Class  Exercises  to  Anticipate  the  Kind 
of  Fractional  Group 

a.  Aim. — The  following  exercises  are  to  be 
written  on  the  blackboard  and  discussed  one 
by  one  as  to  whether  the  construction,  if  made, 
would  or  would  not  have  a  complex  fractional 
group,  if  any. 

The  questions  before  the  pupil  should  not 


*  In  a  case  of  this  kind  in  which  both  dividend  and 
divisor  are  improper  fractions,  a  complex  fractional 
group  is  possible  only  by  changing  the  quantities  back 
to  mixed  numbers  before  constructing  the  groups. 
Constructions  with  numbers  in  fractional  form  always 
yield  simple  fractional  groups,  if  any. 
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be  whether  there  would  or  would  not  be  a 
fractional  group,  if  construction  were  made; 
but,  Would  the  fraction,  if  there  should  be  one, 
be  simple  or  complex? 

The  pupil  must  decide  by  looking  at  the 
written  dictation.  When  he  decides  that  the 
fractional  group,  if  any,  would  be  simple  or 
would  be  complex,  he  must  state  why  he  makes 
such  decision. 

b.  Presentation 

"If  we  were  to  construct  this  and  there 
should  be  a  fractional  group,  would  it  be  simple 
or  complex?" 

("It  would  be  complex  because  each  full 
group  would  have  two  integral  units  and  one 
fractional  unit.") 

"How  can  you  tell? " 

("The  problem  tells  us  to  take  8-J  and  make 
it  into  groups  of  2J.") 

17  _^5  _ 

6      '   4  — 

"If  we  were  to  construct  this,  would  the 
fractional  group,  if  any,  be  simple  or  complex?  " 

("It  would  be  simple  because  each  full 
group  would  have  all  fractional  units.") 

"How  do  you  know  this?" 

("This  problem  tells  us  to  take  ^  and  make 
it  into  groups  of  f .") 


420  NUMBER  BY  DEVELOPMENT 

The  above  exercises  show  the  general  plan 
of  class  work  for  the  exercises  given  in  c 
below. 

c.  Exercises  for  Class  Use. 
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B.  Seat  Work  without  Objects 

The  pupil  has  now  had  enough  construction 
experience  to  enable  him  to  work  intelligently 
without  objects.  He  has  not  been  told  how 
to  solve  his  problems.  He  has  been  left  to 
his  own  resources  to  construct,  his  exercises 
being  held  to  two  conditions — 

(i)  That  his  fractional  groups  must  be 
simple,  and 

(2)  That  in  construction  with  fractional 
units  he  must  use  those  having  the  lowest 
denominator  possible. 

In  his  seat-work  without  objects  he  is  to 
make  solutions  in  his  own  way  subject  only 
to  these  two  conditions. 

We  shall  find  him  reducing  his  dividend  and 
divisor  to  like  units  (fractional)  and  dividing 
(making  his  groups)  with  fractional  units. 
This  is  as  it  should  be. 
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ANALYTICAL  SOLUTIONS  AND  SHORT  PROCESSES 

Note  5. — This  chapter  completes  the  development  of 
the  language  and  processes  of  common  fractions.  The 
methods  of  solutions,  excepting  the  unexplained  and 
untalked-about  method  that  the  pupil  discovered  for 
finding  in  advance  the  results  of  operations  in  partition 
and  multiplication  as  suggested  in  Chapter  XXIII, 
Note,  and  Chapter  XXIV,  Note  4,  have  been  in  the 
long,  the  analytical  forms.  No  suggestion  of  short 
processes  has  been  made. 

Short  forms  of  solutions,  excepting  those  in  addition 
and  subtraction  of  fractions  outlined  in  Chapter  XXVI, 
and  the  statements  of  the  processes,  the  ''rules,"  which 
are  an  essential  part  of  all  short  process- work,  should 
not  be  used  below  the  seventh  grade.    This  gives  a  full 
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additional  year  for  frequent  reviews  of  the  common 
fraction  operations  in  practice  and  applied  problems. 
These  reviews  must  be  made  to  parallel  the  decimal 
fraction  and  other  work  of  Grade  VI.  From  the  fact 
that  short  processes  have  not  been  introduced,  this 
review  work  will  all  be  in  analytical  form. 

The  aim  in  this  long  use  of  analysis  in  common  frac- 
tion operations  is  to  preserve  the  fraction  imagery  and 
to  develop  more  fully  the  power  to  analyze.  Short 
processes  are  almost  without  exception  mechanical 
operations — operations  whose  forms  carry  no  suggestion 
of  the  reasoning  involved  in  their  use.  Their  effect, 
when  not  accompanied  by  regular  and  positive  oral 
analysis  requirements,  is  to  cause  the  individual  to  lose 
or  fail  to  acquire  the  imagery  of  the  subject  or  operation 
and  the  power  to  verify  solutions  by  orderly  reasoning 
processes.  It  is  for  the  sake  of  longer  and  wider  experi- 
ence in  analysis  and  the  self-reliance  in  computations 
that  power  to  analyze  tends  to  give,  that  short  methods 
of  almost  every  kind  should  be  postponed  to  that  grade. 
Their  use  even  then  should  not  be  to  the  exclusion  of 
analytical  work  in  each  subject. 

Power  to  add,  subtract,  multiply,  and  divide  with 
fractional  numbers  or  with  integers  leaves  the  individual 
with  little  power  practically  unless  there  is  with  it  the 
tendency  and  the  power  to  submit  operations  to  the 
test  of  logic. 

Summary. 

i.  Object  work. 

Exercises  to  develop  the  terms  simple, 
fraction  and  complex  fractions — 
( i )  Applying  the  terms  to  concrete  and 
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to  written  expressions  {A,  2  a 
and  b.) 

(2)  Observing  in  a  series  of  quotient 

constructions  that  part-groups  in 
quotients  made  up  of  both  inte- 
gral and  fractional  units  are  com- 
plex.   (A ,  2  c  and  d  and  Note  A.) 

(3)  Quotients  must  not  have  complex 

fractions.    (A,  3  a.) 
Constructions    avoid    such    part- 
groups    by    changing    dividend 
and  divisor  to  fractional  form. 
Such  changes  must  always  be  to 
lowest     common     denominator. 
(A,  3b.) 
Exercises  in  construction  in  which  the 
child  is  left  to  his  own  resources  to  con- 
struct in  a  way  to  avoid  quotient  frac- 
tions that  are  complex.    {Atjc  and  4.) 
2.  Work  without  objects.   (B.) 

In  these  the  pupil  must  avoid  complex 
fractions  in  quotient  part-groups.  To 
accomplish  this  dividend  and  divisor 
must  be  in  fractional  form. 

Time  required  for  this  development  and  the  necessary 
review  work,  fifteen  days.  Total  time  on  common 
fraction  development,  thirty- two  weeks — 160  days. 
From  four  to  eight  weeks  should  be  given  to  addi- 
tional reviews — thirty-six  to  forty  weeks  in  all. 


CHAPTER  XXVI 

EMPHASIS    POINTS    IN   COMMON   FRACTIONS 

Topics: — What  the  Pupil  Should  Know — In  Each  of  the  Funda- 
mental Operations.    In  Partition  Applications — Family 
Purchases  Problems.    Small  Trade  Problems 

A.  Aim 

When  the  development  work  in  any  subject 
in  arithmetic  has  been  completed,  the  teacher 
should  make  a  summary  of  its  essential  features 
as  a  guide  in  the  reviews  that  must  be  given 
at  frequent  intervals  later.  The  aim  of  this 
chapter  is  to  outline  for  the  teacher  the  kinds 
of  review  exercises  that  should  follow  the 
completion  of  common  fraction  development 
and  that  should  be  given  from  time  to  time 
each  year  during  the  remainder  of  the  ele- 
mentary school  period.  It  is  the  answer  to  the 
questions,  What  should  the  child  know  in  com- 
mon fraction  processes?  What  forms  of  solu- 
tions or  computations  must  the  pupil  be  able 
to  make  quickly,  confidently,  and  accurately 
in  order  to  meet  the  demands  of  practical  life? 

Fraction  exercises  under  each  of  the  funda- 
mental operations  may  be  arranged  in  three 
classes  according  to  the  forms  in  which  the 

solutions  are  made: 
424 
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Written — those  in  which  the  solutions  are 
fully  written  out. 

Partially  written — those  in  which  the  pupil 
makes  the  solutions  mentally,  writing  the 
results  only. 

Mental — those  in  which  no  part  is  written. 

B.  Addition 

I.  Written  Solutions 
a.  Mixed  Number 

(1)  Vertical  Form. — Exercises  in  the  ad- 
dition of  mixed  numbers  in  the  vertical  form. 
This  form  of  adding  is  common  and  practical. 
It  should  be  the  pupil's  usual  form  of  solution 
with  mixed  addends  unless  directed  to  use  the 
horizontal. 

3 2  58  I5^ 

41  3f  14* 

—  i3l 

(2)  Horizontal  Form. — Exercises  in  add- 
ing mixed  numbers  in  horizontal  form.  Pupils 
will  use  this  less  than  the  vertical  form  in 
applied  work,  but  the  reviews  should  include  a 
large  amount  of  work  in  which  this  form  is 
required.  Pupils  should  use  this  form  enough 
so  that  there  will  be  no  temptation  to  rewrite 
a  horizontal  dictation  into  vertical  form  unless 
the  dictation  so  requires. 
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2i  +3l   +4*    =2M+3M+4M  =  nA;or, 
3i  +2|    +if    -7«- 

■2_8__l_ol_5  _1_tJL8   -7I7 
024~^24lA24   — /24- 

The  very  large  proportion  of  the  fraction 
additions  in  practical  life  are  with  fractions 
whose  denominators  are  from  2  to  12. 

This  review  work  in  the  addition  of  mixed 
numbers  should  be  very  largely  with  such 
fractions.  Fraction  work  with  higher  denomi- 
nators may  be  postponed  until  after  the  high- 
est common  divisor  and  least  common  multiple 
have  been  developed. 

b.  Fractions 

Exercises  in  adding  fractions  when  the  oper- 
ations involve  common  denominators  so  high 
as  to  make  it  inadvisable,  in  the  interests  of 
rapid  and  accurate  work,  to  use  partially 
written  or  mental  solutions. 

A  _|__3    12.  _  3.    ill  _ 

6    '7     '3  —  5    '12  — 

5_|_JL  _  61       7.  _ 

9  ~  6  8 

__5     15 
T2  ^9  ^8" 


8     19  ~  6  7' 

T^9     1    8  5  ^ 


2.  Partially  Written  Solutions 

a.  Mixed  Numbers 

(1)  Horizontal  Form. — The  exercises  of 
this  class  are  those  in  which  the  addition  of 
both  integral  and  fractional  parts  may  be  made 
mentally,  the  child  writing  the  result  only. 
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The  integers  must,  therefore,  be  small  numbers 
and  the  fractional  parts  fractions  of  low 
denominators. 

if  +  if  =  4*+ii- 

4i+i*=  2f  +  i|  = 

(2)  Vertical  Form. — What  was  suggested 
above  for  horizontal  additions  applies  here. 
The  exercises  should  be  made  up  of  low  inte- 
gral units  and  fractions  having  low  denomi- 
nators. 

b.  Fractions 

Exercises  of  this  class  are  very  practical  and 
should  be  given  an  important  place  in  review 
work.  High  common  denominators  and  high 
numerators  should  be  avoided.  The  aims  are 
to  make  a  large  part  of  the  work  in  each  solu- 
tion mental  and  to  develop  a  growing  degree 
of  rapidity.  Accurate  results  are  first  in 
importance.  Accuracy  must  not  be  sacrificed 
in  efforts  toward  rapid  work. 

-Z.J-5.  _  4JL  _  ill  5111   _53   _T17 

8    l   6"24-124  9    1    12~36_136 

2.4-3.  — T-5-  3    _|_     2  _29 

3T4  -I12  IOT     3— 30 

9^6         M8  4^     9   _36   _136 


*  The  teacher  will  understand  that  work  of  this  kind 
is  more  difficult  and  should  come  after  partially  written 
work  in  which  the  addends  are  fractions. 
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j.  Mental  Solutions 

This  class  of  solutions  differs  from  the 
"written"  and  the  "partially  written"  forms 
in  that  the  dictations  are  oral  and  the  solutions 
mental  with  results  stated  orally.  The  work 
is  very  practical  and  much  of  it  should  be 
done.  If  mixed  numbers  are  attempted  with 
pupils  who  have  become  proficient  in  the  work 
with  fractions,  the  integral  parts  should  be  of 
low  numbers.  The  special  aim  should  be  the 
accurate  and  rapid  addition  of  fractions. 

To  be  dictated  orally: 


JL  _1_    J,  - 
3     i       2 

44-1-  = 

6  ^4 

1  4_X 

2  '8 

2     I     9     _ 
5     '10   — 

I-Ll  _ 
6    *2 

3  J_3 

4  ^8 

4^3 

5    _J_3  _ 

12  ^4  "~ 

3  ~8 

C.  Subtraction 

The  suggestions  for  addition  in  B  apply  to 
subtraction.  The  vertical  form  of  solutions 
with  mixed  numbers  is  specially  important  as 
training  for  computations  in  general,  written, 
applied  problems.  That  is  the  practical  form 
with  mixed  numbers. 

The  "partially  written"  work  after  the 
general  plan  as  that  for  addition  should  be 
given  a  very  large  place  in  the  reviews  because 
of  its  training  for  both  written  and  mental 
work. 
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D.  Multiplication 

I.  Written  Solutions 
a.  Mixed  Numbers 

(1)  Vertical  Form. — The  practical  and 
simple  form  of  solutions  with  mixed  numbers 
is  the  vertical.  Very  much  work  should  be 
given  in  it  in  the  reviews  as  well  as  during  the 
development  period.  The  large  use  of  vertical 
solutions  brings  the  pupil  to  recognize  that  it 
is  simple,  and  that  with  it  his  work  is  more 
accurate  and  more  rapid. 

(2)  Horizontal  Form. — It  will  be  noted 
that  in  this  form  of  solution  in  multiplication 
the  operation  is  by  reducing  the  mixed  number 
or  mixed  numbers  to  fractional  form  and  then 
proceeding  as  with  fractions.  Nothing  need 
be  said  here,  therefore,  except  that  the  sug- 
gestions in  b  below  apply  here.  The  child 
should  have  much  work  in  horizontal  solutions 
with  mixed  numbers,  but  in  all  such  exercises 
the  dictation  should  state  specifically  that  the 
solution  is  to  be  in  horizontal  form.  It  should 
be  the  general  understanding  with  the  pupils 
that,  in  the  absence  of  directions  as  to  the 
form,  the  solutions  must  be  vertical. 

b.  Fractions 

It  was  suggested  in  a  above  that  under  the 
horizontal  form  of  solutions  in  multiplication 
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of  mixed  numbers  the  factors  are  reduced  to 
fractional  form.  The  reviews  of  horizontal 
work,  therefore,  are  also  reviews  of  the  multi- 
plication of  fractions. 

All  Solutions  Analytical.* 

All  work  in  multiplying  one  fraction  by 
another  (excepting  that  that  is  done  later 
under  "short  methods")  must  be  in  the 
analytical  form.  Chapter  XXIV  (A,  2  and 
Note  3) .  This  line  of  review  work  is  of  great 
importance  on  account  of  its  training  in  general 
analysis.    Very  much  of  it  should  be  given. 

2.  Partially  Written  Solutions 
This  is  the  form  of  work  that  is  outlined  in 
Chapter  XXIV  (A,  4).  It  continues  the  valu- 
able analytical  work  of  the  written  solutions 
(ib,  above),  but  on  account  of  the  abridged 
form  of  the  solutions  is  specially  valuable  as 
training  in  practical  multiplication.  Much 
attention  must  be  given  to  this.  The  work  is 
entirely  in  horizontal  form. 

3.  Mental  Solutions 

These  solutions  should  be  in  the  form  as 
outlined  in  Chapter  XXIV  (A,  4).     The  exer- 

*The  solutions  in  which  the  pupil  finds  the 
product  by  multiplying  the  numerators  together  and 
the  denominators  together  belong  to  the  "short 
methods"  later. 
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cises  should  not  involve  the  use  of  high  de- 
nominators. The  aim  is  full  mental  analysis, 
and  fractions  of  low  denominators  are  as 
valuable  for  analysis  training  as  the  higher 
forms.  The  lower  fractions,  however,  offer 
less  computation  difficulties  thus  permitting 
the  pupil  to  devote  his  thought  more  fully  to 
the  reasoning  process.  This  mental  work 
should  be  given  much  attention.  (See  foot- 
note, p.  430.) 

3  v  5.  —  5v2_  2v2_  lv7_ 

iA7    _  8    ^  3    —  5   ^  9    ~~  3    ^  4.    — 


8  ^_3   —  5^9"  3^4 

5.  _  _5_  v  5 

9  —  12  ^2 


5.  v  5.  —  -5-  V5   —  6  v  3   _ 

«  /**  9   —  12  Ao   -  s  At - 


E.  Partition 

Partition  is  applied  in  so  many  ways  in  the 
large  and  in  the  smaller  affairs  of  life  as  well 
as  in  such  a  variety  of  forms  that  the  subject 
requires  special  attention  in  school  work. 

1.  Written  Solutions 
a.  The  Partition  of  Fractions 

The  reviews  in  fraction  work  must  be  wholly 
analytical.  The  shorter  solution  form — the 
product  of  the  numerators  and  the  product  of 
the  denominators — belongs  to  the  later  work 
in  "short  methods."  The  form  of  the  written 
work  should  be  that  in  Chapter  XXIII  (B,2b). 


■3.  of  £  -  12-  of  ^  =  18.  Of  SL     = 

5  Ul  8  —  5  Ol  7  —  4  <J1  7   — 

£  0f  &  =  5.  of  -1-4  =  -2-  of  i-5-  = 

7  U1  5          3  ui  9  10  Ui  4 
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b.  The  Partition  of  Wholes 

(i)  All-Fraction  Form  of  Solutions. 

These  solutions  should  not  be  separated 
from  the  "part -fraction"  work.  The  dicta- 
tions should  be  given  together,  the  pupil  to 
use  the  "all-fraction"  solution  only  when  the 
other  is  not  possible.  The  choice  of  the 
method  of  solution  in  this  respect  should  be  a 
part  of  the  pupil's  problem. 

(2)  Part-Fraction  Forms  of  Solutions. 

This  form  can  be  used  of  course  only  with 
partitions  in  which  the  dividend  is  numerically 
larger  than  the  denominator  of  the  par- 
titioning fraction.  It  must  be  used  in  all  such 
problems  unless  the  teacher  specifically  directs 
the  solution  in  the  all-fraction  form. 

7  = 
3  = 


|0f     2  = 

|  of  10  = 

A  of  15  = 

fof 

fof    5  = 

|  of  14  = 

^2  Of  20  = 

fof 

|-  Of  12  = 

A  of  20  = 

fof   7  = 

fof 

The  pupil  should  have  very  much  of  this 
part-fraction  work  with  low  numbers.  It  is  a 
form  of  work  that  touches  closely  his  daily  life. 
A  piece  of  cheese,  for  illustration,  weighing  22 
oz.  at  28  <£.  per  pound  is  a  problem  for  part- 
fraction  computation — 

28^+|  of  28^  = 

If  the  purchase  is  a  piece  of  steak  at  43^ 
per  lb.  weighing  28  oz.  the  problem  becomes — 
43^+1  of  43^  = 
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These  are  illustrations  of  very  common  prob- 
lems and  the  pupil  should  be  so  well  trained  in 
all-fraction  and  part-fraction  written  work 
that  he  will  discover  the  application  of  the 
latter  form  of  solution  and  use  it  whenever 
problems  with  which  it  may  be  used  come  to 
him  for  mental  solution. 

c.  The  Partition  of  Mixed  Numbers 

These  are  exercises  in  which  the  dividends 
are  mixed  numbers.  The  dictations  should 
compel  the  pupil  to  choose  between  the  "all- 
fraction"  and  "part-fraction"  forms  of  solu- 
tions. The  forms  of  solutions  are  shown  in 
Chapter  XXIII  (E  1,  c  (/)  and  (2).) 
fof5*-  |of9i=  fofi8f  = 

fof3f=  ¥ofif=  A  of    5i  = 

2.  Mental  Solutions 

These  are  exercises  like  those  in  1  above 
excepting  that  the  work  is  wholly  mental. 
The  dictations  in  this  work  should  be  written. 

F.  Special  Partition  Work 

The  following  exercises  connected  more  or 

less  closely  with  partition  are  given  for  the 

sake  of  the  training  in  analysis  and  in  the 

"equation."    They  should  have  a  large  place 

28 
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in  the  review  work  because  of  the  importance 
of  such  work  later — in  decimals  and  percentage. 


1.  The  Analysis 

a. 

Written  Analysis 

f  of  16  = 

f  of  22  = 

|of  l6=2f 

J  Of  22  =2\ 

f  of  i6=5X2f 

=  Ilf             fof22=3X2f  = 

Exercises: — 

f  of  11  = 

f  of  9  =         |  of  13  = 

f  of  13  = 

£of4=         J  of  18  = 

j%  of  22  = 

fof2=             A  of      8  = 

Questions  on  the  Analysis. 
After  the  solutions  the  teacher  should  begin 
to  question  the  pupils  on  the  number  of  steps 
in  the  solution,  the  operation  in  the  first  step, 
and  the  operation  in  the  second  step. 
The  questions  are  as  follows: 
Onf  of  16  = 

"How  many  steps  in  the  operation?" 
("Two,  finding  \  and  then  finding  f.") 
"What  was  the  operation  in  the  first  step?" 
("Dividing  by  7,  the  denominator,  to  find 
i  ") 

"What  was  the  operation  in  the  second 
step?" 

("Multiplying  by  5,  the  numerator,  to  find 
5  ") 
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These  questions  should  thereafter  be  asked 
on  each  solution  of  this  kind.  The  questions 
are  asked  after  the  solution. 

Later  the  teacher  should  begin  to  question 
before  the  operations — 

"How  many  steps  will  there  be? " 

"What  will  be  the  operation  in  the  first 
step?" 

"What  will  be  the  operation  in  the  second 
step?" 

This  questioning  will  assist  in  making  mental 
analyses  of  this  kind  later. 

b.  Mental  Analyses 

After  three  or  four  dozen  solutions  of  this 
kind  have  been  made  with  the  questioning 
after  each,  the  teacher  should  give  written 
dictations  for  mental  analyses.  Much  should 
be  made  of  this  mental  work.  Many  problems 
should  be  given  with  questions  upon  each. 
Exercises  of  this  kind  should  be  given  through- 
out the  elementary  school  period. 

2.   The  Equation 

a.  Written  Equation  Analysis 

I  of  —  =  12  f  of  —  =  13 

1  of  —  =4  of  12  =4  1  of  —  =\  of  13  =3^ 

I  of  —  =8  X4  =32  f  of  —  =3  X3}  =9f 
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Exercises : — 
fof  — =  11  fof  —  =21         Jfof  —  =  16 

|  of  —  =  17  I  of  —  =22         ^  of  —  =  16 

fof  — =  19         ^of-  =25  fof  — =  17 

Questions  on  the  Equation  Work. 

Questions  should  be  asked  on  each  solution 
— those  used  in  1  above.  The  questions  at 
first  are  after  the  solution.  Later,  they  are 
asked  beforehand. 

b.  Mental  Equation  Analyses 

The  suggestions  as  to  mental  analysis  work 
in  1  b  above  apply  here.  Many  problems 
should  be  given  for  mental  analysis  and  the 
work  should  continue  throughout  the  remain- 
der of  the  elementary  school  period. 

3.  Short  Methods 

a.  Shortened  All-Fraction  Solutions 

These  exercises  are  to  be  solved  by  the  all- 
fraction  method.  The  solutions  are  written. 
The  aim  is  to  give  a  short  written  form  that 
the  pupil  will  be  able  to  use  later  for  short 
mental  solutions.  The  teacher  will  show  the 
pupil  the  solution  form,  at  the  same  time 
writing  it  as  a  parallel  to  the  usual  analysis 
form.  There  is  no  attempt  at  a  development. 
The  two  parallel  solutions  are  intended  to 
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show  the  pupil  that  the  process  is  merely  the 
analysis  form  shortened. 

THE  ANALYSIS  FORM         THE  PARALLEL  SHORT  FORM 

|of  7  -f  of  ¥  =¥=4f       f  of  7  =iof  14  =4f. 


fof5=fof^=\5-=3f       fof5=iofi5=3f. 
fof3=fof^-=V  =  ii       fof3=iofi5=if 

EXERCISES   FOR   PARALLEL  SOLUTIONS  AND   "SHORT  FORM"   WORK 

fof7=  foOf     2=  foflI  = 


7 
5 
12 


^  of  2  =         f  of    4  =       A  of    7  = 


of  8  =       A  of  13  =       -ft-  of  13  = 


Very  many  of  these  short  form  solutions 
should  be  given.  They  will  be  the  basis  later 
of  mental  solutions  of  exercises  in  which  the 
dividends  are  integral.  After  a  few  parallel 
solutions  the  short  form  should  be  used  alone. 
Pupils  will  call  it  "the  short  form." 

b.  Aliquot-Part  Solutions 

(1)  Where  Applicable. — Partition  enters 
so  largely  into  the  computations  in  the 
economic  life  of  the  family  that  its  applica- 
tion to  family  purchases  should  be  a  part  of 
the  child's  number  training. 

A  woman  asks  her  butcher  for  a  pound  of 
steak  of  a  certain  kind.  The  piece  cut  off 
proves  to  weigh  15  oz.  At  43^  per  pound  the 
problem  of  cost  is  ^f  of  43^.  The  purchaser 
may  select  a  piece  of  meat  from  the  show-case. 
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It  weighs  2  lb.,  5  oz.     At  38^  per  pound  the 
problem  of  the  price  is 

2X38^+T5eOf  38^. 

The  problem  may  relate  to  a  head  of  cabbage 
that  is  sold  by  the  pound.  It  may  relate  to  a 
dozen  oranges  priced  at  16  oranges  for  a 
quarter.  It  may  relate  to  5  articles  which  are 
priced  at  3  for  25^. 

These  illustrations  show  how  widely  parti- 
tion applies  in  our  everyday  purchases.  They 
also  suggest  a  very  valuable  and  practical  line 
of  "partially  written"  computations — com- 
putations that  may,  after  sufficient  experience 
in  written  work,  be  solved  by  many  children 
mentally. 

(2)  The  Methods. — To  make  solutions  of 
this  kind  practical,  there  must  be  found  a  short 
form  of  work  based  upon  reasoning  rather 
than  upon  any  possible  formulas. 

The  simplest  method,  the  only  method 
under  which  solutions  may  be  "reasoned  out, " 
is  that  by  aliquot  parts.  This  method  is 
applied  in  so  many  ways  that  no  attempt  will 
be  made  here  to  do  more  than  to  suggest  the 
general  forms  of  such  solutions.  The  work 
must  at  first  be  in  the  "partially  written  "  form, 
the  purely  mental  solutions  being  introduced 
gradually  with  problems  that  do  not  involve 
mixed  number  quotients  or  partial  quotients. 
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(3)  Forms  of  Solutions. — Exact  Quotients 

12  oz.  at  43^  per  lb f  of  40^  +  f  of  si 

f  of  40^ 30  jf 

fof    3^ 2U 


32U 

9  oz.  at  43^  lb i  of  43^  =2i|  t 

A  of  43^  =  2W 

24T15^ 

10  oz.  at  45^  lb J  of  45^  =  22-^ 

I  of  45^  =jU 

11  oz.  at  45^  lb J  of  45^  =33  f^ 

1V3  of  45^  =    2Jgf6 

15  oz.  at  41  ji  lb 1  lb.  =41     j<f 

TVof4i^=  2^ 

14  oz.  at  38^  lb 1  lb 38  £ 

i  of  38^  =jU 

33U 

13  oz.  at  38^  lb f  of  2>H  - 27  i 

}  of    2    =J  of  6  =   i£$£ 
rVof38^  = JU 

30U 
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7  oz.  at  38^  lb J  of  38^  =  19^ 

A  of  38^  =  ajM 

Solutions  in  Outline  (oz.  in  terms  of  lb.) : 
6  oz.  is  -J  less  J  (8  oz.  —2  oz.) 
5  oz.  is  i  plus  A  (4  oz.  +1  oz.) 
5  oz.  might  be  f  —  ^  (6  oz.  —  1  oz.) 
3  oz.  is  I  -^g  (4  oz.  -1  oz.) 
2  oz.  is  % 

9  eggs  at  23^  doz J  of  23^    =nii 

j  of  nU=jU 

9at23f£doz fof 23  =  f of 21  = 14  ft 

fof    2=iof4=    I±ft 
T^of23  = ij^ft 

9  at  23^ 1  doz.  =23  ft 

J  of  23  =  5f  ^ 

I7i^ 
1 1  at  275^  doz 1  doz.  =  27  ft 

A  Of  27  =  _2J^ 

10  at  27  ft  doz 1  doz.  =27  ft 

i  of  27^  =_4U 

22\ft 
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Cost  of  5  at  3  for  25^ 6  cost ....  50  $ 

io£25£=  SU 


4*U 

At  16  for  25^,  cost  of  doz.  .16 25  £ 

ioi25t=  6\£ 

i8tf 

1  lb.  5  oz.  at  42^  per  lb 1  lb.  =42  £ 

ilb.-ioW 

A  lb.  =  2-|^ 

The  above  solutions  show  the  form  of  the 
work  and  the  possibilities  for  mental  solutions 
after  considerable  experience  in  rapid  and 
independent  written  work.  The  three  solu- 
tions of  9  eggs  at  23^  dozen  show  the  possi- 
bilities in  the  way  of  individuality  in  the 
solutions.  The  aim  in  such  work  is  indepen- 
dent thinking. 

Q.  Partition  Applied  in  Family  Purchases 

1.  Approximations  in  Dividends 

The  outline  given  in  F  is  the  outline  for 
exact  dividends.  In  partition  work  applied  to 
family  purchases,  however,  the  results  should 
be  approximations. 
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I  lb.  8  oz.  of  meat  at  41^ 

per  lb 1  lb.  =  ...  41   jf 

J  of  4I^=20jff 


61^^  =62<fr 
14  oz.  at  35^  per  lb. . . .   1  lb.  =  .  .  .35  £ 

i-of35^=  4fj5 


30^=31^ 

9eggsat35ffdoz.f  of  32  = 24  ^ 


of    3  =1  of  9=   2\\ 


At  3  for  35  i  cost 

of  5 3  cost 35  i 

t  of  35^  -i  of  70^  =23^ 

2.  i7ow  to  Compute  Approximations 
(i)   10  oz.  at  33 j£  per  lb. 
^  of  33^  =i7j6  (8  oz.) 
I  of  33^  =  4-t  (2  oz.) 
21^ 


*  As  this  work  relates  to  computations  in  connection 
with  the  small  purchases  for  the  kitchen,  the  practice 
in  school  exercises  in  the  subject  should  be  to  give  the 
seller  in  each  solution  the  full  benefit  of  the  fraction. 
This  means  that  if  the  exact  cost  of  an  article  should 
be  42^  cents,  the  quotient  should  be  called  43  cents. 
This  is  the  common  and  perhaps  regular  practice  in  the 
retail  trade  where  the  business  has  to  do  with  family 
food  supplies. 
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(ii)   15  oz.  at  29^  per  lb. 

1  lb.  = 29^ 

iVlb.  =Tyof29ff=   ijzf 

(iii)  7  oz.  at  31^  per  lb. 
|- of  31^  =  16^ 
TVof3iff=   2jj 

14^ 

(iv)  2  lb.  5  oz.  at  37^  per  lb. 

2  lb.  = 74j£ 

\  lb.  =  J  of  37^  =  9^ 
^  lb.  =tV  of  37ff  =  3^ 

j.  Practical  Value  of  Approximations 
The  greater  part  of  the  work  in  aliquot 
parts  after  the  pupils  acquire  skill  in  the  work 
with  exact  dividends  should  be  in  computing 
approximate  results  as  in  the  retail  stores. 
This  is  the  form  of  work  in  partition  that  we 
regularly  meet  with  in  practical  life.  The  aim, 
therefore,  should  be  to  develop  rapidity  in 
approximations — 

(1)  In  "partially  written"  work. 

(2)  In  mental  solutions. 

Because  of  its  value  in  practical  life,  this 
form  of  partition  work,  first  written  and  after- 
wards mental,  should  be  given  a  very  impor- 
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tant  place  in  number  reviews  throughout  the 
remainder  of  the  elementary  school  course. 

The  following  are  some  of  the  classes  of 
price  units  that  should  be  recognized  in  pre- 
paring exercises  in  applied  partition : 

A  certain  number  for  iofc\ 

A  certain  number  for  5^; 

A  certain  number  for  25^; 

A  given  price  per  dozen ; 

A  given  price  per  pound. 

H.  Partition    in  Small  Trade — "  Quarter's    Worth," 
"  Dime's  Worth  " 

There  is  a  large  amount  of  small  retail 
business  in  units  of  ' '  quarter's  worth, ' ' ' '  dime's 
worth,"  "nickle's  worth,"  etc.     These  prob- 
lems  involve   partition   approximations   and 
should  be  made  a  part  of  the  regular  written 
and  mental  work  in  that  subject. 
At  30^  per  lb. — dime's  worth. 
1  dime  is  J-  of  30^. 
J  of  16  oz.  =5^  oz. — 5 J  oz.* 
At  40 j£  per  lb. — 5^  worth. 
5j£  is  i  of  40ff. 
J  of  16  oz.  =2  oz. 


*  The  approximation  in  ounces  will  depend  upon  the 
scales.  It  is  assumed  that  the  ordinary  counter  scales 
will  weigh  to  \  oz.  In  that  case  the  nearest  lower 
approximation  to  |-  oz.  would  be  \  oz. 
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At  40^  per  doz. — 25^  worth. 
25ff  is  I  of  40^. 
f  of  12  oz.  =|-  of  60  =71  =7 

At  25 j£  per  doz. — ioe'  worth. 
10^  is  §  of  25^. 
f  of  12  =4  of  24  =4f  =4. 

At  35^  per  lb. — 25^  worth. 
25c*  is  f  of  35^. 
f  of  16  oz.  =4-  of  80  =  I  if  OZ.  =  1 1^  oz. 

At  6  for  25 j£ — 1  off  worth. 
10^  =f  of  25^. 
§  of  6  =J  of  12  =2. 

The  exercises  in  this  form  of  applied  parti- 
tion should  be  at  first  written  and  afterward 
mental.  This  is  valuable  practical  work  and 
much  of  it  should  be  given  as  long  as  the  pupil 
attends  school. 

I.  Division. 

1.  Written  Solutions 

After  the  development  of  division  has 
been  completed,  the  subject  offers  very  few 
difficulties. 

As  this  solution  process  is  by  reducing 
dividend  and  divisor  to  fractional  form  and  to 
a  common  denominator  and  then  dividing  the 
numerator  of  the  dividend  by  the  numerator 
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of  the  divisor,  the  review  work  consists  sim- 
ply of  examples  for  practice.  There  should  be 
much  of  this  work  but  there  is  no  need  for  clas- 
sifying the  exercises.  The  mixed  number  and 
the  fraction  division  involve  the  same  principle. 

2.  Partially  Written  Solutions 
The  pupil  should  have  many  exercises  con- 
sisting of  mixed  numbers  with  low  integral 
parts  and  fractions  of  low  denominators;  also 
exercises  in  which  the  dividend  and  divisor  are 
fractions  of  low  denominators. 

In  these  solutions  the  pupil  should  write 
only  the  quotient,  the  reduction  to  common 
denominator  and  the  division  being  mental. 
This  is  valuable  work  and  there  should  be 
much  of  it. 

j.  Mental  Solutions 
There  should  be  much  work  in  wholly 
mental  division — the  dictations  written.  The 
exercises  should  consist  of  dictations  like  those 
in  2  but  somewhat  lower,  perhaps,  in  the  in- 
tegers and  the  fractions  used. 

J.  The  Significance  of  the  Fraction — A   Partition  or 
Division  Operation 

I.  Analysis  of  the  Fraction 
(a)  Aim. — There  are  three  or  four  very  com- 
mon operations  in  fractions  that  for  intelligent 
use  require  that  the  pupil  shall  be  very  familiar 
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with  the  division  and  the  partition  significance 
of  simple  common  fraction  expressions.  His 
attention  should  be  specifically  called,  for  illus- 
tration, to  the  fact  that  a  fraction  as  f-  may 
signify  5  -s-  7  or  the  partition  process  expressed 
in  \  of  5.  If  we  place  before  him  the  expression 
5  +  7  = ,  he  will  immediately  write  the  quotient 
I .  If  we  give  him  the  expression  \  of  5,  he 
will  write  the  full  analysis  and  quotient, 
\  of  5  =y  of  ^r  =  f.  Nothing  in  his  work, 
however,  has  caused  him  to  associate  closely 
f  with  5  -5-7  or  f  with  \  of  5. 

The  aim  of  the  work  in  this  section  is  to 
teach  him  to  associate  fractions  with  their  divi- 
sion and  partition  equivalents,  and  to  use  these 
equivalents,  each  at  the  proper  time  later,  as 
the  basis  of  proofs  in  the  following  operations : 

(1)  Reducing  a  complex  common  fraction 
to  simple  form. 

4    Ui   ^  3   —  4   Ui      3     —  4    ui      6  6 

4 


3* 


—  -2  1    _i_  4    —  i_0_^i—  1_0_  _i_  1_2    _JJ    _  A 
"3      *     3"  ~  12   —  6 


=  3i-4=J3u-4  = 


(2)  Reducing  a  common  fraction  to  decimal 
form.  (See  Vol.  Ill) 

5   —  1    r»f    C   —  1    of    5000   _    62  5     _   Aoc 

8  —~S  OI  5  -"t  OI  1000  -  1000  -  °25 
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(3)  Reducing  a  complex  decimal  fraction  to 
a  lower  equivalent.     (See  Vol.  III.) 

.25i=-2—  =.2-j§5 
10 

=  1    of  K±  =-!-  of  i-6-  =  -±-  nf  5jQ.  __8_ 

1  0    ui   O  3         1  0    Ui      3     —  1  0    UI    1  5   -  T5 
IO 

b.  The  Analysis 

The  teacher  places  before  the  pupil  for 
analysis  solution  J  of  2. 

The  child's  solution  will  be — 

•1-  of  2  =i  of  A  —  2. 
3  Ul  ^  —  3   <Jl   3—3. 

He  will  then  be  shown  the  following  com- 
plete statement — 

lnf  o  —1   of  S.  =2 
3   Ol^—  3-  Ol    3—3. 

.*.  -J-  of  2  =f  and  I  =  -J  of  2. 

Immediately  following  this,  with  the  same 
fraction  in  order  to  associate  the  partition  and 
the  division  equivalents,  he  is  given  the 
division  expression — 

2-3  = 

The  pupil  will  write  at  once — 

2+3-1 

The  corresponding  complete  statement  is 

now  taught — 

2-3=1 

.*.  2-3=f  and  f=2 -3. 

These  analyses  should  be  spoken  of  as  "the 
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partition  equivalent"  and  "the  division  equiv- 
alent." The  teacher  must  see  that  the  im- 
pression must  be  left  very  strongly  that  any 
fraction  may  have  a  partition  or  a  division 
equivalent. 

Many  exercises  should  be  given  in  writing 
out  the  full  analysis  statements.  This  work 
prepares  the  pupil  for  the  use  of  the  analysis 
later  when  he  comes  to  complex  fractions  and 
to  decimals. 

Exercises. 

Partition  Equivalents. 

2.  3      8.     1_2     UE    !    iO.    _6_     _5_     3      5.    _8_    £     3 
5  >    6  >    9  >      7   >      8>9»11»11»14»5>9>10»8»7- 

Division  equivalents. 

3.  1     4.     9.    iO     UL    .78.3.2.95.10     ^ 
5»    6»    9>    4»    12>    10>    8>    7»    2>    3»    5»    9»      8   >    7* 

Exercises  of  this  kind  should  be  a  part  of 
the  review  work  for  many  weeks.  It  will 
become  regular  work  in  complex  fractions,  and 
in  decimals  in  Vol.  III. 

2.  Complex  Fractions — Analysis  Applied 
in  Reductions 

In  the  development  work  in  division  of 
common  fractions  (See  Chap.  XXV)  the  pupil 
came  in  contact  with  the  objective  as  well  as  the 
written  complex  fraction.  In  this  section  it 
will  not  be  necessary  to  use  the  objects.  He 
will  consider  the  written  complex  fraction  only. 

29 
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The  aim  here  is  to  require  the  pupil  to  apply- 
to  the  complex  fraction  the  analysis  of  the 
partition  and  the  division  equivalents  with 
which  he  became  familiar  in  i  b. 


a.  Forms  of  Statements 

His  forms  of  statements  (there  must  be  two 
statements,  the  partition  and  the  division, 
for  each  of  the  fractions  in  the  exercises)  will 
be  as  follows : 

3i 

=  1  of  ii  =i  of  £  =1  of  3#  =-£- 

5   Ui  0  2        5  Ui    2        5   Ui    10         10- 
5 

3~ 

02    •  0        2    *     2  10' 


This  work  of  reducing  complex  fractions  to 
simple  form  is  of  great  importance  and  he 
should  have  very  much  experience  in  the 
analysis. 

After  he  has  written  out  many  fractions  in 
the  two-statement  form  as  above,  the  teacher 
should  give  dictations  in  which  the  pupil  shall 
analyze  in  but  one  form,  the  teacher  directing 
him  when  she  gives  the  dictation  as  to  which 
form  to  use  in  the  reduction. 
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b.  Exercises  in  Complex  Fraction  Reductions 

TWO-STATEMENT    WORK 

Fractions  reduced  by  partition  and  after- 
ward by  division. 

2i  5#  3i   li  2f  3l  2f   ii 

42,    635798 

SINGLE    STATEMENT    WORK — PARTITION 

Fractions  reduced  by  partition. 

4i  3*  5i  4l   ti  2t   if  4*  5f  3J 

— >  — >  — >  — >  — >  — »  — >  — >  — >  — • 

25688593    12    4 

SINGLE    STATEMENT    WORK — DIVISION 

Fractions  reduced  by  division. 

TJL     o2      ^3.     ii     Q!     7JL     q_1      rJL     [I     2A 
x2     ^3     04     03     °3      /3     V3     02      x  8     ^5 

,   ,   ,   ,   ,   ,   ,  ,   ,  • 

5      653     10    11     993      2 
Summary. 

Reviews  of    addition  with  equal  emphasis 

upon   written,    partially   written,    and 

mental  solutions.    (B.) 
Similar  review  work  in  subtraction.     (C.) 
Emphasis  in  multiplication  (D.)— 

(a)  Upon  written  vertical  multiplication 

with  mixed  numbers. 

(b)  Upon  written  horizontal  multiplica- 

tion   with    numbers    in    fractional 
form. 
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(c)  Upon  multiplication  analysis  in  all 

forms  of  solutions. 

(d)  Upon  "partially  written"  and  "men- 

tal" analytical  solutions  using  low 
denominators. 
Emphasis  in  partition  reviews  (E.) — 

(a)  Upon  written  partitions  of  wholes  and 

mixed  numbers  in  which  part- 
fraction  solutions  are  used  when 
possible  unless  otherwise  directed. 

(b)  Upon   mental   partition  with  wholes 

and  fractions. 

(c)  Upon  partition   analysis  and  equa- 

tions— written  and  mental. 

(d)  Upon  partition  short  methods  (F.) — 
(i)  The  shortened  form. 

(2)  The  aliquot  parts  form. 

(e)  Upon  partition  applied  (G.) — 

(1)  In  family  purchases. 

(2)  In  small  trade. 

Emphasis  in  division  reviews  (/.) — 

(a)  Upon  written  division  of  mixed  num- 

bers and  fractions. 

(b)  Upon  partially  written  and  mental 

division. 
Analysis  of  the  fraction  (J.) — 

(a)  Its  partition  equivalent. 

(b)  Its  division  equivalent. 

(c)  The  complex  fraction  analyzed. 


CHAPTER  XXVII 

SHORT  PROCESSES  AND  RULES  IN  COMMON 
FRACTIONS 

Topics: — The  Short  Processes  in  the  Fundamental  Operations. 

The  Definitions  of  Fraction  Terms.     The  Rules  or  Process 

Statements 

A.  Aims  and  General  Principles 

i.  The  aim  of  this  chapter  is  to  outline  for 
the  teacher  the  short  processes  in  the  five 
fundamental  operations  in  common  fractions 
and,  in  connection  with  such  work,  the  defini- 
tions of  the  terms  and  the  statements  of  the 
processes — these  forming  a  very  important 
part  of  common  fraction  instruction  and  train- 
ing in  oral  and  written  English. 

2.  Short  Processes  Deferred 
It  is  suggested  that,  because  of  the  tendency 
after  the  introduction  of  short  processes  to 
neglect  analysis  (see  Chapter  XXV,  Note  5), 
the  work  of  this  chapter,  excepting  that 
which  relates  to  addition  and  subtraction,  be 
deferred  to  the  seventh  school  year  and  be 
made  a  part  of  the  reviews  of  that  grade. 
Under  this  plan  fraction  analysis  will  be  con- 
tinued as  a  part  of  the  reviews  that  regularly 
parallel  the  work  of  decimal  fraction  training. 
This  plan  is  very  much  to  the  child's  advantage 

453 
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in  that  it  gives  him  longer  experience  in  analyt- 
ical work  thereby  contributing  to  more  fully 
established  habits  of  orderly  thinking. 

3.  Rapid  Solutions 

The  general  aim  in  short  processes  is  time- 
saving.  They  may  have  an  influence  toward 
more  rapid  mental  processes  but  they  contrib- 
ute no  more  in  this  respect  than  is  contributed 
by  analysis  under  equally  energetic  school- 
room leadership. 

Rapidity  in  solutions  is  a  relative  term. 
Children  of  equal  ability  differ  in  their  thought 
processes  in  this  respect  just  as  they  differ  in 
their  rates  of  physical  movements.  Teachers 
must  not  expect  equally  rapid  solutions  from 
all,  nor  must  they  make  time  in  solutions  the 
sole  basis  of  judgment  of  comparative  power  in 
number.  There  is  a  reasonable  time  within 
which  a  solution  of  a  given  kind  is  rapid,  and 
judgment  of  power  must  be  based  upon 
accuracy  within  this  time. 

4.  Rules  or  Process  Statements 

In  the  matter  of  verbal  statements  of  proc- 
esses— statements  of  what  the  processes  are — 
which  are  generally  spoken  of  under  the  name 
of  "rules,"  no  one  thing  aids  more  in  the 
establishment  of  imagery  than  to  develop, 


SHORT  PROCESSES  AND  RULES      455 

after  the  written  work  in  any  subject  has  been 
completed,  statements,  in  oral  and  in  written 
form,  of  what  the  numerical  process  is.  State- 
ments in  good  English  answering  questions 
like,  How  do  we  change  a  mixed  number  to 
fraction  form?  Or,  How  do  we  multiply  one 
fraction  by  another?  Or,  How  do  we  add 
fractions?,  etc.,  are  very  valuable  indeed  in 
common  fraction  training  and  equally  or  even 
more  valuable  as  subjects  for  oral  and  written 
composition.  It  trains  to  full  and  clear  state- 
ments of  what  the  computation  acts  are.  It  is 
practically  objective  work  in  oral  and  written 
language. 

B.  Addition 

I.  Two  Short  Processes 
There  are  two  short  processes  in  written 
work  in  this  subject,  one  in  which  the  reduc- 
tions to  common  denominator  and  the  addi- 
tions are  entirely  mental,  the  other  in  which 
the  common  denominator  equivalents  are 
written  before  the  work  of  adding. 

THE  TWO  PROCESSES  ILLUSTRATED 

These    are    illustrated    in    the    following 
solutions  : 

1st.  (a)  §  +f  =  ^J  =  iT52 ;  or,  shorter  still, 

o/7  2     11  _|_3.  _  56     1    12  _|_6  3.  _  131   _  T  4  7 

^""         3     17     14   ~84     is  4T84-    84     ~  18~4- 
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In  ist,  the  reduction  to  a  common  denomi- 
nator and  the  addition  are  entirely  mental, 
excepting  (as  in  a)  where  the  child  is  permitted 
to  write  the  intermediate  result  (\%)  followed 
by  the  final  result  in  simple  form  (iy5^)- 

In  2d,  the  common  denominator  equivalents 
are  written  because  it  involves  numbers  so 
high  that  reductions  and  additions  that  are 
wholly  mental  (as  in  ist)  are  too  difficult  to 
be  safely  undertaken  by  anyone  not  trained 
by  long  practice  in  such  work. 

2.  The  Shorter  Solution — When  Used 
The  shorter  process  (ist)  should  be  used  in 
the  solutions  of  exercises  of  low  common 
denominators — denominators  under  24,  per- 
haps. Exercises  should  be  given  very  fre- 
quently in  sharp  three-minute  drills,  most  of 
the  dictations  to  be  given  for  mental  solution 
entirely — no  written  work  by  the  pupil.  Other 
drills  should  be  given  in  which  the  pupil 
merely  writes  the  sum  in  its  simplest  form  after 
the  dictation,  the  computations  being  mental. 

j.  Oral  Work 
Oral  work  in  class  exercises  is  an  important 
part  of  short  process  training.  One  pupil  and 
then  another  goes  to  the  blackboard  to  solve 
and  complete  a  written  dictation.  This  class 
exercise  with  its  oral  work  should  be  as  follows : 
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I  +5  = .  (This  represents  the  teacher's  black- 
board dictation.)  The  pupil  with  his  finger 
on  the  -|  says,  "Five  tenths  and"  (with  finger 
on  the  +)  "eight  tenths"  (with  finger  on  the  |) 
"are  thirteen  tenths.  This  is  equal  to  one  and 
three  tenths"  (writing  1^-  after  the  J  +4  =). 
The  completed   dictation  is  now  J+f  =  1^. 

4.  Illustrative  Exercises 

SHORTER    PROCESS 


1  4.  2  __ 

2  ^3 

5.  4-7  _ 
6  ^9 

2  4-4  = 

3  ~6 

3.  4.5.  4.I     _ 
4  ^6  ^2 

3  15  _ 

4  ^8 

IJ.IJ.I      _ 
8     12  ^3 

4  ^6 

4  ^6    1^8 

5.  JLI  _L  3  _. 
5  ^2  ^4 

2  T^4  T^112 

LONGER 

PROCESS 

2    il        »   5      _ 
5^2      ^6 

7  11  4_5  _ 

9  ^4  T(j   — 

.51    4     4-3.      - 
8     '5      ^4      ~ 

1    12     ll_ 
7  ^3    '2 

12  ^7      ~6 

x  4-A  4_a  _ 

8  ^9    '4 

_5_  4__5_  4-3      = 
10  Tl2  ~4 

J_l2     1    3   _ 
16  ^3    "8 

2  4.1.     4 3     _ 

3  ^2      T15  — 

115    il _ 
2  ^7  ^8   — 

5.  Definitions 

under  Addition 

a.  The  terms  to  be  defined  under  addition 

are  as  follows: 

Fraction. 

Denominator. 

Proper  fraction. 

Terms  of  a  fraction. 

Improper  fraction, 

.     Complex  fraction. 

Mixed  number. 

Sum. 

Integer. 

Amount. 

Numerator. 

Addition. 
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b.  The  Forms  of  Questions  on  Definitions. 

In  asking  for  definitions,  the  teacher  should 
use  questions  in  all  the  forms  in  which  they 
commonly  occur,  so  far  as  possible.  The 
questions  on  denominator,  for  illustration, 
should  be — 

Define  denominator. 

What  is  the  denominator  of  a  fraction? 

What  is  meant  by  the  denominator  of  a 
fraction? 

The  same  question  forms  are  used  with 
reference  to  numerator. 

The  questions  on  sum  should  be — 

What  is  meant  by  sum? 

Define  sum. 

What  is  the  result  of  an  addition? 

What  do  we  call  the  result  in  addition? 

The  same  general  forms  are  to  be  used  with 
amount. 

c.  The  Definitions. 

(i)  A  fraction  is  a  number  having  one  or 
a  group  of  fractional  units. 

(2)  A  proper  fraction  is  a  fraction  whose 

equivalents  are  less  than  a  whole. 

(3)  An  improper  fraction  is  a  fraction 

whose  equivalents  are  equal  to  or 
greater  than  a  whole. 
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(4)  An  improper  fraction  is  a  fraction 

whose  equivalents,  when  expressed 
in  lowest  terms,  are  integers  or 
mixed  numbers. 

(5)  A  mixed  number  is  a  number  having 

one  or  more  integral  units  and  one 
or  more  fractional  units  of  the  same 
kind. 

(6)  An  integer  is  a  whole  number. 

(7)  The  numerator  of  a  fraction  is  the 

number  above  the  fraction  line. 
It  shows  the  number  of  units  in 
the  fraction. 

(8)  The  denominator  of  a  fraction  is  the 

number  below  the  fraction  line.  It 
is  the  name  of  the  fraction  and 
shows  into  how  many  parts  the 
whole  has  been  divided. 

(9)  The  terms  of  a  fraction  are  the  num- 

erator and  the  denominator. 

(10)  A  complex  fraction  is  a  fraction  whose 

numerator  or  denominator  is  a 
fraction  or  a  mixed  number. 

(11)  A  simple  fraction  is  a  fraction  whose 

numerator  and  denominator  are 
integral  numbers. 

(12)  The  sum  is  the  result  of  the  addition. 

(13)  Amount  is  the  result  of  an  addition. 

(14)  Addition  is  the  process  of  finding  the 

sum  of  two  or  more  numbers. 
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Note. — The  term  common  fraction  cannot  be  intro- 
duced until  after  the  term  decimal  fraction  has  been 
taught.  A  decimal  fraction  is  a  fraction  whose  denomin- 
ator is  some  power  of  10.  It  is  not  usually  written.  A 
common  fraction  is  a  fraction  whose  denominator  is 
written.  Manifestly,  therefore,  common  fraction  is  a 
term  that  refers  to  a  form  in  contrast  with  the  decimal 
form.  It  must,  therefore,  be  introduced  after  the  deci- 
mal fraction  form  is  understood. 

6.  Rules  in  Connection  with  Addition 

The  following  rules  or  statements  of  opera- 
tions are  developed  directly  from  the  objective 
work.  They  express  construction  processes: 
How  do  we  add  fractions?  To  add  fractions 
reduce  them  if  necessary  to  a  common  de- 
nominator, add  the  numerators,  and  write  the 
sum  over  the  common  denominator. 

How  do  we  reduce  a  mixed  number  to  an 
improper  fraction? 

To  reduce  a  mixed  number  to  an  improper 
fraction,  multiply  the  integer  by  the  denomin- 
ator, add  the  numerator  to  the  product,  and 
write  the  sum  over  the  denominator. 

How  do  we  reduce  a  mixed  number  to  a 
fractional  form? 

To  reduce  a  mixed  number  to  a  fractional 
form,  multiply  the  integer  by  the  denominator, 
etc. 

How  do  we  reduce  an  improper  fraction  to 
an  integer  or  a  mixed  number? 
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To  reduce  an  improper  fraction  to  an  integer 
or  a  mixed  number,  divide  the  numerator  by 
the  denominator. 

How  do  we  reduce  a  fraction  to  its  lowest 
terms? 

To  reduce  a  fraction  to  its  lowest  terms, 
divide  numerator  and  denominator  by  their 
highest  common  divisor. 

Note. — This  rule  should  not  be  used  until  after  the 
term  highest  common  divisor  has  been  introduced. 
The  pupil's  process  of  reducing  to  lowest  terms  has 
been  a  matter  of  finding  the  terms  of  series — finding 
the  lowest  term .  This  and  finding  the  common  denomi- 
nator have  been  mental,  by  inspection. 

C.  Subtraction 

1.  Two  Short  Processes 
The  short  processes  in  this  subject  are  in 
character  similar  to  those  in  addition.     The 
two  forms  are  as  follows: 

Tqf       5._3.=_i_ 

list.    6      4  —  12. 

oc\        7.  _5.  _  6_3_4_0  _.23. 
^u-*       8         9   ~  72         72   ~  7C 

The  form  in  1st  should  be  used  in  all  solu- 
tions having  low  common  denominators;  the 
2d  form,  for  solutions  in  which  the  numbers 
involved  are  too  high  for  assured  accuracy  in 
results.  These  two  forms  are  like  those  for 
addition  in  B  1, 

Strong  three-minute  exercises  from  written 
dictations  should  be  given  frequently,  first  in 
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written  solutions  in  each  of  these  two  forms  of 
arrangement.  These  should  have  in  view  the 
development  of  as  high  a  degree  of  rapidity  in 
solutions  as  is  consistent  with  accuracy. 

Exercises  should  be  given  afterwards  in 
solutions  from  written  dictations  in  which  the 
reductions  and  subtractions  are  wholly  mental. 

2.  Oral  Work 

The  oral  work  is  developed  through  class 
exercises  as  in  addition,  in  which  one  and  then 
another  pupil  goeo  to  the  blackboard  to  talk 
and  write. 

This  oral  work  is  conducted  like  correspond- 
ing work  in  addition,  the  pupil  pointing  to  each 
term  as  the  reduction  and  subtraction  proceed. 

This  oral  work  is  illustrated  as  follows: 

|-  — J-  = .  (This  represents  the  written  dicta- 
tion.) 

"Fifteen  twenty -fourths  "  (pointing  to  the 
f),  "minus  four  twenty-fourths"  (pointing  to 
the  J),  "leaves  eleven  twenty -fourths.  The 
remainder  is  eleven  twenty-fourths."  The 
pupil  then  completes  the  dictation — 


A  _  1  —  11 

8        6   ~  24" 


j.  Illustrative  Exercises 

SHORTER   FORM 

5.  _     1  _  3. 7_  _ 

8  3  ~~  4        10   ~ 

UL  _     7.  —  7.-2.— 

12  8   ~  8  3  ~~ 
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2  _  3 

3  8 

= 

14  _  3 

15  10 

3. 7_ 

8    20 

= 

11     3 
20     8 

10  "~  3 

= 

5  _  7 

6  10 

LONGER 

FORM 

JL 2. 

12    9 

= 

6  _5 

7  9 

.5  _3. 

6    7 

- 

11  10 

12  11 

11  _3 
15    7 

= 

15  _  7 
16"   10 

5  _3 

9    8 

= 

7  _2 

8  5 

11  _5 

12  7 

= 

2  _  5 

3  11 

4.  Definitions  under  Subtraction 

a.  The  terms  to  be  defined  under  subtrac- 
tion are  those  given  under  B  5,  and  the 
following: 

Minuend  Difference 

Subtrahend  Subtraction 

Remainder 

b.  Forms  of  Questions  on  Definitions. 
These  follow  in  general  the  forms  for  the 

corresponding  questions  under  addition. 

c.  The  Definitions. 

(1)  The   minuend   is   the   number  from 

which  we  subtract. 

(2)  The  subtrahend  is  the  number  to  be 

subtracted. 

(3)  The  remainder  is  the  result  after  the 

subtraction. 
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(4)  The   difference    is   the    result    after 

the  subtraction. 

(5)  Subtraction  is  the  process  of  taking 

one  number  from  another. 

5.  Rule  in  Connection  with  Subtraction 

This  rule  (there  is  but  one)  should  be  added 
to  the  list  in  B  6,  on  account  of  subtraction. 

How  do  we  subtract  one  fraction  from 
another? 

To  subtract  one  fraction  from  another, 
reduce  them  if  necessary  to  a  common  de- 
nominator, subtract  the  numerator  of  the 
subtrahend  from  the  numerator  of  the  minu- 
end, and  write  the  remainder  or  difference  over 
the  common  denominator. 

D.  Cancellation 

1.  Aim 

This  operation  enters  so  largely  into  short 
process  work  that  it  is  necessary  to  teach  the 
pupil  how  to  cancel  and  what  the  operation 
means.  Canceling  should  not  be  a  mechanical 
process.  The  pupil  should  know  when  he  uses 
it  what  the  nature  of  the  operation  is  and  what 
other  operation  or  operations  it  represents. 
The  work  of  canceling  is  very  easily  and 
quickly  taken  up  by  the  pupil.  The  develop- 
ment work  consists  in  leading  him  to  recognize 
it  as  a  division  operation.    The  development  is 
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necessarily  introduced  through  the  use  of 
cancellation  in  reducing  fractions  to  lower 
and  to  lowest  equivalents. 

In  the  work  of  reducing  fractions  to  lower 
and  lowest  terms  in  Chapter  XX,  the  pupil 
talked  about  reducing  by  8's,  by  2's,  by  6's, 
by  9's,  by  I2's,  etc.  His  computation  processes 
in  such  work  were  in  fact  dividing  the  terms 
of  the  fractions  by  8,  by  2,  by  6,  by  9,  by  12,  etc. 
The  pupil  should  now  be  required  to  put 
these  processes  into  the  language  of  "divide 
by."  To  do  this,  exercises  in  reduction 
(reviews)  are  given  and  this  language  is 
applied  to  them. 

Change  -/%  to  lowest  terms,    ("^  =f .") 

"How  did  you  change  ^  to  J?" 

("By  reducing  by  3V) 

"How  did  you  reduce  by  3's?" 

("  By  dividing  each  term  by  3.") 

Change  f§  to  the  lowest  term  of  the  series. 

f"12  _  3.  »'\ 

V     16  ~~  4*     / 

"How  did  you  reduce  it?" 
("By  reducing  by  4's.") 
"How  did  you  reduce  by  4's?" 
("By  dividing  each  term  by  4.") 
Through  many  exercises  of  this  kind  the 
language  is  brought   into  use.     This  being 
accomplished  the  pupil  is  ready  for  cancella- 
tion work. 
30 
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2.  Single  Cancellations 
a.  Meaning 
By  single  cancellation  is  meant  a  single  divi- 
sion, dividing  once. 

The  teacher  should  show  the  pupils  the  can- 
cellation process  in  reducing  fractions  to  a 
lower  equivalent.  In  this  she  must  use  the 
language  of  "divide" — "I  divide  each  term 
by  3,"  or,  "I  divide  each  term  by  4,"  etc. 

The  teacher's  work  will  be  something  as 
follows : 

"  I  divided  each  term  by  3  by  cancel- 

4  ing."  The  canceling  process  will  thus 
¥?  4  be  recognized  as  such  division  opera- 
j^-    5  tion.    The  teacher's  language  in  giving 

5  a  fraction  for  reduction  should  be, 
Reduce  this  fraction  to  its  lowest 
equivalent  by  canceling. 

b.  Exercises  for  Reductions 


A- 

4   _ 
6  — 

12    _ 

16   _ 

28    _ 

35   ~~ 

9     _ 
15   — 

i5_  - 
20 

6  _ 

9   ~~ 

15   _ 

20   ~ 

14    _ 

21    ~ 

30   _ 

40   ~~ 

14   _ 

21    ~ 

12   ~ 

c.  Questions 

The  following  questions  should  be  used  with 
each  reduction: 

What  did  you  do?  ("I  reduced  theTy')— or 
the  f  or  the  f  as  the  case  may  be — ("to  its  low- 
est equivalent  by  dividing  each  term  by — .") 

What  was  the  common  divisor  of  the  terms? 
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What  do  we  mean  by  canceling?  ("By  can- 
celing, we  mean  that  we  reduce  the  fraction 
to  a  lower  equivalent  by  dividing  each  term 
of  the  fraction  by  a  common  divisor.") 

What  did  we  divide  by  in  this  case? 

d.  Oral  Work 

Which  equivalent  have  you?  ("The  lowest.") 

After   a   few   reductions   followed   by   the 

questions,  the  pupil  should  be  required  to  give 

the  full  oral  work  unassisted  as  he  proceeds 

with  the  cancellation. 

He  goes  to  the  board  and  talks  as  follows. 
("I  must  reduce  this  fraction  to  its  lowest 
equivalent  by  canceling.  The  terms  of  the 
fraction  have  a  common  divisor  — .  I  divide 
by  — .  The  equivalent  is  — .  This  is  the 
lowest  equivalent." 

j.  Double  Cancellations 

a.  Meaning 

By  double  cancellation  we  mean  dividing 

each  term  of  the  fraction  by  a  number  and 

afterward  by  another  number  as  when  we 

reduce  -ff  by  canceling  a  2  and  then  another  2. 

b.  Aim 

The  aim  here  is — 

(1)  To  teach  to  cancel  a  second  or  a  third 
time  if  necessary  for  reduction  to  lowest 
equivalent. 
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(2)  To  develop  that  two  cancellations  give 
the  same  equivalent  as  canceling  once,  using 
their  product. 

(3)  To  introduce  the  term  highest  common 
divisor. 

c.  Kind  of  Fractions 
The  fractions  dictated  for  this  development 
should  be  those  having  higher  numerators  and 
denominators.  With  such  fractions  there  is 
more  likelihood  of  the  pupil's  requiring  a 
second  cancellation  to  reduce  to  lowest 
equivalents. 

d.  Questions  on  Each  Canceling  Operation 
The  questions  and  the  pupils'  oral  work  are 

the  same,  practically,  as  suggested  for  single 

cancellations.     (See  2  c  above.) 

e.  Form  of  Written  Work 
The  following  illustrates  the  form  of  the 
written  work  in  cases  where  the  pupil's  first 
cancellation  makes  a  second  necessary  in  order 
to  find  the  lowest  equivalent: 

24  _ 
60  — 

A  pupil  is  sent  to  the  blackboard  to  talk  and 
write. 

("I  must  reduce  this  fraction  to  its  lowest 
equivalent  by  canceling.  The  common  divisor 
of  the  fraction  terms  is  6.  I  divide  each  term 
by  6.") 
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4 

<3*F     4 

— -  = —       (The  dictation  is  now  in  this  form.) 
-6C    10 

10 

("The  equivalent  is  &.") 
' '  Have  you  its  lowest  equivalent  ?  "   ( "  No . ") 
The  pupil  is  now  told  that  he  must  reduce 
again.    He  does  this,  canceling  a  2.    The  dic- 
tation on  the  blackboard  is  now  in  this  form — - 

4       2 

&5   x&    5 
10      5 

/.  Oral  Work 

The  oral  work  with  the  second  cancellation 
should  be  as  here  shown.  ("The  common 
divisor  of  the  two  terms  of  the  fraction  is  2. 
I  divide  each  term  by  2.  The  equivalent  is  f . 
This  is  the  lowest  equivalent.") 

g.  Highest  Common  Divisor  Introduced 
The  pupil  should  now  be  asked  to  write 
opposite  this  solution  a  second  solution — a 
reduction  in  which  only  one  cancellation  is 
necessary.  He  is  told  that  he  must  use  the 
highest  common  divisor.  The  term  will  not 
require  explanation.  The  pupil  will  get  it  by 
inference  from  his  cancellation  language. 

The  two  solutions  opposite  each  other  will 
then  appear  on  the  blackboard  as  follows: 


470  NUMBER  BY  DEVELOPMENT 

42  2 

&5   x<S    5  j6C    5 

10     5  5 

He  divides  by  12.  In  making  this  division 
he,  of  course,  must  give  the  oral  work.  ("The 
highest  common  divisor  of  the  two  terms  is  12. 
I  divide  each  term  by  12.  The  equivalent  is  §. 
This  is  the  lowest  equivalent.")  This  brings 
highest  common  divisor  into  use. 

h.  Special  Questions  on  the  Two  Solutions 
"In  the  first  reduction,  how  many  times  and 

what  did  you  cancel?" 

("I  canceled  twice — a  6  and  afterwards  a  2.") 
"In  the  second,  how  many  times  and  what 

did  you  cancel?" 

("I  canceled  once.    I  canceled  a  12.") 
"What  was  the  highest  common  divisor  of 

the  terms?"     ("12.") 

"What  single  cancellation,*  therefore,  gives 

the  same  equivalent  as  canceling  a  6  and  then 

a  2?"     ("Canceling  12.") 

This  question  is  of  special  importance  be- 
cause through  its  use  with  each  double  cancellation 
the  pupil  learns  the  fact  that  canceling  a  6  and  then  a  3 
is  the  same  as  canceling  18,  that  canceling  4  and  then  7 
is  the  same  as  canceling  28,  etc.  In  other  words,  can- 
celing two  or  more  numbers  is  equivalent  to  canceling 
their  product.  It  is  a  simple  principle  and  the  pupil 
should  learn  to  recognize  it. 
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i.  Double  Cancellations  Developed 

Several  dictations  for  reductions  should  now 
be  given.  In  each  case  where  the  pupil  makes 
two  cancellations,  he  should  write  opposite 
such  solution  another  solution  by  one  can- 
cellation. The  oral  work  in  /  and  g  and  the 
questions  in  h  must  be  used  with  each  of  these 
double  solutions. 

Oral  Work. — After  two  or  three  of  these 
fractions  have  been  reduced  to  lowest  equiva- 
lents in  the  two-solutions  form  and  the  ques- 
tions upon  each  have  been  asked,  one  pupil 
and  then  another  should  be  required  to  go  to 
the  blackboard  with  a  fraction  (as  |-§),  make 
the  two  solutions,  and  give  the  full  oral  work 
as  follows  without  suggestion:  ("In  the  first 
solution  I  canceled  a  6  and  afterward  another 
6.  In  the  second,  I  canceled  the  highest  com- 
mon divisor*  of  the  terms,  36.  Each  result 
i s  the  lowest  equivalent . " )  This  full  oral  work 
must  not  do  away  with  the  questions  suggested. 

Exercises  in  double  cancellations. 


42  _ 

5  6  ~" 

3  5   _ 

105  ~~ 

18  _ 

54  ~~ 

28  _ 

98  ~~ 

5  2  . 

104  ~ 

108  _ 
132  _ 

36  _ 

7  2  ~~ 

32  _ 

160  ~ 

24  _ 
96  — 

51  _ 

102  ~ 

44  _ 
132  "~ 

28  _ 

84  — 

*  The  teacher  must  require  that  this  form  "I  can- 
cel the  highest  common  divisor,  etc.,"  be  alternated 
with,  "I  divide  each  term  by  the  highest  common 
divisor." 
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/.  Questions  on  Highest  Common  Divisors 

What  highest  common  divisor  would  give 
the  same  equivalent  as  a  6  and  then  a  3?  As 
a  2  and  then  a  5?  As  a  5  and  then  a  2?  Asa 
3  and  then  a  7  ?  As  a  7  and  then  a  3  ?  As  a  2 
and  then  a  9?    As  a  9  and  then  a  2? 

What  two  divisions  would  give  the  same 
equivalent  as  a  highest  common  divisor  15? 
As  a  highest  common  divisor  9?  As  a  highest 
common  divisor  24?  As  a  highest  common 
divisor  22? 

k.  Shortening  the  Double  Cancellations 
In  the  pupil's  cancellations,  thus  far,  he  has 
made  his  second  canceling  by  using  the  frac- 
tion result  of  the  first: 

4      2 

j&  ^r   3 
6      3 

He  should  now  be  told  that  the  work  may 
be  shortened  by  making  the  second  cancella- 
tion without  rewriting: 

1 

j&r    1  j&r    1 

i*z    4  ja*    4 

Mr  4 

4 


SHORT  PROCESSES  AND  RULES       473 

/.  Oral  Work 
The  pupil's  oral  work  need  not  be  changed 
with  this  form  of  solution  because  the  inter- 
mediate fraction  is  apparent.  When  he  cancels 
7  in  3^,  the  result  ^  is  before  him  in  plain 
figures;  just  as,  when  afterwards  he  cancels  4, 
the  result  J  is  before  him.  (See  "Oral  Work " 
on  p.  471  and  footnotes  on  pp.  470  and  471.) 

m.  Exercises  in  Shortened  Cancellations 

32  _  45  _  54  _  72  _ 

9  6  ~  105  ~  108  ~  120  ~ 

_3_9_  _  6_3_  _  27  _  96  _ 

117  ~  252  —  135  ~  112  ~ 

In  these  exercises  the  questions  must  be 
asked  upon  each.  (See  2  c  and  j  h  above.) 
The  oral  work  must  not  differ  from  that  for  the 
longer  forms.  (See  i  and  footnote  p.  47 1  above.) 

4.  Definitions 

The  terms  are — 

Cancellation. 

Common  divisor  of  the  terms  of  a  fraction. 

Highest  common  divisor  of  the  terms  of  a 
fraction. 

The  definitions — 

Cancellation  is  the  process  of  dividing  the 
terms  of  a  fraction  by  a  common  divisor. 

A  common  divisor  of  the  terms  of  a  fraction  is 
a  number  that  will  divide  each  of  them  evenly. 

The  highest  common  divisor  of  the  terms 
of  a  fraction  is  the  highest  number  that  will 
divide  each  of  them  evenly. 
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E.  Partition 

i\   What  the  Short  Process  Is 

The  child  discovered  in  the  regular  work  in 
partition  (analysis)  that  he  could  anticipate 
the  final  result  by  taking  the  product  of  the 
numerators  and  the  product  of  the  denomi- 
nators. (See  Chapter  XXIII,  C  Note.)  This 
is  the  short  process  and  requires  little  or  no 
instruction  excepting  as  to  the  form  of  the 
written  work,  the  oral  work,  and  the 
cancellation. 

2.  The  Oral  Work  of  the  Partition  Process — 
The  Rule 

The  teacher  writes  a  partition  exercise  for 

pupils  to  write  the  quotient  direct — 
2  0f  3.  = 

5   ui    7 

A  pupil  is  asked  to  complete  by  writing  the 
quotient — 
A  nf  #  =  -6_ 

5   Ui    7         3  5" 

With  this  and  several  others  like  it — parti- 
tions in  which  each  quotient  is  in  its  lowest 
terms — the  teacher  develops  the  statement  of 
the  process — 

("I  multiplied  the  numerators  together  for 
the  numerator  of  the  quotient  and  the  denom- 
inators together  for  the  denominator  of  the 
quotient.") 
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The  child  must  in  every  case  make  this 
statement  of  the  process. 
Exercises. 


a  0f  5     __ 

7      Ol      y           — 

J.  Of  1  _ 
g    UI    2  — 

A  of  -S-  - 

7    Ui    11    " 

3.   nf   _5_    _ 
8    Ui.    !  0    — 

_9_  Qf    3   __ 

10    UL    4 

9  of  A     - 

2    Ui    4 

2  of  £    = 

6    ui    9 

■£-  of  4  = 

11    U1    7 

11  of  -5      - 

12  Ol    9       - 

j.   Canceling  to   Shorten   the  Process — Single 
Divisor 

a.  Aim 
The  canceling  work  in  partition  is  very 
quickly  taken  up,  it  is  a  matter  of  minutes. 
The  work  here  is  to  develop  that  when  we 
cancel  in  partition  we  merely  reduce  the  quo- 
tient fraction  to  its  lowest  terms  before  we 
find  it,  that  it  is  the  same  process  of  dividing 
numerator  and  denominator  as  we  found  it 
to  be  in  D. 

b.  The  Development 

The  teacher  writes  a  partition  expression  on 
the  blackboard — 

iUi    7 

A  pupil  is  asked  to  write  what  the  partition 
quotient  will  be.  He  replies  by  completing 
the  dictation — 


Ui    7        28        14 

How  did  you  find  the  quotient,  Jfe-?" 
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("I  multiplied  the  numerators  together  for 
the  numerator  of  the  quotient,  etc.") 

"How  did  you  reduce  the  quotient  -^  to  its 
lowest  equivalent  T34?" 

("I  divided  each  term  by  its  highest  com- 
mon divisor,  2.") 

"I  will  show  you  how  to  cancel  the  2  before- 
hand— before  we  write  the  quotient." 


a  of^=A 

^    7  14 

4      7   j&r    14 

2 

H 

c.  The  Teacher's  Statement 

"I  divided  one  of  the  numerators  and  one 
of  the  denominators  by  2.  The  numerators 
are  now  3  and  1 ;  the  denominators  2  and  7. 
I  multiplied  the  numerators,  3  and  1 ,  together 
for  the  numerator  of  the  quotient  and  the 
denominators,  2  and  7,  together  for  the  de- 
nominator of  the  quotient." 

A  pupil  is  now  sent  to  the  blackboard  to 
make  the  second  solution,  as  above,  and  give 
the  oral  work  in  D  2  d  as  usual. 

Several  exercises  should  now  be  given  for 
two-solution  work  as  above,  one  pupil  and  then 
another  going  to  the  blackboard  to  write  and 
talk.  The  oral  work  should  be  as  in  "The 
Teacher's  Statement"  above. 
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d.  Exercises 

5   of    1 2   _  1  1    nf  _4     -  3     nf   15   - 

8   OI  TT  -  ~5~  OI    2F  -  1  0   OI     4    - 

4OII      ~  ^     OI    1  4   —  2  0    Ui    2 

A  Off     =  T82  0ff     =  §  Of  ^  = 

V-ofT\=  |of«-  |ofY  = 

4.  Questions 

a.  Relating  to  the  Partition  Process 

3  J5 

X      11     22  8       11    $&    22 

2  22 

"What  did  you  do  when  you  divided  the 
8  and  the  12  by  4?" 

("I  reduced  the  quotient  fraction  to  its 
lowest  equivalent,  beforehand.  I  divided  each 
term  by  4.") 

"What  were  the  numerators  after  you 
cancelled?" 

("5  and  3.") 

"What  were  the  denominators?" 

("2  and  11.") 

"How  did  you  reduce  the  f$  in  the  second 
solution  to  its  lowest  equivalent?" 

("By  dividing  each  term  by  its  highest 
common  divisor,  4.") 

b.  Partition  Terms — Dividend,  Divisor,  Quotient 

The  following  additional  questions  upon 
each  exercise  should  be  asked  in  order  to 
develop  the  partition  terms: 
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"What  does  f  of  if  tell  us? "  ("It  tells  us 
to  divide  yf  into  8  equal  groups,  and  show  5  of 
them.") 

' ' What  is  the  dividend ? "  ("The  dividend 
is  If.") 

"What  is  the  divisor?  "  ("The  divisor  is  the 
denominator  (8)  of  the  partitioning  fraction.") 

"What   is   the   result   of   the   partition?" 

/"  IB/1) 

"What  do  we  call  this  result?"  ("The 
partition  quotient.") 

c.  General  Questions 

These,  now  in  the  one  form  and  again  in 
the  other,  should  be  asked  frequently  in  con- 
nection with  all  exercises  in  canceling  in 
partition. 

"What  do  we  do  when  we  cancel  in  parti- 
tion?" 

("We  reduce  the  quotient  fraction  to  its 
lowest  equivalent,  beforehand — before  we  write 

it.-) 

"What  is  cancellation  in  partition?" 
("Cancellation  in  partition  is  the  process  of 
reducing  the  quotient  fraction  to  its  lowest 
equivalent,  beforehand — before  we  write  it.") 

5.  Double  Cancellations — Two  or  More  Divisors 
The  exercises  in  3  above  involved  but  one 
cancellation  in  each.    In  this  step  the  exercises 
have  two  or  more. 
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a.  Plan  of  Teaching 
The  teaching  plan  is  to  give  the  pupil  an 
exercise  for  double  solution  as  in  j  and,  if 
he  does  not  discover  and  use  the  second  can- 
celing opportunity,  let  him  discover  the  need 
of  such  cancellation  in  order  that  his  quotient 

fraction  may  be  in  its  lowest  form. 
12  0f  5  _, 

If  the  pupil  makes  but  one  cancellation  the 
two  solutions  may  be  as  follows : 

4  5 

j&     8       8  3       8    J2*r   2 

1  2 

This  will  show  the  quotient  fraction  *£-  not 
in  its  lowest  terms.  To  most  pupils  this 
suggests  the  need  of  a  second  cancellation.  All 
should  rewrite  the  exercise  and  make  the  two 
cancellations — 

I 

&      &    2  3         8    J^r    2 

I  2  2 

The  questions  in  4,  a,  b,  and  c  should  be 
asked. 

(The  questioning  should  draw  attention  to 
the  fact  that  the  highest  common  divisor  of 
the  second  solution  is  equal  to  the  product  of 
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the  common  divisors  used  in  the  first  solu- 
tion.) 

What  are  the  numerators  after  the  cancella- 
tions in  the  first  solution? 

("lands-") 

' ' What  are  the  denominators ?"  ("iand2.") 

"How  do  you  find  the  quotient,  •§,  in  the 
first  solution?" 

("By  multiplying  the  numerators,  I  and  5, 
together  for  the  numerator  of  the  quotient, 
and  the  denominators,  1  and  2,  together  for  the 
denominator  of  the  quotient.") 

b.  Exercises 


-L2   of  A      = 

18   Ui    5 

X5.  of  _fi_  - 
6     Ui    2  5 

£  0f   12_ 
9   Ui    15 

x  of  -4-  = 

9   ui    21 

£  0f  41  - 

9   ui     8 

9   of  -8_  - 
4   Ui    14 

-8-  Of  &      = 

10   Ul    4 

3.  of  2A  - 
7   U1    15 

_&_  of  ^jl  - 

11    Ui    21    ~ 

This  completes  the  development  of  the  par- 
tition short  processes. 

6.   Definitions 
The  terms  in  partition  are — 

Partition  Dividend 

Quotient  Divisor 

The  terms  defined : 

Partition  is  the  process  of  dividing  a  quan- 
tity into  equal  groups. 

Partition  quotient — the  result  of  a  partition. 
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Partition  dividend — the  number  that  is  to 
be  divided  into  equal  groups. 

Partition  divisor — the  number  showing  how 
many  groups  the  dividend  is  to  be  made  into. 
It  is  the  denominator  of  the  partitioning 
fraction. 

The  teacher's  questions  in  connection  with 
definitions  should  show  variety  in  form.  To 
illustrate : 

Define  partition. 

What  is  partition? 

What  do  we  mean  by  partition? 

7.  Rales  in  Connection  with  Partition 

How  do  we  solve  a  partition? 

To  solve  a  partition  multiply  the  numer- 
ators together  for  the  numerator  of  the  quo- 
tient and  the  denominators  together  for  the 
denominator  of  the  quotient. 

How  do  we  reduce  a  fraction  to  a  lower 
equivalent? 

To  reduce  a  fraction  to  a  lower  equivalent, 
divide  the  terms  of  the  fraction  by  a  common 
divisor. 

How  do  we  reduce  a  fraction  to  its  lowest 
equivalent? 

To  reduce  a  fraction  to  its  lowest  equivalent 
divide  the  terms  of  the  fraction  by  their  highest 
common  divisor. 
31 


482         NUMBER  BY  DEVELOPMENT 

8.  Principles  in  Fractions 

What  effect  does  it  have  upon  a  fraction  to 
divide  the  numerator  and  the  denominator  by 
a  common  divisor? 

Dividing  the  numerator  and  the  denomina- 
tor of  a  fraction  by  a  common  divisor  gives  a 
lower  equivalent. 

What  effect  upon  a  fraction  to  divide  both 
terms  by  their  highest  common  divisor? 

Dividing  both  terms  of  a  fraction  by  their 
highest  common  divisor  gives  the  lowest 
equivalent  of  the  fraction. 

F.  Multiplication 

I.  Horizontal  Solutions 

(See  Chapter  XXIV). 

The  short  processes  in  this  subject  are 
almost  indentical  with  those  of  partition. 
This  would  naturally  follow  from  the  fact 
that  the  constructions  in  the  two  operations 
are  similar  in  form  (Chapters  XXIII  and 
XXIV). 

No  development,  therefore,  of  multiplica- 
tion will  be  necessary.  The  teacher  will  open 
the  subject  by  giving  exercises  for  solutions 
without  preliminary  explanations  or  sugges- 
tions, requiring  solution  forms  and  oral  work 
as  in  partition  and  asking  the  same  questions 
so  far  as  they  apply  to  multiplication. 
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The  work  should  be  similar: 

In  two-solution  forms  of  work  (E,  3  b,  4  a, 
and  5  a) ; 

In  statements  of  the  processes,  excepting 
the  use  of  the  term  product  instead  of  quotient 
(E,  2  and  3  c) ; 

In  the  forms  of  canceling; 

In  stating  what  the  new  numerators  and  the 
new  denominators  are  after  canceling  but 
before  the  product  fraction  is  written  {E,  3  c 
and  5  a) ; 

In  the  application  of  the  term  common 
divisor  to  the  number   canceled  in  each  case; 

In  the  use  of  the  expression,  "I  divide  each 
term  by  its  highest  common  divisor"  (E,  3  b 
and  4  a)  where  the  operation  is  by  canceling, 
afterwards; 

In  noting  the  fact  that  the  highest  common 
divisor  in  each  second  solution  is  equal  to  the 
product  of  the  divisors  in  the  first  solution 
(E,  5  a); 

In  the  oral  work  and  the  questions,  so  far 
as  these  are  applicable  to  multiplication,  ex- 
cepting that  product  takes  the  place  of  quotient 
where  the  latter  occurs  (JE,  2,  3  b,  4  a  and  c, 
and  5  a). 

2.  Vertical  Solution 

(See  Chapter  XXIV.) 

The  vertical  solutions  in  multiplication  are 
short    processes — the    shortest   form   for   the 
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multiplication  of  a  mixed  number  by  a  mixed 
number. 

j.    Definitions 
The  terms  are — 

Multiplication.  Multiplier. 

Multiplicand.  Product. 

Multiplication  is  the  process  of  taking  a 
number  a  given  number  of  times. 

The  multiplicand  is  the  number  to  be  taken. 
The  multiplier  is  the  number  that  shows  the 
number  of  times  that  the  multiplicand  is  to 
be  taken. 

The  product  is  the  result  of  the  multipli- 
cation. 

4.    The  Rule  for  Multiplying  Fractions 

To  multiply  one  fraction  by  another  multi- 
ply the  numerators  together  for  the  numerator 
of  the  product  and  the  denominators  together 
for  the  denominator  of  the  product. 

Note. — In  all  expressions  in  multiplication  in  hori- 
zontal form  whether  in  abstract  or  applied  work  the 
second  term  in  a  multiplication  expression  must  be  con- 
sidered the  multiplicand.      Consistency  demands  this. 

In  the  expression  2  4's  as  used  in  Grade  I,  the  very 
form  of  the  expression  indicates  that  it  is  the  4  that  is 
being  ' 'taken"  and  that  it  is  to  be  taken  twice. 

Following  this  2X4  was  read  at  first  2  4's.  This 
interpretation  made  4  the  multiplicand.  This  made 
4  concrete  and  the  multiplicand. 
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This  interpretation,  if  made  then,  must,  for  the  sake 
of  consistent  language,  be  retained. 

2  suits  of  clothes  at  $25  each  should  be  expressed 

2X$25=$50. 

25  hats  at  $3  each  should  be  expressed  25X83  =$75. 

In  all  applied  work  the  teacher  should  insist  upon  the 
concrete  number  in  a  multiplication  expression  being 
made  the  second  term  in  the  multiplication  expression 
in  all  cases. 

This  does  not  mean  that  the  other  form  of  expression 
is  wrong;  but  that, if  the  child  starts  out  in  the  beginning 
of  his  number  work  with  the  second  term  concrete,  it 
should  remain  so  throughout  his  number  training.  We 
must  be  consistent.   (See  p.  389  Note  2.) 

G.  Division 

7.  Character  of  the  Process 
It  is  not  necessary  to  outline  the  short 
process  in  this  subject  because,  after  the  inver- 
sion of  the  divisor,  the  process  is  multiplica- 
tion and  the  forms,  oral  work,  and  questions 
are  those  for  that  operation. 

The  pupil  should  be  told  what  the  short 
method  is.  It  is  not  a  process  that  admits  of 
development.  It  is  best  treated  as  a  mechani- 
cal process  and  given  to  the  child  as  such. 

2.  Definitions 
The  terms  are — 

Division  Divisor 

Dividend  Quotient 
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Division  is  the  process  of  finding  how  many 
times  one  number  is  contained  in  another. 

The  dividend  is  the  number  to  be  divided. 

The  divisor  is  the  number  that  we  divide  by. 

The  quotient  is  the  result  of  the  divison.  It 
shows  the  number  of  times  that  the  dividend 
will  contain  the  divisor. 

j.  Rule 

To  divide  one  fraction  by  another,  invert 
the  divisor  and  multiply  the  numerators  to- 
gether for  the  numerator  of  the  quotient  and 
the  denominators  together  for  the  denom- 
inator of  the  quotient. 
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DENOMINATE  NUMBERS 

i.  Character,  and  Place  in  the 
Curriculum 

This  subject  is  one  in  which  the  pupil's 
work  consists  almost  entirely  in  becoming 
familiar  with  the  various  units  in  our  common 
system  of  weights  and  measures,  in  learning 
practically  what  each  is  used  for,  and  in 
memorizing  the  long  list  of  measuring  units 
and  facts.  The  operations  involved,  excepting 
those  in  surface  and  cubic  measures,  are  very 
simple  because  they  are  applications  of  the 
simple  operations  which  are  developed  with 
the  child's  first  written  applied  number. 

We  except  surface  and  cubic  measures 
because  in  them  there  are  other  and  greater 
problems  than  those  of  reductions  ascending 
and  descending.  In  these  subjects  the  child 
must  learn  to  compute  quantity — quantity  of 
surface  and  quantity  of  volume.  These  com- 
putations may  be  made  objective  by  con- 
structions, hence  the  possibilities  of  develop- 
ment methods  of  instruction  in  them.  Under 
these  conditions  the  two  classes  of  denominate 
number  units  must  be  regarded  as  subjects  to 
be    given    special    attention — made    special 
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subjects  in  the  number  program  of  the  ele- 
mentary school. 

The  child  should  become  acquainted  in  a 
practical  way  with  a  few  carefully  selected 
denominate  number  units  in  his  first  school 
year.  The  inch,  the  foot,  the  yard,  inches  in  a 
foot,  feet  in  a  yard,  the  pint  and  the  quart 
(if  it  is  a  community  which  patronizes  milk 
peddlers) ,  the  peck  (if  the  community  is  one  in 
which  vegetables  are  purchased  in  small 
quantities),  days  in  the  week,  nickles  in  a 
dime,  dimes  in  a  dollar,  etc.  are  among 
the  measuring  units  and  facts  within  the 
power  of  the  primary  pupil  to  understand 
practically.  The  units  that  are  introduced 
in  the  first  school  year  should  be  kept  fresh 
and  should  be  added  to  from  year  to  year 
until  the  whole  subject  of  English  measuring 
units  including  surface  and  cubic  measures 
has  been  completed.  In  this  way  denom- 
inate number  teaching  finds  a  place  in  every 
grade  of  the  elementary  school. 

2.  Denominate  Numbers  Classified  and 
Defined 
A  denominate  number  is  a  concrete  number 
whose  unit  is  quantitatively  definite  and  is 
recognized  by  law  or  custom  as  a  unit  of 
measure. 
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Denominate  numbers  are  of  two  classes — 
simple  denominate  numbers  and  compound 
denominate  numbers. 

A  simple  denominate  number  is  one  in 
which  there  is  but  one  measuring  unit. 

5  feet  has  one  measuring  unit,  foot. 

3  hours  has  one  measuring  unit,  hour. 
The  numbers  are  simple— simple  denomi- 
nate numbers. 

A  compound  denominate  number  is  one  in 
which  there  are  two  or  more  measuring  units. 

4  gal.,  2  qt.  has  two  measuring  units — 
gallon  and  quart.  It  is  a  denominate  number. 
It  is  a  compound  denominate  number. 

3  yr.,  7  mo.,  2  da.  has  three  measuring  units 
— year,  month,  and  day.  It  is  a  denominate 
number.  It  is  a  compounddenominate  number. 

The  teacher  should  require  pupils  to  dis- 
criminate very  carefully  in  the  use  of  the  terms 
denominate,  simple  denominate,  and  com- 
pound denominate  numbers. 

3.  Not   a    Development   Subject 

Denominate  numbers,  if  we  except  surface 
and  cubic  measures,  is  not  a  development 
subject.  In  reductions,  there  is  practically 
one  simple  operation  in  reductions  descending 
and  one  in  reductions  ascending — operations 
which  the  pupil  makes  use  of  in  his  own  very 
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first  written  applied  problem  work.  When, 
for  illustration,  he  writes  out  the  solution  of 
the  problem  of  the  cost  of  5  oranges  at  4  cents 
each,  his  reasoning  and  arrangement  are — 

1  orange  costs  4  cents. 

5  oranges  will  cost  5X4  cents  =20  cents. 

Reduction  operations  involve  the  very 
same  form  of  reasoning,  the  same  number  of 
solution  steps,  and  the  same  arrangement  of 
written  work.  When,  for  illustration,  the 
pupil  reduces  5  gallons  to  pints  his  solution 
takes  the  form — 

1  gallon  has  8  pt. 

5  gallons  will  have  5X8  pt.  =40  pt. 

When  the  pupil  writes  out  analytically  the 
solution  of  the  problem  of  the  number  of 
apples  at  3  cents  each  that  can  be  bought  for 
18  cents,  his  reasoning  and  arrangement  are — 

1  apple  costs  3  cents. 

To  find  the  number  for  18  cents — 

18  cents ^3  cents  =6.".  6  apples. 

(Mentally  he  asks,  "  18  cents  has  how 
many  3  cents?") 

For  comparison  with  this,  when  he  reduces 
64  oz.  to  lb.  he  uses  the  same  line  of  reasoning 
and  the  same  arrangement — 

1  lb.  =16  oz. 

To  find  the  number  of  pounds 

64  oz.  + 16  oz.  =4  .  * .  4  lb. 
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The  two  reduction  problems  used  in  this 
illustration  are  simple  denominate  numbers. 
The  same  principle  applies,  however,  in  reduc- 
tions of  compound  denominate  numbers.  For 
illustration,  let  us  reduce  3  yd.,  2  ft.  to  inches. 
The  form  of  solution  that  the  pupil  will  use 
when  such  a  problem  is  given  him  for  the 
first  time  is — 

1  yd.  =36  in. 

3  yd.  =3  X36  in.    =  108  in. 

1  ft.  =  12  in. 

2  ft.   =2X12  in.    =    24  in. 


132  m. 


He  makes  two  simple  solutions  and  for  his 
final  result,  the  number  of  inches  in  the  two 
quantities,  he  finds  the  sum  of  the  results. 
The  exact  arrangement  of  the  24  in.  under  the 
108  in.  for  convenience  in  adding  must  be 
suggested  to  him,  otherwise  the  above  solu- 
tion will  be  his  own. 

This  shows  that  there  is  nothing  in  written 
denominate  number  reductions  that  requires 
development  because  they  involve  only  the 
simple  processes  and  methods  of  arrange- 
ment that  the  pupil  has  already  learned  in 
construction  work  in  written  applied  number. 
It  shows  also  that  denominate  number  re- 
ductions are  naturally  a  part  of  the  work  in 
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simple  analysis  and  should  form  a  part  of  the 
applied  problem  work  of  the  grade  where 
such  work  is  first  used.  If  made  a  part  of  the 
work  of  the  third  school  year  the  teacher 
would  see  to  it  that  the  work  given  does  not 
involve  difficult  operations. 

4.  Reductions — When  Introduced  and  the 

Forms  of  Statements. 

a.  Oral  Reductions 

Mental  work  in  reductions  should  be  intro- 
duced when  the  pupil  first  begins  to  have 
measuring  units.  When,  for  illustration,  he 
has  been  taught  that  3  ft.  =  1  yard,  he  should 
be  given  mental  solutions  without  analysis — 

How  many  ft.  in  3  yd.?    In  5  yd.? 

How  many  yards  in  9  ft.?  In  12  ft.?  In 
6  ft.? 

How  many  inches  in  1  ft.?    In  2  ft.? 

With  the  introduction  of  2  pts.  =1  qt. 
there  are  the  reductions  of  quarts  to  pints  and 
of  pints  to  quarts.  These  mental  reductions 
should  involve  at  any  given  time  all  of  the 
measuring  units  that  the  pupil  has  been 
taught  unless  the  numbers  are  too  difficult. 
The  aim  in  this  mental  reduction  work 
(which  should  be  given  regularly  and  should 
cover  at  any  given  period  all  of  the  measur- 
ing units  that  the  child  has  learned  at  the  time) 
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should  be  (i)  to  assist  in  fixing  the  units  in 
memory  and  (2)  to  give  reasonable  training  in 
mental  solutions.  This  mental  work  should 
not  be  in  analytical  form.  Analysis  is  orderly 
arrangement  of  all  solution  steps.  It  is  a 
development.  This  development  must  be 
made  through  work  that  appeals  in  part  to 
the  senses.  In  written  analysis  the  child 
sees  each  step  in  written  form.  A  second  and  a 
third  analysis  step,  the  one  and  then  the  other, 
may  be  worked  out  by  the  pupil  independently 
of  the  teacher  when  the  previous  step  or  steps 
are  thus  before  him.  He  is  not  compelled  to 
carry  them  in  memory,  hence  his  effort,  his 
thought,  may  be  concentrated  upon  what  the 
next  step  should  be.  The  power  of  orderly  oral 
analysis  is  the  product  of  training  in  written 
analysis.  Oral  analysis  as  a  preparation  for 
written  analysis  is  bad  pedagogy.  In  this 
work  of  oral  reductions  the  teacher  does  not 
inquire  into  the  child's  mental  processes.  She 
is  interested  entirely  in  the  product  of  his 
processes.  She  may  safely  rely  upon  the 
products  to  indicate  that  the  thinking  is 
good  or  that  it  is  bad. 

The  teacher's  rule  of  action  should  be  to 
carry  the  oral  work  with  each  denominate 
number  reduction  to  the  limit,  and  only 
to  the  limit,  of  the  pupil's   power  to  solve 
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correctly    with    reasonable    rapidity.      This 

power  will  grow  with  well  directed  experience. 

b.  Written  Reductions 

Written  reductions  in  denominate  numbers 
should  always  be  analytical  in  form.  They 
should  have  for  their  aims  experience  (i)  in 
fixing  the  units  in  memory  and  (2)  in  ar- 
rangement of  work  logically  and  the  develop- 
ment of  habits  of  thinking  in  an  orderly  way. 

The  development  of  written  applied  work 
should  begin  in  the  2d  or  3d  school  year — 
not  later  than  the  3d. 

After  this  development  has  reached  a  stage 
where  objective  work  is  no  longer  necessary — 
when  the  child  is  able  to  arrange  an  analysis 
in  orderly  form  with  or  without  the  diagrams 
or  other  objective  forms — the  reductions  of 
simple  denominate  numbers,  involving  only 
the  units  that  have  been  learned  at  the  time, 
may  be  introduced  as  forms  of  written  applied 
problem  work. 

5.    Descending    Reductions — The    Nat- 
ural Form 

a.   The  Step  by  Step  Form 

The  teacher's  attention  should  be  called 
here  to  the  method  of  reducing  compound 
denominate  numbers  by  what  we  may  call 
the  step  by  step  method. 
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Reduce  2  rd.,  4  yd.,  2  ft.  to  in. 
The  following  illustrates  it: 

1  rd.  =$y2  yd. 

2  rd.  =2  X5K  yd- =I1  yd- 
11  yd. +4  yd.  =15  yd. 

1  yd.  =3  ft. 
15  yd.  =15X3  ft.  =45  ft. 
45    ft. +2  ft.  =47  ft. 

1    ft.  =12  in. 
47    ft.  =47  X 12  in.  =564  in. 

This  is  workmanlike  but  entirely  artificial. 
It  is  a  form  of  work  that  a  child  rarely,  if 
ever,  uses  unless  it  has  been  given  to  him  by  a 
teacher  or  other  person.  It  is  not  a  child's 
way  of  procedure.  The  child  should  be 
taught  the  method,  however,  before  he  leaves 
school  and  should  be  required  to  make  reduc- 
tions under  it,  but  not  until  after  he  has  used 
his  own  natural  method  in  many  exercises. 

b.  The  Natural  Form 

What  the  child's  natural  method  is  may  be 
found  by  giving  to  a  class  (after  the  pupils 
have  had  large  experience  in  reductions  of 
simple  denominate  numbers)  an  easy  com- 
pound denominate  number  for  reduction — 
their  very  first  problem  in  such  numbers. 
The  problem  should  be  given  without  warning 
or  suggestion.    For  illustration,  the  problem — 
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Reduce  6  yd.,  2  ft.  to  inches. 

The  solution  will  be  somewhat  as  follows: 

1  yd.  =36  in. 

6  yd.  =6  X36  in.  =216  in. 

1  ft.  =12  in. 

2  ft.   =2  X  12  in.  =   24  in. 


240  in. 


The  pupils  will  find  the  216  in.  and  24  in. 
and  will  add  them  in  their  own  way.  The 
arrangement  of  these  two  results  under  each 
other  far  enough  to  the  right  so  that  no  other 
part  of  the  solution  will  obstruct  is  the  only 
instruction  that  the  teacher  will  find  necessary 
to  give. 

This  is  the  child's  natural  reduction  method. 
All  solutions  will  be  made  in  this  way  unless 
some  one  instructs  him  in  the  step  by  step 
work. 

This  form  of  work  is  spontaneous,  it  is  the 
child's  way  of  thinking,  it  is  clear,  it  is  as 
brief  as  any,  and  it  is  easily  read  and  under- 
stood. 

6.  Reduction  Forms — Two  Simple 
Operations 

Aside  from  those  in  surface  and  cubic 
measures,    the   computations   in   denominate 
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numbers  involve  but  two  forms  of  operations 
— reductions  to  lower  and  reductions  to 
higher  units. 

a.  Reductions  Ascending 

A  reduction  ascending  problem  is  neces- 
sarily a  simple  denominate  number.  After 
the  reduction  we  may  have  a  compound 
denominate  number  result.  The  following 
illustrates  the  form  of  solution  that  the  pupil 
naturally  uses — the  form  that  his  work  will 
take  if  he  is  not  instructed  in  the  subject : 

Reduce  36  pt.  to  gal. 

1  gal.  =8  pt. 
36  pt.  4-8  pt.  =4I/4.\  $j4  gal. 
tf/2  gal.  =4  gal.,  2  qt. 

He  will  change  the  pints  to  the  denomina- 
tion required.  If  he  is  simply  forbidden  to 
have  a  fraction  in  his  result  unless  it  can  not 
be  avoided,  he  will  reduce  any  fraction  that 
there  may  be  in  the  quotient  to  lower  inte- 
gral units. 

This  method  is  his  own.  It  is  workmanlike. 
It  is  as  brief  as  any  other  form  of  work.  It 
should  be  accepted  and  encouraged. 

The  step  by  step  form  of  ascending  reduc- 
tion may  or  may  not  be  taught  as  the  teacher 
may  decide,  but  it  should  not  be  given  until 
32 
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the  pupil  has  had  very  much  experience  in 
reductions  by  his  own  method. 

b.  Reductions  Descending 

(i).  With  Simple  Numbers. 

The  following  solutions  illustrate  the  state- 
ments in  the  analysis  in  a  simple  denominate 
number  reduction: 

(i).  Reduce  4  3rd.  to  inches. 
1  yd.  =36  in. 
4  yd.  =4  X36  in.  =  144  in. 
(ii).  Reduce  6  gal.  to  pt. 
1  gal.  =8  pt. 
6  gal.  =6X8  pt.  =48  pt. 
Each  has  a   single   analysis,   this  analysis 
consisting  of  two  related  statements. 

(2).  With  Compound  Numbers. 

The  following  solutions  are  representative 
of  the  two  or  three  or  more  single  analyses, 
each  exactly  like  that  in  (i)  or  (ii),  that  make 
up  a  compound  denominate  number  reduction 
in  "natural  form"  solutions: 
(iii)  Reduce  5  rd.,  4  yd.  to  ft. 

I  rd.  =i6><  ft. 

5rd.  =5X16^  ft.  =82^  ft. 

1  yd.  =3  ft. 

4  yd.  =4X3  ft.       =12      ft. 


94^  ft.  =94  ft.,  6  in. 
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(iv)  Reduce  5  mi.,  7  rd.,  jl  yd.  to  ft. 
1  mi.  =5280  ft. 

5  mi.  =5  X5280  ft.  =26400  ft. 
1  rd.  =i6>^  ft. 

7  rd.  =7x16^  ft.  =      115K  ft. 
1  yd.  =3  ft. 
4  yd.  =4X3  ft.        =        12  ft. 


26527^  ft.  =26527  ft., 
6  in. 

(3).  How  They  Differ. 

The  difference  between  these  operations  is 
that  that  with  a  simple  number  has  a  single  an- 
alysis, while  that  with  a  compound  number  has 
as  many  of  these  single  analyses  in  the  solu- 
tion as  there  are  different  measuring  units  in 
the  number  to  be  reduced.  In  (i)  the  number 
is  simple  (one  measuring  unit,  yard)  and  there 
is  one  analysis  in  the  solution.  The  same  is 
true  of  (ii).  In  (iii),  there  are  two  measuring 
units,  rods  and  yards.  In  the  solution  there 
are  two  analyses, — one  giving  82^  ft.,  the 
other  12  ft.  The  sum  of  these  two  single 
analyses  is  the  result  sought.  In  (iv),  there 
are  in  the  same  way  three  measuring  units 
and  as  a  result  three  analyses  in  the  solution. 
The  sum  of  the  results  of  these  three  analyses 
is  the  result  desired. 

The  operations  differ  only  in  respect  to  the 
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number  of  these  simple  analyses.  The  reduc- 
tion of  the  simple  number  has  one,  that  of  the 
compound  number  has  two  or  more. 

The  reductions,  therefore,  show  one  simple 
analysis  form  for  all  descending  reductions 
and  one  simple  analysis  form  for  ascending 
reductions.  In  either  case,  if  the  solutions  do 
not  involve  numbers  that  are  too  difficult, 
reductions  may  be  a  part  of  the  applied 
problem  work  in  any  grade  where  applied 
work  is  given. 

7.    Suggestions    on    Special    Measures 
a.  Long  Measure 

It  should  be  perfectly  obvious  that  until 
the  fraction  half  has  been  taken  up  in  the 
fraction  development  work  the  units  in  linear 
measure  must  be  limited  to  inches  in  a  foot, 
feet  in  a  yard,  feet  in  a  fathom  (6),  and  feet 
in  a  pace. 

The  time,  therefore,  from  the  introduction 
of  the  first  linear  units  (the  first  or  second 
school  year)  to  the  completion  of  the  table 
with  yards  and  feet  in  a  rod  and  rods  in  a  mile 
would  be  three  or  four  years.  The  fathom  and 
the  pace  should  have  attention  in  the  early 
grades.  They  are  important  because  they  are 
simple,  e  very-day,  measuring  terms  and 
should  be  considered  items  of  necessary  com- 
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mon  information.  Pupils  should  have  practi- 
cal experience  in  pacing  off  distances.  They 
should  have  practice  in  pacing  until  they  are 
able  to  take  steps  that  are  approximate  yards. 

After  square  inch,  square  foot,  and  square 
yard  have  been  developed  and  brought  into 
use  in  surface  measure  work  there  should  be 
repeated  tests  of  the  pupil's  linear  measure 
and  square  measure  imagery.  These  tests,  in 
order  that  they  may  prove  something  as  to 
whether  the  child  discriminates  clearly  between 
a  linear  unit  and  the  surface  unit  of  the  same 
name,  must  be  made  with  questions  which  af- 
ford no  suggestion  of  the  answer.  ' '  Show  me 
five  different  ways  in  which  I  can  use  linear 
measure  on  the  board  which  forms  the  top  of 
your  desk."  The  child's  answers  should  be 
explicit  showing  the  definite  points  in  each  case 
from  which  and  to  which  I  may  measure. 

There  is  with  all  of  the  various  measuring 
units  the  question,  "What  is  this  unit  (or 
table)  for?"  The  answer  is,  of  course,  some- 
thing after  this  form — 

"This  unit  (or  table)  is  used  for  weighing 
common  articles";  or,  "This  unit  is  used  to 
measure  liquids";  or,  "This  unit  is  used  to 
measure  the  distance  from  one  point  to 
another";  etc.  With  linear  measure,  besides 
the  usual  form  of  statement — "To  measure 
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the  distance,  etc.,"  there  should  be  the  form, 
"To  find  how  far  it  is  from,  etc."  The  most 
expressive  language  in  which  the  pupil  can 
answer  a  specific  question  as  to  where  he 
would  use  linear  measure  would  be  in  the 
form,  "To  find  how  far  it  is  from  here"  (a 
definite  point)  "to  here"  (another  definite 
point) .  This  definite  pointing  out  of  the  point 
from  which  and  the  point  to  which  the  pupil 
thinks  he  would  measure  is  essential  to  proof 
that  the  child  is  thinking  length. 

Careless  use  of  the  signs  '  and  "  for  feet  and 
inches  must  not  be  permitted.  They  are 
proper  symbols  in  linear  measure  but  not  for 
surface  units  of  those  names.  20'  means  20 
linear  feet.  It  is  not  an  expression  for  surface 
or  cubic  feet.  The  symbols  cannot  be  used 
with  those  units. 

b.  Time  Measure 

(1).  A  Memory  Help. 

Some  of  the  facts  under  time  measure  are 
among  the  earliest  that  are  introduced  into 
the  school  work.  The  pupil  in  the  first  grade 
learns  the  number  of  days  in  the  week  and 
their  names.  The  number  of  hours  in  the 
day,  the  number  of  months  in  the  year,  and 
the  names  of  the  months  are  facts  that  belong 
to  a  very  early  school  period. 
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The  number  of  days  in  the  several  months 
are  not  easy  to  memorize  without  some  form 
of  memory  help.     The  old  rhyme — 

"Thirty  days  hath  September, 

April,  June,  and  November. 

All  the  rest  have  thirty-one 

Excepting  February,  which  alone 

Hath  twenty-eight;  but  one  day  more 

We  add  to  it  one  year  in  four," 
has  served  a  very  useful  purpose  with  all  of  us 
and  the  teacher  should  not  fail  to  give  it  to 
the  pupils  in  this  or  in  some  other  form  at  the 
proper  time — when  the  number  of  days  in 
the  months  is  being  memorized.  The  rhyme 
has  other  forms.  There  is  no  particular 
reason  why  one  is  better  than  another.  The 
main  point  is  that  the  (or  a  )  rhyme  is  useful 
and  the  child  should  have  it. 

Questions  on  the  number  of  days  in  the 
months  should  be  in  frequent  use  to  compel 
the  pupil  to  resort  to  the  rhyme  for  the 
information  that  it  contains. 

(2).  Computations  in  Time. 

Exercises  should  be  given  as  early  as  the 
4th  or  5th  school  year  in  computing  time 
between  dates.  There  are  two  methods  of 
computing  time.    These  may  be  spoken  of  as — 

The  time  in  exact  days. 

The  time  in  calendar  months. 
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By  the  latter  is  meant  the  method  under 
which  all  months  are  supposed  to  be  of  the 
same  length.  The  time,  for  illustration, 
from  June  10  to  July  10  is  I  month,  the  time 
from  Jan.  25th  to  Feb.  25th  is  one  month, 
and  the  time  from  Feb.  20th  to  March  20th 
is  one  month.  In  effect  it  assumes  that  there 
are  12  months  in  the  year,  that  one  month  is 
just  as  long  as  any  other  month  and  that 
each  month  has  30  days. 

(a).  Computations  by  Calendar  Months. 

These  are  simply  exercises  in  subtraction 
of  compound  denominate  numbers.  For  illus- 
tration— 

Find  the  time  from  April  20,  191 6,  to 
August  15,  191 8. 

1918  yr.,  8  mo.,  15  da. 
1916  yr.,  4  mo.,  20  da. 

2  yr.,  3  mo.,  25  da. 

This  is  frequently  spoken  of  as  the  method 
of  "subtracting  dates." 

(b).  Computations  in  Exact  Days. 

This  must  be  separated  into  three  or  four 
operations  if  we  would  train  the  pupil  to 
meet  the  problems  in  whatever  form  they 
come  to  him — 

1  st.  Computing  the  time  from  one  date  to  a 
later  date. 


APPENDIX  xix 

Find  the  time  from  Jan.  5th  to  Oct.  25th, 
1920. 

2d.  Computing  a  date  that  is  a  given  number 
of  days  later  than  a  given  date. 

What  date  is  70  days  later  than  June  4th? 
3d.  Computing  the  length  of  time  between 
a  given  date  and  an  earlier  date. 

How  long  a  time  between  July  4th  and  the 
previous  March  29th? 

4th.  Computing  a  date  that  will  fall  a 
given  number  of  days  earlier  than  another 
given  date. 

What  date  is  80  da.  earlier  than  Oct. 
25th? 

The  computations  under  the  first  case 
should  be  carefully  taught  as  follows: 

Find  the  time  from  Jan.  20,  191 6,  to  May 
20,  1916. 

Days  left  in  Jan n  days 

Days  in  Feb 29  days 

Days  in  March 31  days 

Days  in  April 30  days 

Days  in  May 20  days 

121  days. 
The  teacher  will  note  that  the  first  step  in 
the  computation  is  the  number  of  days  left  in 
the  first  month  of  the  period.     This  simplifies 
the  computation  for  the  other  months. 
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The  computation  under  the  second  case  is 
made  in  a  similar  way — 

What  date  falls  69  days  later  than  August 
17th? 

Days  left  in  August — 14.  .  .55  days  left. 

Days  in  Sept 30. . . 25  days  left. 

Days  in  Oct 25  .  * .  Oct.  25th. 

The  computations  in  the  third  case  are 
practically  the  same  as  those  in  the  first  case. 
The  pupil  would  actually  compute  from  the 
earlier  to  the  later  date. 

The  computations  in  the  fourth  case  should 
be  made  on  the  same  plan  as  those  in  the 
first  case — 

Find  a  date  75  d.  earlier  than  April  3,  1920. 

Days  through  April 3 .  .  .  J 2  days  left. 

Days  through  March. . .  .31 .  .  .41  days  left. 

Days  through  Feb 29. .  .  12  days  left. 

Days  back  into  Jan. ,12.  .3id.-i2d.  =  19  d. 
.'.  Jan.  19th. 

The  proof  of  a  computation  of  this  kind  is 
to  count  forward.  In  this  case  the  pupil 
would  count  75  d.  forward  from  Jan.  19th. 

Find  a  date  80  d.  earlier  than  July  19th. 

Days  through  July. . .  19 61  days  left. 

Days  through  June.  .30.  . .  .31  days  left. 

Days  through  May.  .  31 . . .  .   o  days  left. 
. ' .  April  30th. 

This  work  of  computing  time  is  proper  for 
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any  grade  in  which  interest  is  taught.  The 
"calendar  month"  method  and  the  first  case 
in  "exact  days"  are  very  simple  and  are 
proper  for  the  grade  preceding  that  in  which 
interest  for  years  is  usually  introduced. 

c.  Surface  Measure 

This  and  cubic  measure  are  development 
subjects.  They  offer  development  possibili- 
ties in  two  respects — 

1.  In  the  relations  of  the  units  in  each. 
There  are,  for  illustration,  reasons  for  144  sq. 
in.  in  1  sq.  ft.,  30^  sq.  yd.  in  1  sq.  rd.,  27  cu. 
ft.  in  1  cu.  yd.,  etc.  These  facts  may  be  dis- 
covered by  constructions. 

2.  In  the  computations. 

These  two  tables  are,  among  our  English 
weights  and  measures,  in  a  class  by  themselves 
in  respect  to  computation,  in  that,  besides 
instruction  in  the  ordinary  reductions  ascend- 
ing and  descending,  there  are  other  special 
instruction  problems — problems  in  computing 
quantity  of  surface  and  cubical  quantity. 

Surface  measure  is  one  of  the  difficult  sub- 
jects in  number  teaching — not  difficult  in  the 
computation  work  if  the  three  distinct  devel- 
opment stages  are  recognized  and  each  is 
given  its  proper  place  in  the  course  of  study, 
but  difficult  in  the  matter  of  developing  clear 
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imagery.  To  train  the  child  to  discriminate 
positively  between  the  surface  of  the  object 
and  the  object  itself  is  a  task  that  puts  any 
teacher's  skill  to  severe  test.  There  is  no 
intelligent  work  in  surface  measure  until  the 
individual  thinks  surface  when  he  talks  about 
surface  measure. 

There  are  in  surface  measure  development 
three  stages  of  work,  the  second  of  which 
requires  in  the  pupil  a  higher  degree  of  matu- 
rity than  the  first,  the  third  requiring  a 
maturity  of  a  still  higher  degree  than  the 
second — 

1.  The  measurement  of  plane  surfaces  that 
have  straight  sides  and  square  corners,  the 
number  of  corners  not  being  confined  to  four. 
This  work  belongs  to  the  4th  and  5th  school 
years. 

2.  The  measurement  of  right  triangles, 
rhomboidal  forms,  and  oblique  triangles  in 
order.  This  work  should  be  taken  up  one  or 
two  years  later. 

3.  The  measurement  of  the  circle  and  the 
surfaces  of  cylinders,  cones,  pyramids,  etc. 
This  is  grammar  school  work. 

The  units  in  the  surface  measure  or  the 
cubic  measure  table  should  not  be  given  to 
the  child  until  they  are  given  in  connection 
with  the  formal  development  of  the  subject. 
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d.   Troy  Weight 

This  is  a  grammar  school  subject  on  account 
of  the  fact  that  its  principal  interest  to  the 
ordinary  individual  is  historical.  It  belongs 
to  that  part  of  the  school  course  in  which  is 
taken  up  the  history  of  our  country  from 
1876  to  1896.  No  person  can  study  intelli- 
gently the  political  history  of  this  period 
without  a  knowledge  of  our  gold  and  silver 
coinage  system.  That  was  a  period  of  polit- 
ical struggles  over  the  question  of  the  basis  of 
our  currency,  whether  our  money  should  be 
based  upon  a  gold  dollar  of  25.8  grains,  9/10 
pure  gold,  or  upon  a  double  standard — gold 
dollars  of  this  weight  and  silver  dollars  weigh- 
ing 412  ]/2  grains,  the  metal  in  the  latter 
being  9/10  pure  silver.  The  ratio  of  the 
weight  of  the  silver  to  the  gold  dollar  was 
expressed  approximately  in  political  phrase  as 
"  16  to  I."  This  expression  would  be  empty, 
seriously  indefinite,  without  a  knowledge  of 
the  weights  of  the  coins. 

Again,  not  in  connection  with  history,  the 
terms  "standard  gold"  and  "standard  silver" 
are  in  comparatively  common  commercial  use. 
"Standard  gold"  refers  to  the  United  States 
standard  for  gold  coins.  It  means  that  the 
article  is  made  of  gold  of  the  United  States 
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gold  coinage  standard,  9/10  pure  with  1/10 
alloy  (copper  and  silver).  "Standard  silver" 
has  reference  in  the  same  way  to  the  United 
States  silver  coinage  standard,  9/10  pure 
silver  with  1/10  alloy  (copper).  It  means 
that  the  article  is  made  of  silver  thus  com- 
posed. The  child  should  know  these  facts. 
They  are  matters  of  general  information 
with  which  he  should  be  familiar.  The  pupil 
should  know  that  the  alloy  in  our  gold  and 
silver  coins  is  to  give  them  hardness,  that  the 
pure  metals  are  too  soft  to  be  made  into 
money  because  the  coins  would  wear  down 
very  rapidly  in  handling. 

In  connection  with  this  instruction  on  the 
coins,  the  pupil  should  learn  the  Troy  table. 
He  should  have  experience  with  grain  weights 
until  he  becomes  able  to  estimate  in  such 
weights.  He  should  be  taught  that  7000 
grains  is  the  equivalent  of  an  avoirdupois 
pound.  He  should  learn,  by  computing  the 
number  of  grains  in  a  Troy  ounce  (480)  and 
the  number  in  an  avoirdupois  ounce  (1/16 
of  7000),  that  the  two  "ounces"  represent 
totally  different  weights.  In  the  same  way 
he  should  compare  the  Troy  and  the  avoir- 
dupois pounds — 5760  gr.  and  7000  gr.  That 
a  pound  of  iron  or  potatoes  or  butter  and 
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a  pound  of  gold  or  silver  are  not  equal 
weights  is  information  that  young  people 
should  have.* 

*  Coinage  Facts — That  the  Teacher  May  or  May  not 
Have  Occasion  to  Use. 
(i).  On  the  Gold  Dollar. 

The  gold  dollar  is  not  coined. 

The  dollar,  if  coined,  would  weigh  25.8  gr. 

The  5-dollar  gold  piece  weighs  5X25.8  gr.,  the 

other  gold  coins  in  proportion. 
The  pure  gold  in  a  dollar  would  weigh  9/10  of 

25.8  gr.  =  23.22  gr. 
The  gold  coins  have  9  parts  (by  weight)  pure  gold 

to  1  part  alloy. 
The    alloy   is    copper    and   silver — 19/20    pure 
copper,  1/20  silver. 
(2).  On  the  Silver  Dollar. 

The  silver  dollar  weighs  412.5  gr. 

The  silver  coins  have  9  parts  pure  silver  to  1  part 

pure  copper. 
The  pure  silver  in  a  silver  dollar  is  9/10  of  412  Y> 
gr.  =371.25  gr. 
(3).  On  Silver  Halves,  Quarters,  and  Dimes. 
These  are  made  of  standard  silver. 
Each   is   slightly   under- weight,    the    50-cent 
piece,  for  illustration,  weighing  a  little  less 
than  ^  of  412^  gr.   This  makes  the  expor- 
tation of    the   half-dollars,    quarters,   and 
dimes  unprofitable. 
(4).  Onthe"Nickle." 

This  coin  is  made  of  %  nickle  and  Y\  copper. 
(5).  On  the  Cent. 

This  is  bronze — 19/20  copper,   1/20  tin  and 
zinc. 
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e.  Apothecaries  Weight 

(i).  Comparative  Values. 

The  work  upon  this  table  should  follow- 
that  upon  Troy  weight.  The  apothecary- 
units  that  are  in  common  use  are  the  grain, 
the  ounce,  and  the  pound.  The  pupil  learns 
that  the  grain  is  the  same  unit  (represents 
the  same  weight)  as  the  grains  in  avoirdupois 
weight  (7000  gr.  =1  lb.)  and  in  Troy  weight. 
By  reducing  a  Troy  ounce  and  an  apothecary 
ounce  to  grains  he  finds  that  each  has  480 
grains,  showing  that  the  two  ounces  represent 
equal  weights. 

In  a  similar  way  the  fact  is  demonstrated 
that  the  Troy  pound  and  the  apothecary 
pound  represent  equal  weights,  5760  grains. 
The  avoirdupois  pound  has  7000  grains — a 
much  heavier  weight  than  the  Troy  or  apoth- 
ecary pound.  By  finding  the  weight  of  the 
avoirdupois  ounce  (1/16  of  7000),  proof  is 
made  that  this  ounce  represents  a  weight  that 
is  less  than  the  other  ounces. 

The  aim  in  work  on  this  table  is  almost 
purely  informational.  The  pupil  should  learn 
that  the  scales  upon  which  the  units  in  this 
table  are  used  are  drug-store  scales  for  weigh- 
ing medicines. 

(2).  The  Apothecary  Symbols. 

Sometimes  teachers  who  find   it  desirable 
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to  teach  the  apothecary  symbols  have  diffi- 
culty in  doing  so.  These  signs,  however,  are 
simple  if  the  teacher  will  analyze  them. 

The  scruple  consists  of  one  curve  with  a 
horizontal  mark  across  the  center  (9). 

The  dram  consists  of  what  may  be  consid- 
ered two  curves  (3). 

The  ounce  consists  of  three  curves  (5). 

If  the  individual  will  note  that  the  scruple, 
dram,  and  ounce  are  represented  by  one 
curve,  two  curves,  and  three  curves  respect- 
ively, he  will  have  the  solution  of  the  difficulty. 

(3).  The  Grain. 

There  should  be  in  every  school  a  pair  of 
small  balances  with  a  set  of  apothecary 
weights  to  give  the  pupil  the  opportunity  to 
learn  the  grain.  There  are  small  balances  in 
the  market — balances  with  beam  6  inches  to 
8  inches  in  length  with  brass  pans  2  inches  to 
3  inches  in  diameter.  Before  the  war,  the 
cost  including  the  weights  was  $1.25  to  $1.50. 
Such  balances  may  be  obtained  through  al- 
most any  chemical  supply  house.  They  answer 
every  purpose  for  the  development  of  "grain" 
imagery — power  to  estimate  in  grains. 

Additional    grain    weights    (additional    to 

those  which  come  in  a  set  of  weights)  may  be 

secured  by  finding  common  pins  that  weigh 

even  grains — one  grain  or  two  grains.     Good 

33 
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quality  pins  of  one  kind  are  almost  exactly- 
equal  to  each  other  in  weight.  If  the  teacher 
succeeds  in  finding  a  paper  of  grain  or  2-grain 
pins  of  such  quality,  she  has  in  these  pins  as 
many  additional  grain  weights  for  use  on  the 
balances  as  she  chooses  to  purchase. 

(4).  Bottle  Measurements. 

In  connection  with  the  work  upon  the 
apothecary  table  the  pupil  should  learn  bottle 
measurement  language. 

"A  pint  is  a  pound 
The  world  around." 

is  the  common  form  in  which  the  basis  of  this 
language  is  expressed. 

The  pupil  should  be  taught  that  when  the 
druggist  speaks  of  an  8-ounce  bottle  he  means 
a  half-pint  bottle,  that  his  4-ounce  bottle 
holds  J4  oi  a  pint,  that  his  12 -ounce  bottle 
holds  ^4  of  a  pint.  This  pint -pound  language 
is  so  common  that  the  child  should  learn  it. 
The  teacher  will  bear  in  mind  that  the  pound 
referred  to  is  the  avoirdupois  pound.  The 
basis  of  the  language  is  the  fact  that  a  pint 
of  distilled  water  at  39.2  Fahrenheit  weighs 
approximately  16  ounces  avoirdupois. 

/.   Circular  Measure 
The  first  use  that  the  pupil  has  for  this  form 
of  measurement  is  in  the  grammar  school  in 
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mathematical  geography.  The  table  must  be 
taken  up  in  connection  with  that  work. 

The  use  of  circular  measure  units  in  expres- 
sing the  measure  of  angles — angles  of  900,  of 
450,  of  1800,  etc. — should  follow  its  use  in 
expressing  lengths  of  arcs.  When  the  child  is 
able  to  use  the  language  intelligently  as 
applied  to  arcs,  he  is  ready  to  understand 
what  is  meant  by  angles  of  900,  450,  etc. 
The  "  arc  "  language  must  first  be  fully  learned, 
afterwards  the  child  will  be  able  to  understand 
"angle"  language. 

The  introduction  of  the  term  degree  should 
be  with  a  circle  drawn  on  the  blackboard. 
An  arc  of  900  is  marked  off  on  this  circle. 
"We  call  the  distance  from  this  point  to  this 
point  90  degrees."  "What  would  this  dis- 
tance," extending  the  arc  another  900,  "be 
called?"  The  inference  is  immediate  that  the 
distance  from  the  beginning  of  the  first  arc 
to  the  end  of  the  second  would  be  1800.  The 
arc  is  now  extended  another  900.  The  child  is 
asked  for  the  total  length  of  the  three  arcs. 
This  he  will  give  as  2700.  The  total  distance 
around  the  circle  is  now  asked  for.  This 
brings  out  that  the  total  distance  is  3600.  The 
same  work  is  repeated  with  a  much  larger 
circle.    This  will  bring  out  that  on  this  circle, 
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too,  the  corresponding  distances  are  900, 
1800,  2700,  and  3600. 

The  process  is  repeated  with  a  very  small 
circle,  then  with  a  very  large  circle,  then  with 
a  dozen  circles  of  different  diameters  drawn 
on  a  common  center.  This  gives  a  foundation 
for  developing  that — 

900  means  }i  of  the  distance  around  a  circle. 

2700  means  ^  of  the  distance  around  a  circle. 

The  whole  distance  around  a  circle  is  3600. 

i°  is  1/360  of  the  distance  around  a  circle. 

In  connection  with  this  other  arcs  must  be 
brought  in — 450,  22^°,  io°,  300,  etc. 

The  language  is  now  applied  to  circles  on 
the  globe  in  connection  with  mathematical 
geography — to  distances  from  one  meridian 
to  another,  this  distance  being  traced  at  one 
time  along  the  equator,  at  another  time  along 
one  of  the  tropics,  at  other  times  along  others 
of  the  "parallels."  It  should  be  applied  to 
lengths  of  meridians,  to  distances  from  equator 
to  "parallels,"  to  distances  from  one  parallel  to 
another,  to  distances  from  equator  to  poles. 

The  subdivisions  of  the  degree  (minutes  and 
seconds)  should  be  introduced  later.  The 
teacher  must  see  that  the  signs  '  and  "  are  used 
and  that  the  pupil  understands  that  "min." 
and  "sec."  are  time  and  not  circle  expressions. 
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g.  Metric  Units. 

The  war  has  brought  into  almost  common 
use  in  connection  with  the  news  from  the 
fighting  forces  in  Europe  the  terms  meter  and 
kilometer.  In  view  of  this  the  schools  should 
supply  the  information  that  every  pupil 
ought  to  have  with  regard  to  these  units. 
He  should  become  acquainted  practically 
with  the  linear  units  millimeter,  centimeter, 
meter,  dekameter,  and  kilometer.  He  should 
know  the  comparative  length  of  the  meter 
(39.37  inches)  and  should  have  much  practice 
in  rapidly  computing  from  the  39.37  inches 
the  comparative  lengths  in  inches  of  the  deci- 
meter, centimeter,  and  millimeter.  He  should 
compute  and  memorize  the  kilometer  in  yards 
and  in  the  approximate  fraction  of  a  mile. 

The  metric  table  of  weights  should  be 
learned  and  the  comparative  weights  of  the 
gram  and  kilogram  in  our  grains  and 
pounds  should  be  memorized.  These  terms 
are  so  commonly  used  that  the  pupil  should 
know  the  approximate  values  represented. 

8.  Questions   for   Frequent   Use 

Questions  like  the  following  should  be  used 
frequently  covering  all  sorts  of  units  in  the 
activities  with  which  the  pupil  comes  in  con- 
tact in  his  daily  work.     These  questions  are 
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only  suggestive.  Local  conditions  and  busi- 
ness activities  determine  what  the  questions 
should  cover.  A  farming  community  would 
have  units  of  measurement  and  things  to  be 
bought  and  sold  that  the  child  in  a  city  knows 
little  about.  The  reverse  is  true  to  some  extent. 

What  is  the  unit  in  buying  eggs?  (Dozen). 

What  is  the  unit  in  buying  apples?  (Barrel, 
bushel) . 

What  is  the  unit  in  buying  butter? 

What  is  the  unit  in  measuring  gold  ?  (Grain, 
Troy  ounce,  Troy  pound). 

What  is  the  unit  in  time  measure? 

What  is  the  unit  in  U.  S.  money?     (Dollar). 

Whatsis  the  unit  in  buying  ribbon?  (Lin- 
ear yard). 

What  is  the  unit  in  buying  cloth? 

What  is  the  unit  in  buying  milk? 

What  is  the  unit  in  buying  shoes?.     (Pair). 

What  is  the  unit  in  buying  hats?    (The  hat) . 

What  is  the  unit  in  buying  men's  clothes? 
(Suit). 

What  is  the  unit  in  buying  thread  ?    (Spool) . 

What  is  the  unit  in  buying  buttons?  (Dozen). 

What  is  the  unit  in  buying  paper?  (Quire, 
ream). 

What  is  the  unit  in  buying  paint?    (Gallon). 

How  do  we  buy  wall  paper?  (By  the  roll). 

How  do  we  buy  peanuts?  (By  the  pint.). 
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How  do  we  buy  pencils?  (By  the  pencil  or 
dozen  or  gross). 

How  do  we  buy  pens?  (By  the  pen  or 
dozen  or  gross). 

How  do  we  buy  oranges?    (By  the  dozen). 

How  do  we  buy  candy?     (By  the  pound). 

How  do  we  buy  potatoes?  (By  the  bushel 
or  peck) . 

How  do  we  buy  coal?    (By  the  ton). 

There  are  weights  and  measures  of  common 
articles  that  the  pupils  should  know.  Among 
these  are — 

Pounds  in  a  barrel  of  flour. 

Pounds  in  a  sack  of  flour.    {%  bbl.  sack). 

Pounds  in  a  bushel  of  potatoes. 

Pounds  in  a  peck  of  potatoes. 

Pounds  in  a  long  ton,  etc. 

9.    Estimating. 

In  all  objective  denominate  number  sub- 
jects, there  should  be  regular  training  in  mak- 
ing estimates  of  quantitative  values —  esti- 
mates of  small  distances  in  inches  or  feet  or 
yards;  estimates  of  the  capacities  of  small 
vessels  such  as  fruit  jars,  other  common  cans, 
plant  pots,  etc.;  estimates  of  weights,  etc. 
This  can  will  hold  a  pint,  this  plant-pot  will 
hold  about  2  quarts,  this  dish  will  hold  about 
\]/2  quarts,  this  is  about  two  yards,  this  is 
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about  a  rod,  this  stick  is  about  8  inches  long. 
It  is  not  necessary  that  the  child  should  have 
to  estimate  measurements  exactly.  The  con- 
centration of  attention  that  such  work  requires 
helps  very  greatly  in  the  development  of 
imagery.    This  is  its  aim. 

The  fact  must  not  be  lost  sight  of  that 
work  in  estimating  must  not  stop  with  the 
estimate.  When  the  pupil  makes  a  guess  as  to 
a  quantity,  that  guess  must  be  followed  by  an 
actual  measurement  or  computation.  The 
estimate  must  in  every  case  be  verified,  other- 
wise much  of  the  value  that  the  work  should 
have  will  not  be  realized. 
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partition    analysis    in,    434, 

436,  437,  438-441 

quarter's  worth  and   dime's 
worth,  444,  445 

small     trade — approxima- 
tions, 441,  442 

the  equation,  435,  436 
Apothecaries     weight,      xxvi- 
xxiii 

use,  xxvi 

symbols  in,  xxvi,  xxvii 

the  grain,  xxvii 

bottle  measure,  xxviii 
Approximation,  441-445 

Borrowing,  299-302 
Bottle  measure,  xxviii 

Cancellation, 

defined,  473,  478 

definitions,  473,  478 

developed,  464-473 

double,  467-473 

oral  work  in,  468,  471 

single,  466,  467 

terms  in,  473 
Circular  measure,  xxviii-xxx 

arc  measure,  xxix,  xxx 

angle  measure,  xxix 
Classification, 

of  development  subjects,  14, 

15 
of  numbers,  118,  180 
of  units,  63 
Complex,  409,  459 


XXXVI 


INDEX 


Concentration  of  thought,  33 
Consistency, 

in    analytical    arrangement, 

48.  49 
Corollary  elements,  19-21,  28- 

.30 

Cubic  measure,  iii,  xxi,  xxii 

Definitions, 

in  addition,  459 
in  cancellation,  473 
in  division,  486 
in  multiplication,  484 
in  partition,  480,  481 
in  reductions,  473,  478 
reviews  of,  143 
value  of,  30-33 
Denominate  numbers, 

place  in  the  course  of  study,  i 
classified,  ii,  iii 
simple,  iii 
compound,  iii 
not  a  development  subject, 
iii-v 
exceptions,  iii,  xxi,  xxii 
Denominator, 

development  order, 
common,  233,  234 

terms,  235-237, 249, 250 
common      denominator, 
238-245,  248-251 
high,  higher,  highest,  245 
low,  lower,  lowest,  245 
2d,  3d,  4th,  etc.,  251,  271 
the  term,  197 
Development, 
meaning  of,  9,  10 
orderly  habits  from,  8,  17- 

19,  21,  22 
principles  in,  10 
processes,  n,  12 
proper    foundations    neces- 
sary, 12-14 
subjects,  14-16 
Dime's  worth,  444,  445 
Division, 

development  of,  406-420 
emphasis  points,  445,  446 
operations  in, 
fractions,  420 


Division, 

mixed  numbers,  406-421, 

485 
oral  work  in, 

fractions,  164,  165 
mixed  numbers,  419 
rules  in,  486 
short  processes  in,  485 
terms  in,  163-171,  485,  486 
Divisor  (see  Division  Terms) 
common,  466,  467,  473 
highest  common,  469,  470, 
472 
defined,  473 
Elements  in  teaching  practice, 
classes  of,  19-24 

corollary,  19-21,  28-30 
fact,  19 
effects    on    organization    of 

work,  22-24 
training  products,  21-22 

Emphasis  points, 

addition,  425-428 

division,  445,  446 

multiplication,  429,  430 

partition,  431-445 

significance  of  the  fraction, 
446-450 

subtraction,  428 
Equality, 

of  fraction  objects,  70,  71, 
89-94 

of  series  terms,  210 

sign  of,  151-155 

significance  of,  151 
Equation,  the,  435,  436 
Equivalent, 

higher,  317 

lower,  317 

lowest,  317 

series  of,  203-210,  215-218 

the  term,  198-201, 
Estimating,  xxxii 
Even  number,  196 
Exchange  for  reduce,  308, 

Fact  elements,  19 
Fraction, 

analysis  of,  4 46-450 


INDEX 
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Fraction, 

common,  460 
complex,  409-420 

definition,  459 

objective,  413,  414 

reduction  of,  449,  450, 

rule  for  use  of,  415 

written,  413,  414 
definition  of,   124-128,  143, 
458 

abstract  fraction,  142,  143 

concrete  fraction,  141,  142 

decimal,  460 
development  of,  65,  66,  89- 

102 
emphasis     points     in     (see 

Emphasis  Points) 
improper,  321,  458,  459 
meaning  of,  63-66 
objective     fraction      proof, 

120-124 
principles  in,  482 
proper,  321,  458 
reduction  of, 

oral  work  in,  320 

order  in,  315,  316 

rule,  460 

to  lower  terms,  321-323 

to  whole  or  mixed  num- 
ber, 308-32 r 
rules  in  (see  Rules) 
significance  of, 

a  division  operation,  446- 

449 

a  partition  operation,  446- 

449 
simple, 

defined,  409,  412 
terms  of, 

addition,   236,   264,   457- 

459 
division,      163-171,      485, 

486 
fraction,  459 
fraction  series,   191,  310- 

318 
multiplication,    389,    390, 

484 
partition,   341,    380,  480, 

481 


Fraction, 

subtraction,  286-292,  463, 
464 

Group-unit,  81 

Impossible  numbers,   111-113, 

265,  266,  293 
Integer,  103-105,  114-116,  118, 

459 
Integral  number,  105-107,  114, 

116,  118,  180,  181 
Leader — in  a  series,  238,  239, 

249 
Leader  and  writer, 

in  addition,  273,  274,  276- 

278,  324,  325 
in   multiplication,    332-334, 

392-394,  397-400 
in  partition,  338~347,  355~ 

359,  367,  374-376 
in  reductions  to  lower  terms, 

316,  320 
in  subtraction,  285-290,  295 

-298,  299-301 
the  plan,  273,  274 

Long  measure,  xiv-xvi 
tests  of  imagery,  xv 
the  pace  and  the  fathom,  xiv 

Major  subjects,  24-26 

Mental  work  special, 
in  addition,  428 
in  division,  446 
in  equation  analysis,  436 
in  multiplication,  395 
in   partition,    348,   360-361, 

368,  372,  378,  383 
in    partition    analysis,    433 

435 

in  subtraction,  430 
Metric  units,  xxxi 

meter  and  kilometer, 

gram  and  kilogram, 
Minor  subjects,  25-28 
Mixed  numbers,  107,  175,  453 

definition,  118,  459 

development  of,  107-113 
mixed  and  not  mixed, 


XXXV111 


INDEX 


Mixed  Numbers, 

concrete,  107,  in,  175- 

178 
written,  178,  179 
impossible     mixed     num- 
bers, 111-113 
emphasis  points  in  (See  Em- 
phasis Points) 
reduction  of, 

improper  fractions  to,  308 

-320 
rules,  460 

to  improper  fractions,  215 
-219 
Multiplications, 

development  of,  386-388 
emphasis  points,  429-431 
operations  in, 
fractions,  388 
mixed  numbers, 

horizontal,  396-400,  482 
long  way  and  short  way, 

394,  Note 
vertical,  400-404 
oral  work  in, 

fractions,  147,  392 
mixed  numbers, 

horizontal,  397-399,  483 
vertical,  402 
rules  in,  484 

short  processes  in,  482,  483 
terms  in,  389,  390,  484 

Number,  80-83 

classes  of  (3),  118,  180 

impossible,     111-113,     265, 
266,  293 

reading,  left  to  right,  84,  85 

smaller  than  a  whole,  89-96, 
63-66 

whole,  85-88,  181 
Number  value  of  objects, 

development  of,  221-230 

testing  in,  230,  231 
Numerator,  197 

Objective  work, 

consistent    in    concrete    ex- 
pressions, 60,  61 
tests  of  value  of,  58 


Objective  work, 

true    to    number   and    pro- 
cesses, 59 
Objects, 

economy  in,  72 

marking,  71,  72 

material  for,  68,  69 

mixing,  75,  76 

number  value  of,  221-231 
determining,  227-231 
guessing  at,  224-227 
objects  with  changing  val- 
ues, 223,  224 

preparation  of,  67,  68 

quantitative  equality  in,  70, 

7i 
receptacles  for,  73,  74 
unnecessary  units,  76 
variety  of,  69,  70 
"Of"  and  "times,"  388,  393 
Oral  work,  special, 

leader  and  writer  form  (see 

Leader), 
regular  form, 

in  fraction  constructions, 

J39  .  . 

in  addition,  456 

in   "of"   constructions, 

157,  159 
in  +  and  X  constructions, 

147 
in  partition,  365,  366, 379- 

381,  474 
in  reductions,  467, 469, 471 
in  series  forming,  189,  190, 

206 
in  subtraction,  462 
Outlines,  detailed, 
essential,  4 
growth  from, 

in  ideals  and  habits,  8,  9 
in  skill,  7,  8 
products  of  experience,  5 
training  value  of,  2,  3 

Parallel, 

lines  of  work,  39-48 
material  for,  42-44 
meaning  and  use,  39, 40, 57 
minor  subjects,  42-46 


INDEX 
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Parallel, 

reviews,  42,  44 
without  sequence,  41,  42 
Parallel  series,  233-259 
Part-fraction  and  all-fraction, 
373-377,  378,  379,  43^,  437 
Part-group  in  division,  166 
long    way   and    short    way, 
166-168 
Partition, 

development  of,  350-353 
emphasis  points,  431-445 
operations  in, 

fractions,     156-158,    363- 

365.  373-378 
mixed  numbers,  378-383 
oral  work  in, 

fractions,    157,    158,    159, 

160,  365,  366,  374-378 
mixed  numbers,  379-381, 

474 

rules  in,  481 

short  processes  in,  474-480 

terms  in,  341,  380,  480,  481 
Proof, 

of  fractional  unit,  120-124 
Punctuation  in  series,  193,  194 

Quarter's  worth,  444,  445 
Questions  on  measuring  units, 
xxxi-xxxiii 

Reduction,  reduce, 
exchanging,  308,  317 
in  denominate  numbers,  vi- 
xiv 
as  to  analysis, 

oral — not  analytical,  vii 
written — analytical,  viii 
as  to  method  of  work, 
the  step  by  step,  viii,  ix 
the  natural,  ix,  x 
number      of      operations 
(two),  x-xiv 
in  ascending  work,  xi 
in  descending  work, 
with  simple  numbers, 

xii 
with  compound  num- 
bers, xii-xiv 


Reduction, 

of  complex  fractions,  449, 4,s< » 

of  simple  fractions,  308-321, 
460 

oral  work  in,  320 

order  in,  315,  316 
Rest  exercises,  33 
Reviews, 

of  common  denominator,  247 

of  definitions  and  oral  state- 
ments, 143,  144 

of  division,  173 

of  fractions,  422 

of  oral  work  and  construc- 
tions, 138,  160 

parallel  material,  42-46 

value  of,  35-39,  88 
Rules, 

in  addition,  460 

in  division,  486 

in  multiplication,  484 

in  partition,  481 

in  reductions,  481,  460,  461 

in  subtraction,  464 

value  of,  30-33 

Series, 

development  of,  1 83-2 1 1 
finding    the    number    of    a 

term,  213-215 
leader  in,  249 
of  equivalents, 

from  fractions,  203-211 
from  integers,  183-196 
from  mixed  numbers,  2 1 5- 
219 
of  even  numbers,  196 
of  integers,  194-196 
of  odd  numbers,  196,  197 
oral  statements  in,  187,  188, 

189,  190,  211-213 
order  and  system  in  forming 

252,  253 
parallel  series,  233-259 
common  denominators  in, 
238-245,  248-251 
1st,  2d,  3d,  etc.,  251, 271 
lowest,  245 
common  terms  in,  249,  250 
oral  work  in,  253,  254 


xl 


INDEX 


Series, 

order  and  system  in  form- 
ing, 252,  253 
tests  in  recognizing  terms, 

255-258 
punctuation  of,  193 
terms  in,  191,  310-318 
lower    and    lowest,    310, 

314-318 

Short  processes, 
deferred,  453 
in  addition,  455,  456 
in    applied    problems,   436- 

445 
family  purchases,  441-444 
small  trade,  444-445 
dime's  worth, 
quarter's  worth, 
in  division,  485 
in  multiplication,  482,  483 
in  partition,  474-480 
in  subtraction,  461,  462 
Skill  in  teaching, 
from  outline  work,  6 
growth  in,  7 
how  measured,  7,  8 
meaning  of,  56 
qualities  essential  to,  56,  57 
Standard  gold,  xxiii 

silver,  xxiv 
Subtraction, 

development  of,  292,  293 
emphasis  points  in,  428 
operations  in, 

fractions,  292-298 
mixed  numbers, 

horizontal,  298-301,  461 
long  way  and  short  way, 

304,  305 
vertical,  301-305 
oral  work  in, 

fractions,  147,  297,  462 
mixed  numbers,  300,  462 
rules  in,  464 
short     processes     in,     461, 

462 
terms  in,  286-292,  463,  464 
Surface  measure, 

a  development  subject,  xxi 
development  stages  in,  xxii 


System  and  order, 

in  forming  series,  252,  253 
in  reductions,  320 
in  teaching,  1 

Terms, 

in  addition,  236, 264, 457~459 
in  division,  163-171,485,  486 
in  multiplication,   389,   390 

484 
in  partition,  477,  480-481 
integer,    103-105,    114-116, 

118,459 
integral    number,    105-107, 

114,  116,  118,  180,  181 
of  a  fraction,  459 
of  series,  191,  317 
Time  measure,  xvi-xxj 
a  memory  help,  xvii 
computations  in, 

by  calendar  months,  xviii 

in  exact  days,  xviii-xxi 
"Times"  and  "of,"  388,  393 
"Times"  expressions, 
"half  a  time,"  388 
reading  forward  and  back- 
ward, 147,  149,  329 
system  with  X  expressions, 

389,  390 
Troy  weight,  xxiii-xxv 
use  in  coinage,  xxiii,  xxiv 
coinage  facts,  xxv 

gold  coins 

silver  coins 

nickle 

cent 

Unit  (and  units), 
classes  of, 

fractional,  60,  408 
integral,  60,  408 
developed,  83-85 

group-units,  81 
higher  and  lower,  310,  314, 

315 
proof  of  a  fractional,  120-124 

Variety  of  objects,69,  70 

Whole,  85 
Whole  number,  86 
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